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PEEFACE. 


A  BOUT  thirty  years  ago  I  commenced  to  develop  the  consequences  of 
-^-^  certain  important  geometrical  and  dynamical  discoveries  properly 
associated  with  the  illustrious  names  of  Poinsot  and  Chasles,  Hamilton 
and  Klein.  The  result  of  my  labours  I  have  ventured  to  designate  as 
"  The  Theory  of  Screws." 

As  the  theory  became  unfolded  I  communicated  the  results  in  a  long 
series  of  memoirs  read  chiefly  before  the  Royal  Irish  Academy.  To 
this  learned  body  I  tender  my  grateful  thanks  for  the  continual  kind- 
ness with  which  they  have  encouraged  this  work. 

I  published  in  1876  a  small  volume  entitled  The  Theory  of  Screws: 
A  Study  in  the  Dynamics  of  a  Rigid  Body.  This  contained  an  account 
of  the  subject  so  far  as  it  was  then  known. 

But  in  a  few  years  great  advances  were  made,  the  geometrical 
theories  were  much  extended,  and  the  Theory  of  Screw -chains  opened 
up  a  wide  field  of  exploration.  The  volume  just  referred  to  became 
quite  out  of  date. 

A  comprehensive  account  of  the  subject  as  it  stood  in  1886  was 
given  in  the  German  work  Theoretische  Mechanik  starrer  Systeme:  Auf 
Ghrund  der  Methoden  und  Arbeiten  und  mit  einem  Vorworte  von  Sir  Robert 
S.  Bail,  herausgegeben  von  Harry  Oravelius,  Berlin,  1889.  This  work  was 
largely  a  translation  of  the  volume  of  1876  supplemented  by  the  sub- 
sequent memoirs,  and  Dr  Qravelius  made  some  further  additions. 

The  theory  was  still  advancing,  so  that  in  a  few  years  this  considerable 
volume  ceased  to  present  an  adequate  view  of  the  subject.  For  example, 
the  Theory  of  Permanent  Screws  which   forms  perhaps   one   of  the   most 


B. 


h 


VI  PREFACE. 

iiiHtnictive  dovolopmcnts  was  not  communicAted  to  the  Royal  Irish  Academy 
until  1890.  The  twelfth  and  latest  memoir  of  the  series  containing  thv 
solution  of  an  important  problem  which  had  been  under  consideration 
for  twenty-five  years  di<I  not  appear  until   1898. 

It  therefore  seemed  that  the  time  ha<l  now  come  when  an  attempt 
should  be  made  to  set  forth  the  Theory  of  Screws  as  it  stands  at 
present.  The  present  w<»rk  is  the  result.  I  have  endeavoured  to  include 
in  these  pages  every  essential  part  of  the  Theory  as  contained  in  the 
twelve  memoirs  and  many  other  papers.  But  the  whole  subject  hai* 
lx»en  revised  and  rearranged  and  indecnl  largely  rewritten,  many  of  the 
earlier  {wirts  have  been  recjist  with  improvements  derived  from  lat^T 
researches,  and  I  should  also  add  that  I  have  found  it  necessar}'  to 
intriMluce  much  that  htts  not  been  previously  published. 

The  pleasant  duty  n»mains  of  expressing  my  thanks  for  the  help  that 
I  have  receivtnl  from  friends  in  pre] wiring  this  l)ook.  I  have  receiver! 
m<»st  usi.»ful  ai<l  fnun  Prof.  W.  Burnside,  Mr  A.  Y.  O.  Campl>ell. 
Mr  0.  Chawner,  Mr  A.  W.  VauUm,  Mr  H.  W.  Richmond,  Mr  R  Russt^l. 
and  Dr  Ci.  Johnstone  Stoney.  In  the  labour  of  rt»vising  the  press  I  have 
bet»n  aidt^  by  Mr  A.  Berry,  Mr  A.  N.  Whitehead,  and  lastly  by  Profeswor 
C.  J.  J*>ly,  who  it  will  b*»  seen  has  contributt^  several  valuable  notes. 

Finally,  I  must  express  my  hearty  thanks  to  the  Cambridge  Univer- 
sity Press  for  the  libenility  with  which  they  undertook  the  publicati«>n 
of  this  book  an<l  for  the  willing  consent  with  which  they  have  met 
all  my  wishes. 

ROBERT  &   BALL 
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THE  THEOKY   OF  SCREWS. 


INTRODUCTION. 

The  Theory  of  Screws  is  founded  upon  two  celebrated  theorems.  One 
relates  to  the  displacement  of  a  rigid  body.  The  other  relates  to  the  forces 
which  act  on  a  rigid  body.  Various  proofs  of  these  theorems  ai-e  well  known 
to  the  mathematical  student.  The  folloi\dng  method  of  considering  them 
may  be  found  a  suitable  introduction  to  the  present  volume. 

ON   THE   REDUCTION   OF  THE   DISPLACEMENT   OF   A   RIGID   BODY  TO   ITS 

SIMPLEST   FORM. 

Two  positions  of  a  rigid  body  being  given,  there  is  an  infinite  variety 
of  movements  by  which  the  body  can  be  transferred  from  one  of  these 
positions  to  the  other.  It  has  been  discovered  by  Chasles  that  among  these 
movements  there  is  one  of  unparalleled  simplicity.  He  has  shown  that  a 
free  rigid  body  can  be  moved  from  any  one  specified  position  to  any  other 
specified  position  by  a  movement  consisting  of  a  rotation  around  a  straight 
line  accompanied  by  a  translation  parallel  to  the  straight  line. 

Regarding  the  rigid  body  as  an  aggregation  of  points  its  change  of 
place  amounts  to  a  transference  of  each  point  P  to  a  new  point  Q.  The 
initial  and  the  final  positions  of  the  body  being  given  each  point  P  corre- 
sponds to  one  Q,  and  each  Q  to  one  P.  If  the  coordinates  of  P  be  given 
then  those  of  Q  will  be  determine<l,  and  vice  wenA.  If  we  represent  P  by 
its  quadriplanar  coordinates  .r,,  .r^,  a*,,  x^,  then  the  quadriplanar  coordinates 
yi.  yi»  ^3-  Vi  of  Q  must  be  uniquely  determined.  There  must,  therefore, 
be  equations  connecting  these  coordinates,  and  as  the  correspondence  is 
essentially  of  the  one-to-one  type  these  equations  must  be  linear.  We 
shall,  therefore,  write  them  in  the  form 

y,  =  (11)  j^,  +  (12)  X,  -I-  (13)  X,  +  (14)  X,, 
y,  =  (21)  :r,  -K22)  fl:,-K23)  ^^3  +  (24)  x,, 
y,  =  (31)  X,  +  (32)  X,  +  (33)  x,  +  (34)  x,, 
y,  =  (41 )  X,  +  (42)  x^  +  (43)  x,  +  (44)  x,, 

B.  1 


2  INTHODIUTION. 

If  we  make  y,  =  px, ,  y,  =  px^,  y,  =s  px^,  y^  =  px^  we  can  elimiiiaU'  x, ,  x,.  x, .  x. 

and  obtain  the  following  biquadratic  for  p, 

(11) -p,  (12)  (13)  (U)  -0. 

(21)  (22) -p.  (23)  (24) 

(31)  (32)  (33) -p,  (34) 

(41)  (42)  (43)  (44) -p 

The  four  nM)ts  of  this  indicate  four  double  pointR,  i.e.  pointH  which  i\-nuuii 
unaltered.     But  thc»8i»  jioints  are  not  neceHsariiy  distinct  or  rerf. 

What  w(*  have  writti'n  down  iH  of  courHe  the  general  homographic  tnui»- 
formation  of  the  points  in  spiu*e.  For  the  displacement  of  a  rigid  h^hWoi  ift 
a  homographic  tnuiKfornmtion  of  all  its  |M»ints,  but  it  iM  a  very  Mpocial  kind  tif 
homographic  trauRformation,  as  will  Im;  nnule  ap|»arent  when  we  oonnider  whal 
has  befallen  the  fimr  <louble  points. 

In  the  first  plaee,  since  the  <listanee  l>4»tween  every  two  point8  beftire  the 
transfonnation  is  the*  same  \va  their  distance  afb^r  the  transformatioo  it 
follows  that  every  |x»int  in  the  plane  at  infinity  liofore  any  finite*  trmii»- 
fonnati(»n  must  l)e  in  th(*  same  plane  afterwanls.  l{en<*e  the  plane  at  iiitiDitj 
remains  in  the  sjiim*  |M>sition.  Fnrt.her.  a  sphere  befon*  thin  traDsfcHrmatioii  i» 
still  a  sphere  after  it.  But  it  is  well  known  that  all  spheres  int«*n«(*ct  the 
plane  at  infinity  in  the  s:imc>  imaginary  eirele  i\.  Hence  we  see  not  imly  that 
the  plane  at  infinity  must  remain  unaltcTt^l  by  the  transformation  but  that  a 
certain  imaginary  ein*lt*  in  that  plane  is  also  unaltereil. 

A  .system  of  |>ointKS  /V  P,,  l\,  &e.  on  this  eirele  il  will,  therefi»re.  havr 
as  their  corres|>ondent  |M»ints  Q^,  Q,,  (J^,  Sn\  als4>  on  II.  As  all  anhar- 
monic  ratios  an;  unalU^n^l  bv  a  linear  tnuisfonnation  it  ftkllows  that  ike 
syst4»ms  I\,  P.,,  /*,,  &c.  and  y,,  (^,,  V,,  &i\  an*  h«>mographic.  There  will, 
then'^fon*.  l)e  two  double  jxiints  of  this  homography,  O,  and  0„  and  thc^iie  will 
Im»  the  siuiie  after  the  transformation  as  they  were  In^fore.  They  an».  there- 
fore, two  of  the  four  doublt*  |K>ints  of  which  we  were  in  search. 

It  should  Im*  n*niarked  that  tht*  point-s  O,  and  (>,  cannot  cuinci<k%  for  if 
they  fN>in(*ide  in  O.  then  O  nnist  In*  the  doubU*  |M>int  corresponding  Ui  a 
re|M»at4*<l  riM»t  of  the  biipiadnitie  for  p.  But  sueh  a  root  is  real.  Hence  O 
must  b(*  n*al.  But  every  |M)int  cm  11  is  imaginary.  Hence  this  case  ia 
impiissible. 

As  (1  is  unaltered  and  O,  and  O,  are  fix«*€|,  the  tangents  at  (i,  and  O, 
an*  fix«*d,  and  h4i  is  then*fon*  T,  the*  interstnaion  of  these  tangentji;  this  in 
iu*(*onlingly  the  thini  of  the  four  |M»ints  want4*<l.  It  lies  in  the  plane  at 
infinity,  but  is  a  rt*al  |M»int.  The  my  0|0,  is  also  ri^d ;  it  is  the  vanishing 
line  of  the  plan(*M  |M*r|M*ndirular  U*  the  imrallel  rays,  of  which  T  is  the 
vanishing  |»«»int 


INTRODUCTION.  3 

In  general  in  any  homographic  transformation  there  cannot  be  four  distinct 
double  points  in  a  plane,  unless  every  point  of  the  plane  is  a  double  point. 
For  suppose  P,,  P,,  Pj,  P4  were  four  distinct  coplanar  double  points  and  that 
any  other  point  R  had  a  correspondent  R\  Draw  the  conic  through  P,,  P^, 
P,,  P4,  22.  Then  R'  must  lie  on  this  conic  because  the  anharmonic  ratios 
£(P„  P„  P„  P4)  and  R'(Pu  Pa,  P.,  Pa)  are  equal.  We  have  also 
Pi(Pt,  P3,  P4.  R)  and  P,  (Pa,  P„  P4,  iJ')  equal,  but  this  is  impossible  if  R 
and  R'  be  distinct     R  ia  therefore  a  double  point. 

In  the  case  of  the  displaced  rigid  body  suppose  there  is  a  fourth  distinct 
double  point  in  the  plane  at  infinity.  Elach  ray  connected  with  the  body 
will  then  have  one  double  point  at  infinity,  so  that  after  the  transformation 
the  ray  must  again  pass  through  the  same  point,  i.e.  the  transformed  position 
of  each  ray  must  be  parallel  to  its  original  position.  This  is  a  special  form  of 
displacement.  It  is  merely  a  translation  of  the  whole  rigid  system  in  which 
every  ray  moves  parallel  to  itself 

In  the  more  general  type  of  displacement  there  can  therefore  be  no 
double  point  distinct  from  T,  0,,  Oj  and  lying  in  the  plane  at  infinity.  Nor 
can  there  be  in  general  another  double  point  at  a  finite  position  T'.  For  if 
so,  then  the  ray  TT'  is  unaltered  in  position,  and  any  finite  point  T"  on  the 
ray  TT'  will  be  also  unaltered,  since  this  homographic  transformation  does 
not  alter  distances.  Hence  every  point  on  TT'  is  a  double  point.  Here 
again  we  must  have  &llen  on  a  special  case  where  the  double  points  instead 
of  being  only  four  have  become  infinitely  numerous.  In  this  case  every  point 
on  a  particular  ray  has  become  a  double  point.  The  change  of  the  body  from 
one  position  to  the  other  could  therefore  be  effected  by  simple  rotation  around 
this  ray. 

There  must  however  be  four  double  points  even  in  the  most  general  case. 
Not  one  of  these  is  to  be  finite,  and  in  the  plane  at  infinity  not  more  than 
three  are  to  be  distinct.  The  fourth  double  point  must  be  in  the  plane  at 
infinity,  and  there  it  must  coincide  with  either  0,,  0^  or  T.  Thus  we  learn 
that  the  most  general  displacement  of  a  rigid  system  is  a  homographic  trans- 
formation of  all  its  points  with  the  condition  that  two  of  its  double  points  are 
on  the  imaginary  circle  il  in  the  plane  at  infinity,  while  the  pole  of  their  chord 
gives  a  third.  Of  these  three  one,  we  shall  presently  see  which  one,  is  to  be 
regarded  as  formed  of  two  coincident  double  points. 

All  rays  through  T  are  parallel  rays,  and  hence  we  learn  that  in  the 
general  displacement  of  a  rigid  body  there  is  one  real  parallel  system  of 
rays  each  of  which  L  is  transformed  into  a  parallel  ray  L'.  Let  A  be  any 
plane  perpendicular  to  this  parallel  system.  Let  L  and  L'  cut  A  in  the  points 
Jl  and  R.  Then  as  L  and  L'  move,  R  and  R  are  corresponding  points  in  two 
plane  homographic  systems.     Any  two  such  systems  in  a  plane  will  of  course 
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have  three  double  points.  The  special  feature  of  this  homographic  irmii»- 
formation  is  that  every  circle  is  transformed  into  a  circle.  Elach  circle  pamci 
through  the  two  circular  points  at  infinity  in  its  plane.  Theae  two  pointo  in 
A  arc  therefore  two  of  the  double  points  of  the  plane  homographic  trmon- 
formation.  There  remains  one  real  point  X  in  A  which  is  oiMnmoii  to  the 
two  KysU^mH.  The  nonnal  S  to  A  drawn  thn>ugh  X  is  therefore  the  one  and 
only  ray  which  the  honiographic  transformation  d4»i«  not  alter. 

This  shows  that  in  th(^  most  general  change  of  a  rigid  system  from  ««<* 
IKwitiou  to  another  there  is  one  real  ray  unalti^rtnl  Hence  ever}*  point  «iq  S 
before  the  transf(»nnation  is  also  on  S  afli*rwards.  There  must  thcreiure  be 
two  double  points  distinct  or  coincidc*nt  on  S.  But  we  have  already  profcd 
that  in  the  general  case  there  is  no  (initio  double  point  Hence  S  muni 
have  two  coincident  double  |>oints  at  T.  Thus  we  leani  that  in  the  general 
transfonnution  of  a  syst4'm  which  is  e(|uivalent  to  the  displacement  of  a  rigid 
Ixxly,  there  is  one  reail  [x»int  at  intinity  whi(*h  is  the  rt^sult  of  two  coinciding 
doublf  |M>ints,  and  tht*  |Hiliir  of  this  )x»int  with  resp(.*ct  to  the  imaginaff3r 
circle  on  the  plan«*  at  intinity  cuts  that  circle  in  the  two  other  double  |M>intA. 

The  displiu'enuait  of  the  rigid  body  can  thus  Im*  produced  either  by 
rotating  thr  btxly  around  S  or  by  translating  tht*  InKly  parallel  to  5^  or  by 
a  combination  of  Huch  niovmh^iits.  Wt*  are  thm'fore  le<l  to  the  funda- 
mental thtH>reni  disc<»vered  by  (^hjusles. 

Atn/  ffiren  dM]>lacemetit  a/ a  ritjid  bitdif  ctin  fte  effected  by  a  roUttum  ahomi 
an  (ijris  combined  tcith  a  tiuiiislati'on  fnirallel  Ut  that  aaria. 

Of  much  iniport4uiee  is  the  ffu't  that  this  nietho<l  of  pn>cedure  is  in 
general  uiy<|ue.  It  is  tN-i^ily  stM^n  that  th«*n*  is  only  one  axis  by  rotation  about 
which,  and  translation  |»anillrl  to  which,  the  IxKly  can  l)e  brought  frt>m  one 
given  |Nisition  t4>  another  givt'U  |>osition.  Supptwe  there  were  two  axew  /* 
and  Q,  which  |m»ss(*ss^1  this  pro|M*rty.  then  by  the  movement  about  F,  all  the 
INiintH  of  tht*  iMMly  originally  on  tin*  line  P  continue  thereon;  but  it  cannot 
Im*  true  for  any  other  line  that  all  the  |»oints  of  the  Uidy  originally  on  that 
lin«*  i*ontinu«'  then*on  aRvr  th«*  displiuN*nicnt.  Yet  this  would  have  to  be  true 
for  Q,  if  by  rotation  an»und  Q  and  tmnslation  |iarallel  thereto,  the  deairvd 
change  n>uld  In*  (*tf«H*t4sl.  \Vc  thus  hih.*  that  the  displacement  of  a  rigid  body 
can  l>e  mailc  to  assume  an  extn*niely  simpl**  fonn«  in  which  no  arbitrary 
element  is  involvc^l. 


ON   THK    ItKIM'iTlO.N    (IK    A   HVSTKM   oK   FtMK^^lS   AI*PL1KI>  Tl>   A    RUIIH   miDV 

Tl)   ITS  .SIMPLEST   roKM. 

It  has  Imm'U  diHcitvcn**!  by   IN>ins«>t  that  any  system  of  forres  which  act 

*  •      • 

u|ii»n  a  rigid  iMMly  can  Im*  rt'|ilacc<|  by  a  single  ton*e,  and  a  couple  in  a  phuM 
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perpendicular  to  the  force.  Thus  a  force,  aiid  a  couple  in  a  plane  pei'pen- 
dictdar  to  the  forces  constitute  an  adequate  representation  of  any  system  of 
farces  applied  to  a  rigid  body. 

It  is  easily  seen  that  all  the  forces  acting  upon  a  rigid  body  may,  by 
transference  to  an  arbitrary  origin,  be  compounded  into  a  force  acting  at  the 
origin,  and  a  couple.  Wherever  the  origin  be  taken,  the  magnitude  and 
direction  of  the  force  are  both  manifestly  invariable ;  but  this  is  not  the  case 
either  with  the  moment  of  the  couple  or  the  direction  of  its  axis. 

The  origin,  however,  can  always  be  so  selected  that  the  plane  of  the 
couple  shall  be  perpendicular  to  the  direction  of  the  force.  For  at  any  origin 
the  couple  can  be  resolved  into  two  couples,  one  in  a  plane  containing  the 
force,  and  the  other  in  the  plane  perpendicular  to  the  force.  The  first  com- 
ponent can  be  compounded  with  the  force,  the  eCFect  being  merely  to  transfer 
the  force  to  a  parallel  position ;  thus  the  entire  system  is  reduced  to  a  force, 
and  a  couple  in  a  plane  perpendicular  to  that  force. 

It  is  very  important  to  observe  that  there  is  only  one  straight  line  which 
possesses  the  property  that  a  force  along  this  line,  and  a  couple  in  a  plane 
perpendicular  to  the  line,  is  equivalent  to  the  given  system  of  forces.  Sup- 
pose two  lines  possessed  the  property,  then  if  the  force  and  couple  belonging 
to  one  were  reversed,  they  must  destroy  the  force  and  couple  belonging  to  the 
other.  But  the  two  straight  lines  must  be  parallel,  since  each  must  be  parallel 
to  the  resultant  of  all  the  forces  supposed  to  act  at  a  point,  and  the  forces 
acting  along  these  must  be  equal  and  opposite.  The  two  forces  would  there- 
fore form  a  couple  in  a  plane  perpendicular  to  that  of  the  couple  which  is 
found  by  compounding  the  two  original  couples.  We  should  then  have  two 
couples  in  perpendicular  planes  destroying  each  other,  which  is  manifestly 
impossible. 

We  thus  see  that  any  system  of  forces  applied  to  a  rigid  body  can  be 
made  to  assume  an  extremely  simple  form,  in  which  no  arbitrary  element  is 
involved. 

These  two  principles  being  established  we  are  able  to  commence  the 
Theory  of  Screws. 


CHAPTER  I. 


TWIS1>>    AND   WKKNCHKS. 


1.    Definition  of  the  word  Pitch. 


Tho  direirt  pniblnn  offrrrd  by  tlu*  DviiainicH  of  a  Ki^d  Bcidy  mav  bi* 
thuH  sUitod.  To  (l<*U'rriiiii<'  at  any  instant  th(*  |>(>sitiim  of  a  rigid  IkkIt 
bubji^cUnl  {At  cerUiin  constniint-s  and  a(*U*<l  ti|K)n  by  <*ertain  fi^rccL  We  may 
tiret  inquin*  oh  U*  the  manner  in  whi<*h  the  solution  of  thiA  pniblcm  ua^t  U* 
be  presente<l.  Adopting  one  {)osition  of  the  Uniy  jls  a  standard  of  refen^ncre, 
a  complete  K4>Iution  of  the  pn>hl<*m  ou^ht  to  provide  the  mcanA  of  dcriTuifi^ 
the  pMition  at  any  e|NK*h  fnnn  the  standard  |MKsiti<»n.  We  are  thuR  led  to 
iji(|uin.'  into  the  must  convenient  mcthoil  of  si»ecifying  one  position  of  a  body 
with  n'S{)cct  to  another. 

To  make  our  course*  [ilain  let  us  considiT  the  oas«^  of  a  mathematical  point. 
Ti>  define  the  |H)sition  of  the  |H>int  P  with  reference  ti)  a  staiidanl  point  «i, 
there  can  1)0  no  more  simple  meth<Ki  than  to  indicate  the  straight  line  aloog 
which  it  wt)uld  Ik»  ne<vssary  for  a  jiarticle  to  travel  from  A  in  order  to  arrive 
at  1\  >u»  well  iis  the  length  of  the  journey.  There  is  a  more  genefml 
method  of  <lefining  the  piksition  of  a  rigid  body  with  reference  to  a  certain 
staindiini  {Hisition.  We  ean  have  a  nxtvenient  pn'si*nbed  by  which  the  body 
can  be  brought  fnm)  the  sUindanl  |>osition  to  the  sought  position.  It  wmi^ 
shown  in  the  IntnKluction  that  th<'rt*  is  one  simple  movement  which  will 
always  answer.  A  eerUiin  axis  ean  Im*  found,  such  that  if  the  b<jdy  k*  rotated 
aroun<i  this  a.xis  thn»ugli  a  detenninaU*  angle,  and  translatcMl  parallel  to  the 
axis  for  a  c|rterminat4'  distanee.  the  desin'^l  movement  will  btr  effi*cted. 

It  will  sin)plify  the  eoneeptiim  «»f  the  ninvt^ment  to  supfMNM*,  that  at  each 
e|>o(*h  <if  th«'  time  iNHMipiiMi  in  t  he  o|»er*itions  pHniucing  the  change  of  |ioKitioii» 
the  angle  of  rotation  Invars  to  the  final  angle  i»f  n>tation,  the  imnie  ratio 
whi<*h  the  (*«»m*s| Minding  tninslati<»n  )>«*ars  to  the  final  translation.  Under 
the.M*  cinniniNtaners  the  m«)tion  «>f  the  b<Miy  is  pret*is4*ly  the  same  tm  if  it  were 
atta<*l)«'«i  to  th«*  nut  of  a  uniform  s(*n*w  (in  the  oniinarv  senm*  of  the  wi>ni>. 


1-3]  TWISTS   AND   WRENCHES.  7 

which  had  an  appropriate  position  in  space,  and  an  appropriate  number  of 
threads  to  the  inch. 

In  the  Theory  of  Screws  the  word  pitch  is  employed  in  a  particular  sense 
that  must  be  carefully  noted.  We  define  the  pitch  of  a  screto  to  be  the 
rectilinear  distance  through  which  the  nut  is  translated  parallel  to  the  axis 
of  the  screw,  while  the  nut  is  rotated  through  the  angular  unit  of  circular 
measure.  The  pitch  is  thus  a  linear  magnitude.  It  follows  from  this 
definition  that  the  rectilinear  distance  parallel  to  the  axis  of  the  screw 
through  which  the  nut  moves  when  rotated  through  a  given  angle  is  simply 
the  product  of  the  pitch  of  the  screw  and  the  circular  measure  of  the 
angle. 

2.  Delinitioii  of  the  word  Screw. 

It  is  a  fundamental  principle  of  the  theory  developed  in  these  pages 
that  the  dynamical  significance  of  screws  Is  precisely  analogous  to  their 
kinematical  significance.  It  is,  therefore,  essential  that  in  the  formal 
definition  of  the  particular  sense  the  word  screw  is  to  bear  in  this  volume 
no  prominence  can  be  assigned  to  kinematical  terms  or  conceptions  unless 
it  can  be  equally  given  to  dynamical  terms  and  conceptions.  This  condition 
is  fulfilled  by  excluding  both  Kinematics  and  Dynamics  and  constituting  the 
screw  as  the  geometrical  entity  thus  described. 

A  screw  is  a  straight  line  with  which  a  definite  linear  magnitude  termed  the 
pitch  is  associated. 

We  shall  often  denote  a  screw  by  a  symbol,  and  then  usually  by  a  small 
Greek  letter.  With  reference  to  these  symbols,  a  caution  may  be  necessary. 
If,  for  example,  a  screw  be  denoted  by  a,  then  a  is  not  an  ordinary  algebraic 
quantity.  It  is  a  symbol  which  denotes  all  that  is  included  in  the  conception 
of  a  screw,  and  requires  five  quantities  for  its  specification ;  of  these  four  are 
required  to  determine  the  position  of  the  straight  line,  and  the  pitch  must  be 
specified  by  a  fifth.  It  will  often  be  convenient  to  denote  the  pitch  by  a 
symbol,  derived  firom  the  symbol  employed  to  denote  the  screw  to  which  the 
pitch  belongs.  The  pitch  of  a  screw  is  accordingly  represented  by  appending 
to  the  letter  p  a  suffix  denoting  the  screw.  For  example,  p^  denotes  the  pitch 
of  a  and  is  an  ordinary  algebraical  quantity. 

3.  Definition  of  the  word  Twist. 

We  have  next  to  define  the  use  to  be  made  of  the  word  twist. 

A  body  is  said  to  receive  a  twist  about  a  screw  when  it  is  rotated  uniformly 
about  the  screw,  while  it  is  translated  uniformly  parallel  to  the  screw,  through 
a  distance  equal  to  the  product  of  the  pitch  and  the  circular  measure  of  the 
angle  of  rotation. 
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4.    A  Qeometrioal  Investigatioii. 

We  can  now  demonstrate  that  whenever  a  body  admits  of  an  indefiniwly 
small  movement  of  a  continuous  nature  it  must  be  capable  of  executing  that 
particular  kind  of  movement  denoted  by  a  twist  about  a  screw. 

Let  il,  be  a  standard  position  of  the  body,  and  let  P  be  any  marked 
point  of  the  bixly  initially  at  P,.  As  the  body  is  displaced  continuoualy  U»  a 
neighbouring  position,  P  will  generally  pursue  a  certain  trajectory  which.  •^ 
the  motion  is  small,  nmy  be  identified  with  its  tangent  on  which  P^  is  a 
point  adjacent  to  P,.  In  tmvelling  from  Pi  to  Pn,  P  passes  thn»ugfa  the 
Severn!  positions,  P,, . . .  Pn-i*  In  a  similar  manner  every  other  point,  V, ,  of  the 
rigid  body  will  {miss  through  a  series  of  {M>sitions,  ^,,  &c.,  to  Q^.  We  thu!^ 
have  the  |K)ints  of  the  body  initially  at  Pi,  Qi,  Ri,  respectively,  aiMi  each 
moves  along  a  straight    lint'    through   the   successive  systems  of  pcMitioiu 

P'i*  V*'  ^3>  ^^'*  <^i^  ^^*  ^^^  H^'^l  position  Pn,  Qnf  Hn-  Wo  may  thus  think  «»f 
the  consecutive  positions  <Kx;upied  by  the  body  A^,  il,,  &c,  as  defined  by  the 
groups  of  points  Pj,  y,,  R^  and  i\,  Q^,  /t,,  &c  We  have  now  to  show  thai  if 
the  body  be  twisted  by  a  continuous  screw  motion  direct  from  2I,  to  A^^  il 
will  pass  thnnigh  th«>  siTi(\s  of  |)ositionH  A^,  A^,  &c.  It  must  be  remembered 
that  this  is  hardly  to  be  regard(>d  iis  an  obvious  consequence.  From  the 
initial  [>osition  Ai  to  the  Hnal  |><>sition  An,  the  number  of  routes  are  genermlly 
infinitely  various,  but  when  these  situations  are  contiguous,  it  is  always 
possible  to  pass  by  a  twist  about  a  screw  from  Ai  to  A^  vi&  the  poeitiaos 

Sup|>ose  the  body  be  carrier  1  direct  by  a  twist  about  a  screw  from  the 
position  ^1)  to  the  position  An-  Since  this  motion  is  infinitely  small,  each 
point  of  the  bo<ly  will  Ix*  carritni  along  a  straight  line,  and  as  P,  is  to  be 
conveyed  to  i\,  this  straight  line  can  be  no  other  than  the  line  P|/^«. 
In  its  progress  Pi  will  have  reachi^  the  p<«ition  P^t  and  when  it  is 
tht*re  the  points  Q,,  Ri  will  each  have  advanced  to  certain  pusitions  along 
the  lines  QiQn  And  RiRn,  respectively.  But  the  points  reached  by  Qi  and 
Ri  (*an  be  no  other  than  the  points  Q,  and  72,,  respectively.  To  prore  ibis 
we  shall  take  the  case  where  i^,,  y,,  R^  are  collinear.  Suppose  that  when 
Pi  has  advanced  to  i^,,  (^)  shall  not  have  reachi*<l  Q„  but  shall  be  ai 
the  intennediate  |)oint  y,.  (Fig.  1.)  Then  the  line  i^y,  will  have  moved  lo 
PM**  ^'<l  '^  ^1  ^*Ai^  <^iily  ^'  ronveyed  along  RiR^,  while  at  the  same  time 
it  must  lie  along  i\^,,  it  follows  that  the  lines  i^^«  and  RiR^  must  interaect 
at  the  |K>int  R^,  and  eonsiH|uently  all  the  liiu^  in  this  figure  lie  in  a  piano. 
Further,  P^i^t  and  /\y,  are  eiwh  etjual  to  i*iVi,  as  the  body  is  rigid,  and  so 
also  PJi.  and  /^/^  an.*  i^iual  U>  Pi  Ri.  Henc<^  it  follows  that  i^iQ.  and  RyR^ 
an*  fianillel,  ami  c«)nse(|uently  all  the  points  on  the  line  PiQiRi  are  displaced 
in  pamllel  din^ctions.  It  wouhi  h<*noe  follow  that  the  motion  of  every  point 
in  the  Ixidy   was  in  a  [Kinillel  din*rti(»n,  an<l  that  c<»nse4|uently  the  entire 
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movement  was  simply  a  translation.      But  even  in  this  case  it  would  be 
impossible  for  the  points  Qo  B,nd  i2o  to  be  distinct  from  Q,  and  R^,  because, 


Fig.  1. 

when  a  body  is  translated  so  that  all  its  points  move  in  parallel  lines,  it  is 
impossible,  if  the  body  be  rigid,  for  the  distances  traversed  by  each  point  not 
to  be  all  equal.  We  have  thus  demonstrated  that  if  a  body  is  free  to 
move  from  a  position  Ai  to  an  adjacent  position  A^^  by  an  infinitely  small 
but  continuous  movement,  it  is  also  free  to  move  through  the  series  of 
positions  A^,  A^y  &c.,  by  which  it  would  be  conveyed  from  Ai  to  An  by  a  twist. 

We  may  also  state  the  matter  in  a  somewhat  different  manner,  as 
follows : — It  would  be  impossible  to  devise  a  system  of  constraints  which 
would  permit  a  body  to  be  moved  continuously  from  Ai  to  An,  and  would  at  the 
same  time  prohibit  the  body  from  twisting  about  the  screw  which  directly 
conducts  from  Ai  to  An-  Of  course  this  would  not  be  true  except  in  the  case 
where  the  motion  is  infinitely  small.  The  connexion  of  this  result  with  the 
present  investigation  is  now  obvious.  When  A  is  the  standard  position  of  the 
body,  and  B  an  adjacent  position  into  which  it  can  be  moved,  then  the  body 
is  free  to  twist  about  the  screw  defined  by  A  and  B. 

6.    The  oanonioal  fbrm  of  a  small  diiplacement. 

In  the  Theory  of  Screws  we  are  only  concerned  with  the  small  displace- 
ments of  a  system,  and  hence  we  can  lay  down  the  following  fundamental 
siatenleDt. 

71i€  canonical  form  to  which  the  displacement  of  a  rigid  body  can  be 
reduced  is  a  twist  abovJt  a  screw. 

If  a  body  receive  several  twists  in  succession,  then  the  position  finally 
attained  could  have  been  reached  in  a  single  twist,  which  is  called  the 
resultant  twist. 


■1 
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Although  we  have  described  the  twist  as  a  coiupouud  movement,  yet  b 
the  preKeiit  method  of  studying  mechauics  it  is  esseutial  to  oonnder  the 
twist  as  one  honiogeneous  quantity.  Nor  is  there  anything  unnaturml  in 
surh  a  HUpiHK'tition.  Kveryone  will  admit  that  the  relation  between  two 
|)o.siti(»ns  of  a  point  is  most  simply  presented  by  associating  the  parvly 
metric  element  of  length  with  the  purely  geometrical  conception  of  • 
directi*d  straight  line.  In  like  manner  the  relation  between  two  ponitions  of 
a  rigici  Ixnly  can  be  most  simply  presented  by  associating  a  [Nireiy  metric 
clement  with  the  purely  geometrical  conception  of  a  screw,  which  is  merely  » 
stmight  line,  with  din^^tion,  situation,  and  pitch. 

It  thus  apiK'ars  that  a  twist  bears  the  same  relation  to  a  rigid  bcKly  whidi 
the  <»nlinaiy  vector  bears  to  a  |M»int.  Eiich  just  expresses  what  is  nccewary 
to  express  the  transference  of  the  corre8|Muiding  object  from  one  given  po6iU«<D 
to  another*. 

6.  Instantaneous  Screws. 

Whatever  be  the  movement  of  a  rigid  btnly.  it  is  at  every  instant  twisting 
about  a  screw.  For  the  movement  f»f  the  IkKly  when  passing  from  one 
position  t<»  another  position  indefinitely  a<ljacent,  is  indistinguishable  from 
th(*  twist  alxnit  an  appropriately  chosen  s(Tew  by  which  the  same  displacement 
could  Im?  eflecti'tl.  The  screw  about  which  the  b^nly  is  twisting  at  any 
instant  is  tenne<l  the  instantaneous  screw, 

7.  Definition  of  the  word  Wrench. 

It  has  In^en  explained  in  the  Introduction  that  a  system  of  forces 
acting  u|)on  a  rigid  b<Kly  may  be  generally  expressecl  by  a  certain  ibroe 
and  a  couple  who8e  plane  is  |)erpendicular  to  the  force.  We  now  employ 
the  wonl  wrench,  to  denote  a  force  and  a  couple  in  a  plane  perpendicular  to 
the  forL*e.  'Vhv  quotient  obtained  by  dividing  the  moment  of  the  couple  by 
the  fon*e  is  a  linear  magnitude.  Everything,  therefore,  which  could  be 
specitidl  about  a  wrench  is  iletermineil  (if  the  force  be  given  in  magnitude). 
when  the  |)o8ition  of  a  stmight  line  is  as.signed  as  the  direction  of  the  fuire. 
and  a  lineair  magnitude  is  assigned  as  the  quotient  just  niferred  to. 
KeuKMnbering  the  definition  of  a  screw  (§  2),  we  may  use  the  phrase, 
wretich  on  a  screw,  meaning  thereby,  a  force  din.'cted  along  the  screw  and 
a  rouple  in  a  plane  fRTpendiculiu*  to  the  screw,  the  moment  of  the  couple 
being  ir<|ual  to  the  product  of  the  force  and  the  pitch  «>f  the  screw.  Hence 
we  may  state  that 


The  canonical  form  to  which  a  system  of  forces  acting  on  a  rigid  bodg 
can  be  retluceil  is  a  wretich  on  a  screw. 

*  C4>iii|iArv  M.  It«*nr  d«*  Hauiuiure,  Ammettm  Jimmai  o/  Mathemtitu;  Vul.  iviii.  No.  4,  pi.  8S|. 
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If  a  rigid  body  be  acted  upon  by  several  wrenches,  then  these  wrenches 
could  be  replaced  by  one  wrench  which  is  called  the  resultant  wrench. 

A  twist  about  a  screw  a  requires  six  algebraic  quantities  for  its  complete 
specification,  and  of  these,  five  are  recjuired  to  specify  the  screw  a.  The  sixth 
quantity,  which  is  called  the  AMPLITUDE  of  the  twist,  and  is  denoted  by 
a,  expresses  the  angle  of  that  rotation  which,  when  united  with  a  translation, 
constitutes  the  entire  twist. 

The  distance  of  the  translation  is  the  product  of  the  amplitude  of  the  twist 
and  the  pitch  of  the  screw,  or  in  symbols,  a'/?«.  The  sign  of  the  pitch 
expresses  the  sense  of  the  translation  coiTCsponding  to  a  given  rotation. 

If  the  pitch  be  zero,  the  twist  reduces  to  a  pure  rotation  around  a.  If 
the  pitch  be  infinite,  then  a  finite  twist  is  not  possible  except  the  amplitude 
be  zero,  in  which  case  the  twist  reduces  to  a  pure  translation  parallel  to  a. 

A  wrench  on  a  screw  a  requires  six  algebraic  quantities  for  its  complete 
specification,  and  of  these,  five  are  required  to  specify  the  screw  a.  The  sixth 
quantity,  which  is  called  the  iNTENsriY  of  the  wrench,  and  is  denoted  by 
a",  expresses  the  magnittide  of  thai  force  which,  when  united  with  a  couple, 
constitutes  the  entire  wrench. 

The  moment  of  the  couple  is  the  product  of  the  intensity  of  the  wrench 
and  the  pitch  of  the  screw,  or  in  symbols,  a'pa-  The  sign  of  the  pitch 
expresses  the  direction  of  the  moment  corresponding  to  a  given  force. 

If  the  pitch  be  zero,  the  wrench  reduces  to  a  pure  force  along  a.  If  the 
pitch  be  infinite,  then  a  finite  wrench  is  not  possible  except  the  intensity  be 
zero,  in  which  case  the  wrench  reduces  to  a  couple  in  a  plane  perpendicular 
to  a. 

In  the  case  of  a  twisting  motion  about  a  screw  a  the  rate  at  which  the 
amplitude  of  the  twist  changes  is  called  the  twist  velocity  and  is  denoted 
by  i 

8.    Restrictioiis. 

It  is  first  necessary  to  point  out  the  restrictions  which  we  shall  impose 
upon  the  forces.  The  rigid  body  M,  whose  motion  we  are  considering,  is 
presumed  to  be  acted  upon  by  the  same  forces  whenever  it  occupies  the  same 
position.  The  forces  which  we  shall  assume  are  to  be  such  as  form  what  is 
known  as  a  conservative  system.  Forces  such  as  those  due  to  a  resisting  medium 
are  excluded,  because  such  forces  do  not  depend  merely  on  the  position  of 
the  body,  but  on  the  manner  in  which  the  body  is  moving  through  that 
positioD.  The  same  consideration  excludes  friction  which  depends  on  the 
direction  in  which  the  body  is  moving  through  the  position  under  considera- 
tion. 
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But  the  condition  that  the  forces  shall  be  defined,  when  the  poiilaon  » 
given,  is  still  not  sufficiently  precise.  We  might  include,  in  this  reslfidcfi 
group,  forces  which  could  have  no  existence  in  nature.  We  shall*  ibereim. 
a<ld  the  condition  that  Uie  system  is  to  be  one  in  which  the  comtinmal  ermHim 
of  energy  is  impossible. 

An  important  consequence  of  this  restriction  is  stated  as  follows: — The 
quantity  of  energy  necesmiry  to  compel  the  body  M  to  move  bom  the 
position  A  to  the  {K^ition  B,  is  independent  of  the  route  by  which  the  change 
has  been  effected. 

Let  L  and  M  be  two  such  routes,  and  suppose  that  less  eneigy  wan 
rei|uired  to  make  the  change  from  A  Uy  B  vi4  L  than  vi4  M.  Make  the 
change  viil  L,  with  the  expenditure  of  a  certain  quantity  of  enei^,  and  then 
allow  the  Wtdy  to  return  vi&  M.  Now,  since  at  every  stage  of  the  roate  Jf 
the  forces  acting  on  tht^  body  are  the  same  whichever  way  the  body  be 
moving,  it  follows,  that  in  returning  from  B  to  A  via  AI,  the  forces  will  give 
out  exactly  as  much  (*iiergy  as  would  have  been  required  to  compel  ibe  body 
to  move  from  A  to  B  via  J/;  but  by  hypothesis  this  exceeds  the  energj 
nece><sary  to  mak<!  the  change  via  //,  and  hence,  on  the  return  of  the  body  to 
A,  there  is  a  clear  gain  of  a  quantity  of  energy,  while  the  {Mwition  of  the  body 
and  the  forces  are  the  same  as  at  first.  By  successive  repetitions  of  the 
pnx'ess  an  indetinite  (|uantity  of  energy  could  be  created  from  nothing.  Tbift 
bi'ing  contrary  to  experience,  compels  us  to  admit  that  the  quantity  of  eneriQr 
necessary  to  force  the  body  from  A  to  JS  is  independent  of  the  route 
followed. 

It  follows  that  the  anionnt  of  work  done  in  a  number  of  twists  mgminsi 
a  wrench  is  et|ual  to  the  work  that  would  be  done  in  the  resultant  twist. 

For,  the  work  done  in  producing  a  given  change  of  position  is  independent 
of  the  route. 

We  may  uilculate  i/ie  work  done  in  a  twist  ayaituft  a  wrench  by  deter* 
mining  the  amount  of  work  done  against  three  forces  which  are  equivalent 
to  thr  wrt*ni*h,  in  eonse<|uence  of  the  movements  of  their  points  of  application 
which  an^  caused  by  the  twist. 

We  shall  jissume  the  two  lemmas — 1st.  The  work  done  iu  the  displace* 
nient  of  a  rigid  body  against  a  force  is  the  same  at  whatever  pi>int  in  its  ltn«^ 
of  appliejition  the  force  m*ts.  2nd.  The  work  done  in  the  displacement  of  a 
|>oint  againnt  a  numbi*r  of  forces  acting  at  that  point,  is  equal  to  the  work 
done  in  the  name  displacement  against  the  resultant  force. 

The  theort*m  to  be  provinl  is  as  follows : — The  amount  of  work  done  in  a 
given  twiMt  against  a  numlxT  of  wrenches,  is  equal  to  the  work  done  in  tbe 
H;uiir  twi^t  against  the  resultant  wrench. 
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Let  n  wrenches,  which  consist  of  3n  forces  acting  at  Ai,.,.Aynt  compound 
into  one  wrench,  of  which  the  three  forces  act  at  P,  Q,  R.  The  force  at  At 
may  generally  be  decomposed  into  three  forces  along  PA^,  QAt,  RAt.  By 
the  2nd  lemma  the  amount  of  work  (  W)  done  against  the  3n  original  forces, 
equals  the  amount  of  work  done  against  the  Q^n  components.  It,  therefore, 
appears  from  the  Ist  lemma,  that  W  will  still  be  the  amount  of  work  done 
against  the  9n  components,  of  which  Sn  act  at  P,  3n  at  Q,  8n  at  R.  Finally, 
by  the  2nd  lemma,  W  will  also  be  the  amount  of  work  done  by  the  original 
twist  against  the  three  resultants  formed  by  compounding  each  group  at 
P,  Q,  R,  But  these  resultants  constitute  the  resultant  wrench,  whence 
the  theorem  has  been  proved. 

We  thus  obtain  the  following  theorem,  which  we  shall  find  of  great 
sendee  throughout  this  book. 

If  a  series  of  twists  Ai,..,Afn,  would  compound  into  one  twist  A,  and 
a  series  of  wrenches  Bi,..,Bn,  would  compound  into  one  wrench  B,  then 
the  energy  that  would  be  expended  or  gained  when  the  rigid  body  per- 
forms the  twist  il,  under  the  influence  of  the  wrench  B,  is  equal  to  the 
algebraic  sum  of  the  mn  quantities  of  energy  that  would  be  expended  or 
gained  when  the  body  performs  severally  each  twist  Aiy...Afn  under  the 
influence  of  each  wrench  £,,... £»• 

We  have  now  explained  the  conceptions,  and  the  language  in  which 
the  solution  of  any  problem  in  the  Dynamics  of  a  rigid  body  may  be  pre- 
sented. A  complete  solution  of  such  a  problem  must  provide  us,  at  each 
epoch,  with  a  screw,  by  a  twist  about  which  of  an  amplitude  also  to  be 
specified,  the  body  can  be  brought  from  a  standard  position  to  the  position 
occupied  at  the  epoch  in  question.  It  will  also  be  of  much  interest  to  know 
the  instantaneous  screw  about  which  the  body  is  twisting  at  each  epoch,  as 
well  as  its  twist  velocity.  Nor  can  we  regard  the  solution  as  quite  complete, 
unless  we  also  have  a  clear  conception  of  the  screw  on  which  all  the  forces 
acting  on  the  body  constitute  a  wrench  of  which  we  should  also  know  the 
intensity. 

There  is  one  special  feature  which  characterises  that  portion  of  Djrnamics 
which  is  discussed  in  the  present  treatise.  We  shall  impose  no  restrictions 
on  the  form  of  the  rigid  body,  and  but  little  on  the  character  of  the  con- 
straints by  which  its  movements  are  limited,  or  on  the  forces  to  which  the 
rigid  body  is  submitted.  The  restriction  which  we  do  make  is  that  the  body, 
while  the  object  of  examination,  remains  in,  or  indefinitely  adjacent  to,  its 
original  position. 

As  a  consequence  of  this  restriction,  we  here  make  the  remark  that  the 
amplitude  of  a  tvnst  is  henceforth  to  be  regarded  as  a  snuxll  quantity. 
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If  it  be  objoctcKl,  that  with  so  great  a  reHtriction  as  that  just  rvferrvd  Uk 
only  a  limited  field  of  in(|uiry  reniainH,  the  answer  is  as  follows: — A  perft*ctlT 
general  investigation  could  yield  but  a  slender  harvest  of  interesting  ut 
valuable  results.  All  the  problems  of  Physical  importance  are  Mpecial  case» 
of  the  gi^neral  <|U4tfition.  Thus,  a  s|)ecial  character  in  the  constraints  has  pn>- 
duce<l  the  relebrati^  pn)blen)  of  the  n>tation  <tf  a  rigid  body  about  a  Ax«>d 
|M>int.  To  vin<licati^  our  ])articular  restriction  it  st*ems  only  n<*oe«Muy  U* 
n*niark,  that  the  restricted  inquiry  still  includes  the  theory  of  Ei|uilibnuni. 
of  Impulsivi*  For(*e.s,  and  of  Snmll  Oscillations. 

Whatever  novelty  may  be  foun<l  in  the  following  pages  will,  it  l« 
lM'lieve<l,  Ih^  larg4*ly  due  to  the  cireuuistanct*  that,  with  the  impt^rtant 
exception  n*ft*mMl  to.  all  the  conditions  of  <*ach  problem  are  of  abiiolut*^ 
generality. 


CHAPTER    II. 


THE  CYLINDROID. 

9.     Introductioii. 

Liet  a  and  fi  be  any  two  screws  which  we  shall  suppose  to  be  fixed  both 
iu  position  and  in  pitch.  Let  a  body  receive  a  twist  of  amplitude  o!  about 
a,  followed  by  a  twist  of  amplitude  ff  about  /8.  The  position  attained 
could  have  been  arrived  at  by  a  single  twist  about  some  third  screw  p  with 
an  amplitude  p.  We  are  always  to  remember  that  the  amplitudes  of  the 
twists  ai-e  infinitely  small  quantities.  With  this  assumption  the  order  in 
which  the  twists  about  a  and  fi  are  imparted  will  be  immaterial  in  so  far 
as  the  resulting  displacements  are  concerned.  The  position  attained  is  the 
same  whether  a  follows  ff  or  /8'  follows  a'. 

Any  change  in  a  or  in  /8'  will  of  course  generally  entail  a  change  both  in 
the  pitch  and  in  the  position  of  p.  It  might  thus  seem  that  p  depended 
upon  two  parameters,  and  that  consequently  the  different  positions  of  p 
would  form  a  doubly  infinite  series,  known  in  linear  geometry  as  a 
congruence.  But  this  is  not  the  case,  for  we  prove  that  p  depends  only 
upon  the  ratio  of  a'  to  /S'  and  is  thus  only  singly  infinite. 

Take  any  point  P  and  let  A«  be  the  perpendicular  distance  from  P  to  a, 
while  p«  is  as  usual  the  pitch  of  the  screw;  then  the  point  P  is  transferred 
by  the  twist  about  a  through  the  distance 

The  twist  about  fi  conveys  P  to  a  distance 


The  resultant  of  these  two  displacements  conveys  P  in  a  direction  which 
depends  upon  the  raiio  of  a  to  ff,  and  not  upon  their  absolute  magnitudes. 

iiet  P  and  Q  be  two  points  on  p,  then  the  resultant  displacement  will 
a>iivey  P  and  Q  to  points  P'  and  Q'  respectively  which  are  also  on  the  axis 
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of  p.  Suppose  that  a  and  fi*  be  varied  while  their  ratio  is  preserved  P 
and  Q  will  then  be  transferred  to  P"  and  Q"  while  by  the  property  jtirt 
proved  P,  P\  P"  will  be  collinear  and  so  will  Q,  Qf,  Q".  It  therefore  f»U<iv» 
that  as  P,  P\  Q,  q  lire  collinear  so  will  P,  Q,  i^',  Q"  be  collinear.  The  Uoe 
PQ  will  theref(»re  Ix^  displaced  u]x>n  itself  for  every  pair  of  values  m  and 
ff  which  retain  thr  same  ratio.  The  positicm  (»f  the  resultant  screw  is  tbiu 
not  alU'rt»d  by  any  changes  of  a'  and  )9',  which  preserves  their  ratio. 

I^*t  w  be  the  angle  between  a  and  0.  We  take  the  case  of  a  point  P 
at  an  infinite  distance  on  the  common  perpendicular  to  a  and  ff.  Thin 
{)oint  is  displaced  through  a  distance  e<|ual  to 

where  h  stan<ls  for  the  infinite  ]HTpi>ndicular  distanct*  from  P  to  a  or  to  ^. 
This  displacement  of  /'  is  n<»rmal  to  p  which  its4*lf  intenu^cts  at  right  angl<« 
the  common  [leriK^miicular  Ui  a  and  fi.  As  the  |>er|)endicular  distance  front 
P  U}  p  can  only  diflFer  by  a  finite  (|uantity  from  It 

hp  =  //  Va'»  +  ti"'  +  2aV  i-t»s  «, 
or 

p  =  \^a'-  +  /iT-  +  2a'^'  cos  w. 

This  detennines  the  amplitude  of  the  resulting  twist  which  is,  it  may  be 
noted,  independent  of  the  pi  tithes. 

Let  if>  Ix*  the  angh*  lx*tween  the  directions  in  which  a  point  Q  on  p  it^ 
displaciMl  by  the  twists  about  a  and  /9,  then  the  stpiare  of  the  dis|>lacenietii 
of  Q  will  Ih* 

( />.'  +  A.»)  a'"  +  (  Pit  +  A^')  fi''  -I-  '1  vV>.'  +  *.'  v'/>^'T'A^« a /9'  cos  ^ ; 

but  this  may  als4»  Ik*  written 

whence  We  s<'e  that  p^  de|)ends  only  on  the  ratio  of  a'  to  ff. 

The  pit4*h  an<l  the  {)ositiou  of  p  thus  depend  on  the  single  numerical 
|>arauieter  expressing  the  rati(»  (»f  ol  and  ff.  As  this  parameter  varies  si> 
will  p  vary,  and  it  must  in  successive  ixisitions  coincide  with  the  several 
geiHTntors  of  a  (*t*rtain  nile<l  surfat*e.  Two  of  thes**  generators  will  be  the 
situations  of  a  and  of  /j  corn's|H»nding  to  the  extreme  values  of  ien»  and 
infinity  n*s|M*<»tively.  which  in  thit  pn»gress  of  its  variation  the  [laraniet^r 
will  assume. 

We  shall  next  ascertain  the  laws  ac(M)nling  to  which  twists  (aiNl  wrenehen) 
must  Im'  mm{M»und«*<i  togt*ther.  that  is  to  say,  we  shall  determine  the  single 
Mcrew.  one  twist  (or  wnMich)  about  which  will  pnsluce  the  same  effect  on  the 
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body  as  two  or  more  given  twists  (or  wrenches)  about  two  or  more  given 
screws.  It  will  be  found  to  be  a  fundamental  point  of  the  present  theory 
that  the  rules  for  the  composition  of  twists  and  of  wrenches  are  identical*. 

10.    The  Virtual  Ooefflcient. 

Suppose  a  rigid  body  be  acted  upon  by  a  wrench  on  a  screw  ^8,  of  which  the 
intensity  is  ^\  Let  the  body  receive  a  twist  of  small  amplitude  a  around  a 
screw  a.  It  is  proposed  to  find  an  expression  for  the  energy  required  to  eflFect 
the  displacement. 

Let  d  be  the  shortest  distance  between  a  and  )3,  and  let  6  be  the  angle 
between  a  and  ^8.  Take  a  as  the  axis  of  a?,  the  common  perpendicular  to  a 
and  /8  as  the  axis  of  z,  and  a  line  perpendicular  to  x  and  z  for  y.  If  we 
resolve  the  wrench  on  /8  into  forces  X,  F,  Z,  parallel  to  the  axes,  and  couples 
of  moments  Z,  M,  N,  in  planes  perpendicular  to  the  axes  we  shall  have 

Z=/S"cosO;  7  =  /8"sin0;  Z=0; 

Z  =  /S'>^cosO-/9"dsinO;  Af  =  /r>^ sin  04-/8"dcos  0  ; 

iV^  =  0. 

We  thus  replace  the  given  wrench  by  four  wrenches,  viz.,  two  forces  and 
two  couples,  and  we  replace  the  given  twist  by  two  twists,  viz.,  one  rotation 
and  one  translation.  The  work  done  by  the  given  twist  against  the  given 
wrench  must  equal  the  sum  of  the  eight  quantities  of  work  done  by  each  of 
the  two  component  twists  against  each  of  the  four  component  wrenches. 
Six  of  these  quantities  are  zero.  In  fact  a  rotation  through  the  angle  a 
around  the  axis  of  x  can  do  work  only  against  Z,  the  amount  being 

a'/8"  {pfi  cos  0  —  d  sin  0). 

The  translation  p. a  parallel  to  the  axis  of  x  can  do  work  only  against 

X,  the  amount  being 

ol'^'P^  cos  0. 

Thus  the  total  quantity  of  work  done  is 

a')8"  {(p.  4- p^)  cos  0  -  d  sin  0}. 

The  expression 

i  [(P«  4-  p^)  cos  0  —  d  sin  0] 

is  of  great  importance  in  the  present  theoryf.     It   is  called   the  virtual 

*  Thai  the  ansloficy  between  the  compoBiiion  of  foroee  and  of  rotations  can  be  deduced  from 
the  general  principle  of  virtual  velocities  has  been  proved  by  Bodrignes  (LUmvilWt  Journal^  t.  5, 
1840,  p.  436). 

f  The  theory  of  Bcrews  has  many  points  of  connexion  with  certain  geometrical  researches  on  the 
Unear  complex,  by  Pliicker  and  Klein.  Thus  the  latter  has  shown  (MaihematUche  AnnaUn,  Band 
n^  p.  d68  (1S<I9)),  that  if  p^  andp^  be  each  the  *'Hanptparameter'*  of  a  linear  complex,  and  if 

(j>^ +p  J  cos  O  -  d  sin  O  =  0, 

when  d  and  O  relate  to  the  principal  axes  of  the  complexes,  then  the  two  complexes  possess  a 
•peeial  rdation  and  are  said  to  be  in  *'  involution.*' 

B.  2 
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coejfficiefU    of    the   two   screws  a   and    0,  and    may    be    denoted    bj  iW 
symbol 

11.  Bymmetiy  of  the  Virtual  Ck>efllolent. 

An  obvious  property  of  the  virtual  coefficient  is  of  great  importanoe.  If 
the  two  screws  a  and  /9  be  interchanged,  the  virtual  coefficient  remaioi 
unaltered.  The  identity  of  the  laws  of  composition  of  twists  and  wrencbc» 
can  be  deduced  from  this  circumstance*,  and  also  the  Theory  of  Reeiprocal 
Screws  which  will  be  develope<l  in  Chap.  IIL 

12.  Oompoaitioii  of  Twists  and  Wrenohes. 

Suppose  three  twists  about  three  screws  a,  0,  7,  poaseM  the  propefftj 
that  the  body  after  the  last  twist  has  the  same  position  which  it  had  before 
the  first:  then  the  amplitudes  of  the  twists,  as  well  as  the  geometricml  rela- 
tiouK  of  the  screws,  must  satisfy  certain  conditions.  The  particnlar  natnnr 
of  these  conditions  does  not  concern  us  at  present,  although  it  will  be  fully 
developed  hereafter. 

We  may  at  all  events  conceive  the  following  method  of  asoertaioing  Ibese 
conditions : — 

Since  the  three  twists  neutralize  it  follows  that  the  total  energy  ei- 
pendtHl  in  making  thos<^  twists  agjiinst  a  wrench,  on  any  screw  9,  must  be 
zero,  whence 

This  e<|uation  is  one  of  an  indefinite  nunilxT  (of  which  six  can  be  shown 
to  be  independent)  obtiined  by  choosing  different  screws  for  i^.  From 
each  gn>up  of  thrcn;  e<|uations  the  amplitudes  can  be  eliminated,  and  four  of 
the  (M|uations  thus  obtained  will  involve  all  the  pun*ly  geometrical 
as  t4»  dinM*tion,  situation,  and  pitch,  which  must  be  fulfilled  by  the 
when  three  twists  can  neutnilize  each  other. 


But  now  supp<ise  that  thnn*  wrenches  e(|uilibrate  on  the  thrive 
a.  0,  y.     ThfU  the  UtUi\  energy  ex[)ende<l  in  a  twist  about  ciriy  screw  f^agaiito^ 
the  three  wrencht^s  nnist  Ik?  zen),  wht»nce 

An  indefinite  number  of  similar  e4|uati<»ns,  one  in  fact  for  every  screw  ^.  must 

In*  also  satisfies  J. 

By  romparing  this  syst4'n)  of  e<|uations  with  that  previously  obtain«Ml.  ii 
in  obvious  that  the  giM (metrical  eonditiiins  imposed  on  the  screws  c,  0^  y,  in 

*  Thia  pnvoAnt  remark,  or  wbal  it  fS|uivAlent  thereto,  b  doe  to  Klein  {Mmtk.  wf  ■«.,  Vol.  it. 

p   I13<1H71)). 
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the  two  cases  are  identical.  The  amplitudes  of  the  three  twists  which 
neutralise  are,  therefore,  proportional  to  the  intensities  of  the  three  wrenches 
which  equilibrate. 

When  three  twists  (or  wrenches)  neutralise,  then  a  twist  (or  wrench) 
equal  and  opposite  to  one  of  them  must  be  the  resultant  of  the  other  two. 
Hence  it  follows  that  the  laws  for  the  composition  of  twists  and  of  wrenches 
must  be  identical. 

13.    The  Cyllndroid. 

We  next  proceed  to  study  the  composition  of  twists  and  wrenches,  and 
we  select  twists  for  this  purpose,  though  wrenches  would  have  been  equally 
convenient. 

A  body  receives  twists  about  three  screws;  under  what  conditions  will 
the  body,  after  the  last  twist,  resume  the  same  position  which  it  had  before 
the  first? 

The  problem  may  also  be  stated  thus : — It  is  required  to  ascertain  the 
single  screw,  a  twist  about  which  would  produce  the  same  effect  as  any  two 
given  twists.  We  shall  first  examine  a  special  case,  and  fi-om  it  we  shall 
deduce  the  general  solution. 

Take,  as  axes  of  x  and  y,  two  screws  a,  /8,  intersecting  at  right  angles. 
whose  pitches  are  pa  and  pfi.  Let  a  body  receive  twists  about  these  screws 
of  amplitudes  ff  cos  I  and  ff  sin  I.  The  translations  parallel  to  the  coordinate 
axes  are  p^ff  oo&l  and  p^ff  sin  l.  Hence  the  axis  of  the  resultant  twist  makes 
ao  angle  /  with  the  axis  of  x ;  and  the  two  translations  may  be  resolved  into 
two  components,  of  which  ^(p.cos*/  4•JE)^  sin'Z)  is  parallel  to  the  axis  of  the 
resultant  twist,  while  ff  sin  I  cos  I  (p^  -  Pfi)  is  perpendicular  to  the  same  line. 
The  latter  component  has  the  efiect  of  transferring  the  resultant  axis  of  the 
rotations  to  a  distance  sin  I  cos  I  (pa  —  p^X  the  axis  moving  parallel  to  itself 
in  a  plane  perpendicular  to  that  which  contains  a  and  )9.  The  two  original 
twists  about  a  and  fi  are  therefore  compounded  into  a  single  twist  of 
amplitude  ^  about  a  screw  0  whose  pitch  is 

p,cos*i4-p^sin»/. 
The  position  of  the  screw  0  is  defined  by  the  equations 

y  =  x  tan  /, 
z  =  (p.  —  pfi)  sin  /  cos  L 

Himinating  I  we  have  the  equation 

^(«'4-y•)-(p.-p^)ary  =  a 

2—2 
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The  conoidal  cubic  surface  represented  by  this  equation  has  been  calM 
the  cylindroid  *. 

Each  generating  line  of  the  surface  is  conceived  to  be  the  residence  of  a 
screw,  the  pitch  of  which  is  determined  by  the  expression 

p.  cos*/  +  pfi  sin*/. 

When  a  cylindroid  is  said  to  contain  a  screw,  it  is  not  only  meant  that  tb*' 
screw  is  one  of  the  generators  of  the  surface,  but  that  the  pitch  of  the  scrvw 
is  identical  with  the  pitch  appropriate  to  the  generator  with  which  the  acrev 
coincides. 

We  shall  first  show  that  it  is  impossible  for  more  than  one  cylindroid  to 
contain  a  given  pair  of  screws  0  and  0.  For  suppose  that  two  cylindrokt 
A  and  B  could  be  so  drawn.  Then  twists  about  6  and  ^  will  oompouod 
into  a  twist  on  the  cylindroid  A  and  also  on  the  cylindroid  B  (|  14).  There- 
fore the  several  screws  on  A  would  have  to  be  identical  with  the  screwii  on  B, 
i.e.  the  two  surfaces  could  not  be  different.  That  (/n€  cylindroid  can  alwajv 
be  drawn  through  a  given  jmir  of  screws  is  proved  as  follows. 

Let  the  two  given  screws  be  0  and  0,  the  length  of  their  common  perpen- 
dicular ho  A,  and  the  angle  bi*tween  the  two  screws  be  /I  ;  we  shall  show  thai 
by  a  proper  choice  of  the  origin,  the  axes,  and  the  constants  p.  and  |%.  a 
cylindroid  can  be  found  which  contains  0  and  <f>. 

If  /,  m  be  the  angles  which  two  screws  on  a  cylindroid  make  with  the 
axis  of  X,  and  if  r,,  ^,  be  the  values  of  z,  we  have  the  eqnaiioos  of 
which  the  last  four  are  deduowl  from  the  first  six 

*  Thin  sarfaoe  has  be<*n  described  by  Pliicker  {Setu  Geometrie  de$  Rawmet,  186^-9,  p.  97) ;  W 
arriveH  at  it  as  foUowii :— Let  0  =  0,  and  (^  =  0  be  two  linear  oomplexea  of  the  ftnt  dq^ree,  tiMB  aB 
the  oomplexea  formed  bj  Kiving  /«  different  valnea  in  the  expression  0  +  aiO'  =  0  fcftm  m  mytltmm  «f 
which  the  axes  lie  on  the  snrface  i  (x*  +  y*)  -  (Ir*  -  Ir,)  xy  =  0.  The  parameler  of  abj  ooMpliS  «f 
which  the  axis  makes  an  angle  w  with  the  axis  of  x  is  lr  =  lr*cos*w-f  ik^sin'M.  PlAekcr  aIidmb* 
stnicted  a  model  of  this  surface. 

Pliicker  does  not  appear  to  have  noticed  the  mechanical  and  kinematieal  prepeiUs»  oi  Ike 
e3rlindn)id  which  make  this  surface  of  so  much  importance  in  Dynamics;  hot  it  is  voftliy  «f 
remark  that  the  distribution  of  pitch  which  is  presented  by  physical  eonsidsnUioiw  ia 
the  same  as  the  distribution  of  }iaraniet4*r  u|>on  the  generators  of  the  snHkce,  whieb 
fully  discusweti. 

The  first  application  of  the  cylindmid  to  Dynamics  was  made  by  liattaglini,  who 
thin  surface  was  the  Iocum  of  the  wrench  resulting  ftrom  the  composition  of  forr«s  ol 
on  two  givfu  straight  lin<*s  (Sulla  serie  dei  sistemi  <li  forze,  HentHe.  Ace.  di  Sapnti,  1869,  p.  im. 
He**  also  tbe  llibliography  at  tbe  end  of  this  voIuhh*. 

TIm*  name  cffhmln»id  was  suggeste<i  by  l^rofessor  Caylry  in  1H71  in  reply  to  a  reqacsA  vhidi 
I  madr>  wh«*n,  in  iKnoranr<<  of  the  previoup  work  of  both  Pliicker  and  BattagUni,  I  begpaa  lo 
study  this  purfam*.  The  W(»rt1  originatf^d  in  t)i«*  following  construction,  which 
communirAtixi  by  l*r«>fes»or  Cayb-y.  Cut  tl>c  cylinder  '*■»  |f'~  (p^-|>  )*  in  an  ellipae  bj 
plant*  X  -X.  and  considrr  tl»«*  line  x  ^'  ¥  Pg  P  -  '^  ^"V  pl<^>e  z-c  cuts  tbe  elUps*  io  tbe 
points  A,  H  and  tbe  line  in  C.  then  (\4,  i'lt  arv  two  generating  lines  of  the  sttrfaoe. 
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P$  =  p*  COS'/  +  pfi  sin'Z,        Zi  =  (pa  —  Pp)  sin  Z  cos  /, 
P4  =  Pm  cos'wi  +  p^  sin'?^,     z^  =  (pa  —  p^)  sin  m  cos  m, 

il  =  f  —  m,      A  =  ^,  —  2^2» 

VA--Kp,-P,y 

''^     ^^~  sin4 

p«  +  Pfi=p$'\'P^  -  A  cot  il, 

/  =  i(4+tan->^?^),     ^,  =  i(p,-p.)cot4  +  |, 

with  similar  values  for  m  and  z^.     It  is  therefore  obvious  that  the  cylindroid 
is  determined,  and  that  the  solution  is  unique. 

It  will  often  be  convenient  to  denote  by  (0,  <f>)  the  cylindroid  drawn 
through  the  two  screws  0  and  ^. 

On  any  cylindroid  there  are  in  general  two  but  only  two  screws  which 
like  o  and  fi  intersect  and  are  at  the  same  time  at  right  angles.  These  two 
important  screws  are  often  termed  the  principal  screws  of  the  surface. 

14.    General  Property  of  the  Cylindroid. 

If  a  body  receive  twists  about  three  screws  on  a  cylindroid,  and  if  the 
amplitude  of  each  twist  be  proportional  to  the  sine  of  the  angle  between  the 
two  non-corresponding  screws,  then  the  body  after  the  last  twist  will  have 
regained  the  same  position  that  it  held  before  the  first. 

The  proof  of  this  theorem  must,  according  to  (§  12),  involve  the  proof  of  the 
following: — If  a  body  be  acted  upon  by  wrenches  about  three  screws  on  a 
cylindroid,  and  if  the  intensity  of  each  wrench  be  proportional  to  the  sine  of 
the  angle  between  the  two  non-coiTesponding  screws,  then  the  three  wrenches 
equilibrate. 

The  former  of  these  properties  of  the  cylindroid  is  thus  proved : — Take 
any  three  screws  0,  ^,  yjt,  upon  the  surface  which  make  angles  I,  m,  w,  with 
the  axis  of  x,  and  let  the  body  receive  twists  about  these  screws  of  amplitudes 
^$  ^\  '^''  Each  of  these  twists  can  be  decomposed  into  two  twists  about  the 
screws  a  and  fi  which  lie  along  the  axes  of  x  and  y.  The  entire  effect  of  the 
three  twists  is,  therefore,  reduced  to  two  rotatious  around  the  axes  of  x  and 
y,  and  two  translations  parallel  to  these  axes. 

The  rotations  are  through  angles  equal  respectively  to 

0"  cos  l-\-  <!>'  cos  m  +  ^'  cos  n 

and  0'6ml-h  <f>'  sin  m  +  '^'  sin  n. 

The  translations  are  through  distances  equal  to 

p«  (0"  cos  l-^if}  cos  m  +  ylr'  cos  n) 

and  pfi  {ff  sin  /  +  ^'  sin  m  +  ^'  sin  n). 


22 


THB  THEORY   OF  8CBBWS. 


[14- 


*' 


Those  four  <|uantitie8  vanish  if 

ff__  ^ 

sin  (m  -  n)     sin  (w  —  I)     sin  (/  —  m)  * 

and  hence  the  fundamental  property  of  the  cylindroid  has  been  proved. 

The  cylindroid  affords  the  means  of  compounding  two  twists  (or  two 
wn.»ncht»s)  by  a  rule  as  simple  as  that  which  the  parallelogram  of  forw  pto- 
vides  for  the  composition  of  two  intersecting  forces.  Draw  the  cylindniid 
which  contains  the  two  screws;  select  the  screw  on  the  cylindroid  whirfa 
makes  augles  with  the  given  screws  whose  sines  are  in  the  inverse  ratio  of 
the  amplitudiMj  of  the  twists  (or  the  intensities  of  the  wrenches);  a  iwisi 
(or  wrench)  about  the  screw  so  determined  is  the  required  resultaDt.  The 
amplitude  of  the  resultant  twist  (or  the  intensity  of  the  resultant  wreiich)  is 
prop)rtional  to  the  diagonal  of  a  parallelogram  of  which  the  two  ndes  are 
parallel  to  the  given  scrrews,  and  of  lengths  proportional  to  the  given  ampli- 
tudes (or  intensities). 

16.    Particalar  Cases. 

If />.  =/i^  the  cylindroid  reduces  to  a  plane,  and  the  pitches  of  all  th«» 
Hcn»ws  an?  iK|ual.  If  all  the  i)itchi^  lx»  zero,  then  the  general  property  of  the 
cylindniid  reduces  to  the  well-known  construction  for  the  resultaot  of  two 
inti»nk.»cting  forces,  or  of  n»tations  about  two  intersecting  axes.  If  all  the 
pitches  be  infiniti*.  the  general  property  reduces  to  the  construction  for  the 
composition  of  two  translations  or  of  two  couples. 


16.    Cylindroid  with  one  Screw  of  Infinite  pitch. 

Ix't  OV,  Fig.  2,  be  a  screw  of  pitch  p  about  which  a  body  receives 
twist  of  amplitude  a>. 


small 


Fig.  a. 


Li't  Oft  Im»  the  dir(H*tion  in  which  all  fioints  of  the  rigid  bcMly  are 
late<l  through  t*<{ual  distauci*s  ^  by  a  twist  about  a  screw  of  infinite  pilch 
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parallel  to  OK     It  is  desired  to  find  the  cylindroid  determined  by  these  two 
screws. 

In  the  plane  POR  draw  OS  perpendicular  to  OP  and  denote   zROS 
by  \. 

The  translation  of  length  p  along  OR  may  be  resolved  into  the  components 
p  sin  X  along  OP  and  p  cos  X  along  OS, 

Erect  a  normal  OT  to  the  plane  of  POR  with  a  length  determined  by 
the  condition 

a>0T  =  pco9\. 

The  joint  result  of  the  two  motions  is  therefore  a  twist  of  amplitude  a> 
about  a  screw  0  through  T  and  parallel  to  OP. 

The  pitch  p,  of  the  screw  is  given  by  the  equation 


whence 


cap,  ==(op-\-  p  sin  X, 
p,-p=07'tanX. 


Fig.  3. 

In  Fig.  3  we  show  the  plane  through  OP  perpendicular  to  the  plane  POR 
in  Fig.  2.    The  ordinate  is  the  pitch  of  the  screw  through  any  point  T, 

If  p,  =  0  then  Or=  —  OH.  Thus  H  is  the  point  through  which  the  one 
screw  of  zero  pitch  on  the  cylindroid  passes,  and  we  have  the  following 
theorem : 

If  one  screw  on  a  cylindroid  have  infinite  pitch,  then  the  cylindroid 
reduces  to  a  plana  The  screws  on  the  cylindroid  become  a  system  of  parallel 
lineB,  and  the  pitch  of  each  screw  is  proportional  to  the  perpendicular  distance 
firom  the  screw  of  zero  pitch. 
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17.  Form  of  the  Cyllndroid  in  general. 

The  ec{uation  of  the  Hurface  containH  only  the  single  parameter  p»-f». 
conHequently  all  cylindroidH  are  similar  surfiGU^es  differing  only  in  absolnw 
magnitude. 

The  curved  {)ortion  of  the  surface  is  contained  between  the  two  peimlM 
{lianas  z  =^  ±  (pa—PfiX  but  it  is  to  be  observed  that  the  nodal  line  «««0,  y— 0, 
also  lies  upon  the  surface. 

The  iutorsection  of  the  nodal  line  of  the  cylindroid  with  a  plane  '»  a 
node  or  a  conjugate  ]>oint  ui)on  the  curve  in  which  the  plane  i^  cut  by  the 
cylindroid  according  as  the  point  does  lie  or  does  not  lie  between  the  two 
bounding  planes. 

18.  The  Pitch  Conic. 

It  is  very  useful  to  have  a  clear  view  of  the  distribution  of  pitch  apno 
the  screws  contmne<l  on  thc^  surface.  The  equation  of  the  surface  involves 
only  the  difference  of  the  pitches  of  the  two  principal  screws  and  one  arbitrmrj 
element  must  be  further  sptHjitiiKl.  If,  however,  two  screws  be  given,  tbt-o 
both  the  surface  and  the  distribution  are  detiTmincKi.  Any  constant  added 
to  all  the  pitches  of  a  certain  distribution  will  give  another  poflsiblo  diKtribu- 
ti(»n  for  the  same  cylindroid. 

Liet  P0  be  the  pitch  of  a  screw  0  on  the  cylindroid  which  makes  an  angl«^  / 
with  the  axis  of  jr;  then  (§  13) 

p$  =  p«  cos'  I  -^Pfi  sin'  /. 
Draw  in  the  plane  jc,  y,  the  pitch  conic 

wh(*re  //  is  any  constant ;  then  if  r  be  the  radius  vector  which  makes  an  angi^" 
/  with  the  axis  of  x,  we  have 

H 

whenci'  th«»  pitch  of  each  screw  on  a  cylindmid  is  pro[X)rtional  to  the  inver»r 
s(|uare  of  the  [Mimllel  diameter  of  the  conic. 

This  conic  is  known  as  the  jiiich  conic.  By  its  means  the  pitches  of  all 
the  screws  on  the  cylindmid  are  detiTmined.  The  asymptotes,  n?al  or 
imaginary,  are  [>arallel  to  the  two  screws  of  zero  pitch. 

19.    Bnmmary. 

Wr  .Hhall  (>fl<*n  have  occasion  to  make  us4»  of  the  fundamental  priocipievi 
dem«»nM rated  in  this  chapter,  viz., 


19]  THE   CYLINDROID.  25 

HuU  one,  but  only  one,  cylindroid  can  always  he  drawn  so  that  two  of  its 
generators  shall  coincide  with  any  two  given  screws  a  and  fi,  and  that  when  all 
the  generators  of  the  surface  become  screws  by  having  pitches  assigned  to  them 
consistent  with  the  law  of  distribution  characteristic  of  the  cylindroid,  the  pitches 
assigned  to  the  generators  which  coincide  with  a  and  fi  shall  be  equal  to  the 
given  pitches  of  a  and  p. 

Thus  the  cylindroid  must  become  a  familiar  conception  with  the  student 
of  the  Theory  of  Screws.  A  model  of  this  surface  is  very  helpful,  and  fortu- 
nately there  can  be  hardly  any  surface  which  is  more  easy  to  construct.  In 
the  Frontispiece  a  photograph  of  such  a  model  is  shown,  and  a  plate  repre- 
senting another  model  of  the  same  surface  will  be  found  in  Chap.  XIII. 

We  shall  develop  in  Chap.  V  an  extremely  simple  method  by  which 
the  screws  on  a  cylindroid  are  represented  by  the  points  on  a  circle,  and 
every  property  of  the  cylindroid  which  is  required  in  the  Theory  of  Screws 
can  be  represented  by  the  corresponding  property  of  points  on  a  circle. 
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CHAPTER   III. 


RFX'IPROCAL  SCREWa 

20.  Reciprocal  Bcrewt. 

If  a  body  only  free  to  twist  about  a  screw  a  bo  in  equilibrium,  though 
acted  iii>on  by  a  wrench  on  the  strrew  /8,  then  conversely  a  body  only  finee  to 
twist  about  the  mtcw  /9  will  be  in  e(|uilibriuni,  though  acted  upon  by  a  wrench 
on  the  screw  a. 

The  principle  of  virtual  velocities  states,  that  if  the  body  be  in  equili* 
briuni  the  work  done  in  a  small  displacement  against  the  external  ibrom 
must  be  zero.  That  the  virtual  coefficient  should  vanish  is  the  necessary  and 
the  sufficient  condition,  or  (§  10) 

(/).  +  pfi)  cos  0  —  d  sin  0=0. 

The  symmetry  shows  that  precisely  the  same  condition  is  requiTKl 
whether  the  bo<ly  be  free  to  twist  about  a,  while  the  wrench  act  on  ^,  or 
vice  versft.  A  pair  of  screws  are  said  to  be  reciprocal  when  their  virtmal  co- 
efficient  is  zero. 

21.  Particular  Instances. 

Parallel  or  intersecting  screws  are  reciprocal  when  the  sum  of  their  pttcrhca 
is  £(*n).  Screws  at  right  angles  are  reciprocal  either  when  they  intersect. 
or  when  one  of  the  pit<*hes  is  infinite.  Two  screws  of  infinite  pitch 
recipn»cal,  because  a  couple  could  not  move  a  body  which  was  only 
ceptible  of  translation.  A  screw  whose  pitch  is  zero  or  infinite  is  reciprocal 
to  itself*. 

22.  8cr«w  Raciprocal  to  Oyllndroid. 

1/  a  screw  tj  be  reciprocal  to  ttvo  given  screws  0  and  ^,  then  ti  is  redprooai 
to  every  screw  on  the  cylindroid  (0,  <f>), 

*  Bet  aUo  ProfMtor  RTereU,  P.K.8..  Meufn^er  of  Uatk€matU$,  New  8eriM  (1S74),  No.  JS. 
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For  a  body  only  free  to  twist  about  17  would  be  undisturbed  by  wrenches 
on  0  and  <^ ;  but  a  wrench  on  any  screw  '^  of  the  cylindroid  can  be  resolved 
into  wrenches  on  0  and  if> ;  therefore  a  wrench  on  -^  cannot  disturb  a  body 
only  free  to  twist  about  17 ;  therefore  '^  and  1;  are  reciprocal.  We  may  say 
for  brevity  that  1;  is  reciprocal  to  the  cylindroid. 

17  cuts  the  cylindroid  in  three  points  because  the  surface  is  of  the  third 
degree,  and  one  screw  of  the  cylindroid  passes  through  each  of  these  three 
points;  these  three  screws  must,  of  course,  be  reciprocal  to  1;.  But  two 
intersecting  screws  can  only  be  reciprocal  when  they  are  at  right  angles,  or 
when  the  sum  of  their  pitches  is  zero.  The  pitch  of  the  screw  upon  the  cylin- 
droid which  makes  an  angle  I  with  the  axis  of  x  is 

|[>.  cos'f +p^sin'f. 

This  is  also  the  pitch  of  the  screw  ir  —  L  There  are,  therefore,  two  screws 
of  any  given  pitch ;  but  there  cannot  be  more  than  two.  It  follows  that  17 
can  at  most  intersect  two  screws  upon  the  cylindroid  of  pitch  equal  and 
opposite  to  its  own;  and,  therefore,  1;  must  be  perpendicular  to  the  third 
screw.  Hence  any  screw  reciprocal  to  a  cylindroid  must  intersect  one  of  the 
generators  at  right  angles.  We  easily  infer,  also,  that  a  line  intersecting  one 
screw  of  a  cylindroid  at  right  angles  must  cut  the  surface  again  in  two 
points,  and  the  screws  passing  through  these  points  have  equal  pitch. 

These  important  results  can  be  otherwise  proved  as  follows.  A  wrench 
can  always  be  expressed  by  a  force  at  any  point  0,  and  a  couple  in  a 
plane  L  through  that  point  but  not  of  course  in  general  normal  to  the  force. 

For  wrenches  on  the  several  screws  of  a  cylindroid,  the  forces  at  any 
point  all  lie  on  a  plane  and  the  couples  all  intersect  in  a  ray. 

The  first  part  of  this  statement  is  obvious  since  all  the  screws  on  the 
cylindroid  are  parallel  to  a  plane. 

To  prove  the  second  it  is  only  necessary  to  note  that  any  wrench  on  the 
cylindroid  can  be  decomposed  into  forces  along  the  two  screws  of  zero  pitch. 
Their  moments  will  be  in  the  planes  drawn  through  0  and  the  two  screws  of 
zero  pitch.  The  transversal  across  the  two  screws  of  zero  pitch  drawn  from 
0  most  therefore  lie  in  every  plane  Z. 

We  hence  see  that  the  third  screw  on  the  cylindroid  which  is  crossed  by 
such  a  transversal  must  be  perpendicular  to  that  transversal 

23.    Beciprocal  Cone. 

From  any  point  P  perpendiculars  can  be  let  fall  upon  the  generators  of 
the  cylindroid,  and  if  to  these  perpendiculars  pitches  are  assigned  which  are 
equal  in  magnitude  and  opposite  in  sign  to  the  pitches  of  the  two  remaining 


28 


THE   THEORY   OF   SCREWS. 


[23, 


BcrowH  on  the  cylindroid  intersected  by  the  perpendicular,  then  the  perpen- 
diculars fonn  a  cone  of  reciprocal  screws. 

We  shall  now  prove  that  this  cone  is  of  the  second  order,  and  we  shall 
show  how  it  can  be  constructed. 

Li^t  0  Ik'  the  point  from  which  the  cone  is  to  be  drawn,  and  through  O  k*t 
a  line  OT  be  drawn  which  is  parallel  to  the  nodal  line,  and,  therefore,  perpen- 
dicular to  all  the  generators.  This  line  will  cut  the  cylindroid  in  one  red 
point  T  (Fig.  4),  the  two  other  points  of  intersection  coalescing  into  the  in- 
finitely distant  point  in  which  OT  intersects  the  nodal  line. 

Draw  a  plane  through  T  and  through  the  screw  LM  which,  lying  on  lh«* 
cylindn)id,  has  the  same  pitch  as  the  screw  through  T,  This  plane  can  cut 
the  cylindroid  in  a  conic  SiK^tion  only,  for  the  line  LM  and  the  conic  will  then 


Fi«.  4. 

make  up  the  curv(»  of  the  thin!  degrei*.  in  which  the  plane  must  intersect  the 
surface.  Also  since  the  entin*  cylindroid  (or  at  least  its  curved  portion)  ia 
includiHl  lK*tw<H^>n  two  parallel  plani^s  (§  17),  it  follows  that  this  ctmic  must  be 
an  elli|]fH*. 

We  shall  now  prove  that  this  ellipse  is  the  locus  of  the  fiH?t  of  the  per- 
ptMidiculars  let  fall  from  O  on  the  generators  of  the  cylindroid.  Draw  in  tlie 
plane  of  the  ellifise  any  line  TUV  through  T\  then,  since  this  line  inteftecU 
two  scn^ws  c»f  e<|ual  pitch  in  T  and  U,  it  must  be  perpendicular  to  thai 
generator  of  th«»  cylindn»id  which  it  nuM»tH  at  V,  This  generator  is,  therefore. 
pTpi^ndicular  t^)  the  plane  of  OT  and  VT,  and,  then»fore.  to  the  line  OK. 
It  follows  that    r  must   b<*   the  foot  of  the   pt*qH^ndicular  from  O  on   iIm' 


24]  RECIPROCAL  SCREWS.  29 

generator  through  V,  and  that,  therefore,  the  cone  drawn  from  0  to  the  ellipse 
TLVM  is  the  cone  required. 

We  hence  deduce  the  following  construction  for  the  cone  of  reciprocal 
screws  which  can  be  drawn  to  a  cylindroid  ttom.  any  point  0. 

Draw  through  0  a  line  parallel  to  the  nodal  line  of  the  cylindroid,  and 
let  T  be  the  one  real  point  in  which  this  line  cuts  the  surface.  Find  the 
second  screw  LM  on  the  cylindroid  which  has  a  pitch  equal  to  the  pitch  of 
the  screw  which  passes  through  T.  A  plane  drawn  through  the  point  T  and 
the  straight  line  LM  will  cut  the  cylindroid  in  an  ellipse,  the  various  points 
of  which  joined  to  0  give  the  cone  required*. 

We  may  further  remark  that  as  the  plane  TLM  passes  through  a  gene- 
rator it  must  be  a  tangent  plane  to  the  cylindroid  at  one  of  the  intersections, 
suppose  L,  while  at  the  point  M  the  line  LM  must  intersect  another  generator. 
It  follows  (22)  that  L  must  be  the  foot  of  the  perpendicular  from  T  upon  LM^ 
and  that  M  must  be  a  point  upon  the  nodal  line. 

24    Locus  of  a  Screw  Reciprocal  to  Four  Screws. 

Since  a  screw  is  determined  by  five  quantities,  it  is  clear  that  when  the 
four  conditions  of  reciprocity  are  fulfilled  the  screw  must  generally  be  confined 
to  one  ruled  surface.  But  this  surface  can  he  no  other  than  a  cylindroid. 
For,  suppose  three  screws  X,  /i,  v,  which  were  reciprocal  to  the  four  given 
screws  did  not  lie  on  the  same  cylindroid,  then  any  screw  ^  on  the  cylindroid 
(X,  /i),  and  any  screw -^  on  the  cylindroid  (X,  v)  must  also  fiilfil  the  conditions, 
and  so  must  also  every  screw  on  the  cylindroid  (^,  ^)  (22).  We  should  thus 
have  the  screws  reciprocal  to  four  given  screws,  limited  not  to  one  surfiace, 
as  above  shown,  but  to  any  member  of  a  family  of  surfacea  The  construction 
of  the  cylindroid  which  is  the  locus  of  all  the  screws  reciprocal  to  four  given 
screws,  may  be  effected  in  the  following  manner : — 

Let  a,  /8,  7,  S  be  the  four  screws,  of  which  the  pitches  are  in  descending 
order  of  magnitude.  Draw  the  cylindroids  (a,  7)  and  {Q,  h).  If  o-  be  a  linear 
magnitude  intermediate  between  p^  and  p^,  it  will  be  possible  to  choose  two 
screws  of  pitch  a  on  (a,  7),  and  also  two  screws  of  pitch  a  on  ()9,  S).  Draw 
the  two  transversals  which  intersect  the  four  screws  thus  selected ;  attribute 
to  each  of  these  transversals  the  pitch  -  <r,  and  denote  the  screws  thus  pro- 
duced by  0,  ^.  Since  intersecting  screws  are  reciprocal  when  the  sum  of  their 
pitches  is  zero,  it  follows  that  0  and  ^  must  be  reciprocal  to  the  cylindroids 
(a,  7)  and  {S,  S).  Hence  all  the  screws  on  the  cylindroid  {0,  if))  must  be  re- 
ciprocal to  a,  fi,  7,  5,  and  thus  the  problem  has  been  solved. 

*  M.  Appell  has  proved  conyenely  that  the  cylindroid  is  the  only  conoidal  surface  for  which 
the  feet  of  the  perpendiculars  from  any  point  on  the  generators  form  a  plane  onrve.  JUvtie  de 
Maik£matique$  SpfeiaUM,  v.  129—30  (1895).  More  generaUy  we  can  prove  that  this  property 
ouuiot  belong  to  any  ruled  sarface  whatever  except  a  cylindroid  and  of  course  a  cylinder. 
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26.    Screw  Reciprocal  to  Fiyo  Screws. 

The  determination  of  a  screw  reciprocal  to  five  given  screwn  ninst  in 
general  admit  of  only  a  finite  number  of  solutions,  because  the  number  of 
conditions  to  be  fulfilled  is  the  same  as  the  number  of  disposable  codsUuiU. 
It  is  very  important  to  observe  that  this  number  must  be  unity.  Fur  if 
two  screws  could  be  found  which  fulfilled  the  necessary  conditions,  then  thesr 
conditions  would  1k^  equally  fulfilled  by  every  screw  on  the  cylindruid 
detenniued  by  those  screws  (§  22),  and  therefore  the  number  of  solutions  U 
the  pn)blem  would  not  l>e  finite. 

The  construction  of  the  sci*ew  whose  existence  is  thus  demonstrated,  cao 
be  eifi*cted  by  the  results  of  the  last  article.  Take  any  four  of  the  fivr 
scrt^wH,  and  draw  the  reciprocal  cylindroid  which  must  contain  the  required 
screw.  Any  other  set  of  four  will  give  a  different  cylindroid,  which  abo 
contains  the  nnjuired  8cn»w.  These  cylindroids  must  therefore  interBect  in 
the  single  screw,  which  is  reciprocal  to  the  five  given  screws. 

26.  Screw  upon  a  Oyllndroid  Reciprocal  to  a  (Uren  Screw. 

Let  6  be  the  given  screw,  and  let  X,  fi,  p,  p  1k»  any  four  screws  reciprocal 
to  the  cylindroid ;  then  tht*  single  screw  i;,  which  is  reciprocal  to  the  five 
scri»ws  e,  X,  /a,  i/,  p,  must  lie  on  the  cylindroid  because  it  is  reciprocal  to 
X,  ft,  I/,  p,  and  therufurt*  i;  is  the  screw  required. 

ITie  solution  must  generally  be  unii{ue,  for  if  a  second  screw  were  reciprocal 
to  €,  then  the  whole  cylindroid  would  be  reciprocal  to  e ;  but  this  is  not  the 
cus€'  unless  e  fulfil  certain  conditions  (§  22). 

27.  Propertiea  of  the  Oyllndroid*. 

W<»  enunciati'  here  a  few  propi»rtic»s  of  the  cylindnnd  for  which  the  writer 
is  principally  ind(*bted  to  that  accomplished  geometer  the  late  Dr  Caaey. 

The  ellipsis  in  which  a  tangent  plane  cuts  the  cylindn>icl  has  a  circle  fi»r 
its  pmjection  on  a  plane  p<Tp<'ndicular  to  the  nodal  line,  and  the  radius  of  th«f 
circle  is  the  minor  axis  of  the  ellipse. 

Th(*  difference  of  the  s<]uares  of  the  axes  of  the  ellipse  is  conslaDi 
wherevtT  tht*  tang(*ut  plane  be  situat<»<l. 

Th<*  minor  axes  of  all  the  ellipse's  lie  in  the  same  plane. 

The  lin<*  joining  the  points  in  which  the  ellipst*  is  cut  by  two  screws  of 
equal  pit<!h  on  thr  cylindnml  is  fMrallel  to  the  major  axis. 

The  lint^  joining  the  poiuU  in  which  the  elli|)se  is  cut  by  two  iuteraecting 
scn*WM  on  the  cylindroid  is  parallel  to  the  minor  axis. 


*  For  aofiM  mnarluible  qoAtornion  iiiYestiftations  into  **tbe  oIom  eoon^EkMi  b«tvt«i  tW 
theory  of  Mnimr  veciiHr  funcUonii  mnd  th«  tlii<or7  of  aerews  "  «f«  Profetaor  C.  J.  Joly,  TV— i.  Mtpmi 
Iritk  Aead.,  Vol.  tii.  Part  in.  0^96).  and  %\m  Prot.  Htr^ml  triak  Aemd,,  Third  Sviis.  Vol.  w. 
No.  1,  p.  78(1**V7»- 
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SCREW  CO-ORDINATES. 

28.    Introduction. 

We  are  accustomed,  in  ordinary  statics,  to  resolve  the  forces  acting  on 
a  rigid  body  into  three  forces  acting  along  given  directions  at  a  point  and 
three  couples  in  three  given  planes.  In  the  present  theory  we  are,  however, 
led  to  regard  a  force  as  a  wrench  on  a  screw  of  which  the  pitch  is  zero,  and 
a  couple  as  a  wrench  on  a  screw  of  which  the  pitch  is  infinite.  The  ordinary 
process  just  referred  to  is,  therefore,  only  a  special  case  of  the  more  general 
method  of  resolution  by  which  the  intensities  of  the  six  wrenches  on  six 
given  screws  can  be  determined,  so  that,  when  these  wrenches  are  com- 
pounded together,  they  shall  constitute  a  wrench  of  given  intensity  on  a 
given  screw*. 

The  problem  which  has  to  be  solved  may  be  stated  in  a  more  symmetrical 
manner  as  follows: — 

To  determine  the  intensities  of  the  seven  wrenches  on  seven  given  screws, 
siich  that,  when  these  wrenches  are  applied  to  a  rigid  body,  which  is  entirely 
free  to  move  in  every  way,  they  shall  equilibrate. 

The  solution  of  this  problem  is  identical  (12)  with  that  of  the  problem 
which  may  be  enunciated  as  follows : — 

To  determine  the  amplitudes  of  seven  small  twists  about  seven  given  screws, 
such  that^  if  these  twists  be  applied  to  a  rigid  body  in  succession,  the  body 
after  the  last  twist  shall  have  resumed  the  same  position  which  it  occupied 
before  the  first 

The  problem  we  have  last  stated  has  been  limited  as  usual  to  the 
case  where  the  amplitudes  of  the  twists  are  small  quantities,  so  that  the 
motion  of  a  point  by  each  twist  may  be  regarded  as  rectilinear.     Were  it 

*  If  All  the  pitohes  be  zero,  the  problem  stated  above  redaoes  to  the  determination  of  the  six 
forees  along  six  given  lines  which  shall  be  equivalent  to  a  given  force.  If  forther,  the  six  lines  of 
referenee  form  the  edges  of  a  tetrahedron,  we  have  a  problem  which  has  been  solved  by  M5bias, 
Cr£lU*i  Jammal,  t.  xvui.  p.  207  (1S3S). 
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not  for  this  condition  a  distinct  solution  would  be  required  for  every  varifttiao 
of  the  order  in  which  the  successive  twists  were  imparted. 

If  the  number  of  screws  were  greater  than  seven,  then  both  proUemsi 
would  be  indeterminate;  if  the  number  were  less  than  seven,  then  boCh 
problems  would  be  impossible  (unless  the  screws  were  specially  related); 
the  numbi*r  of  screws  being  seven,  the  problem  of  the  determination  of  the 
ratios  of  the  seven  intensities  (or  amplitudes)  has,  in  general,  one  ai>lutioo. 
We  shall  solve  this  for  the  case  of  wrenches. 

Let  the  seven  screws  be  a,  )9,  7,  S,  €,  f,  17.  Find  the  screw  -^  which  '» 
reciprocal  to  7,  S,  e,  ^,  rf.  Let  the  seven  wrenches  act  upon  a  body  only 
free  to  twist  about  ^.  The  reaction  of  the  constraints  which  limit  the 
motion  of  the  b<Kly  will  niMitnilize  every  wrench  on  a  screw  reciprocal  U» 
ylr  (20).  We  may,  therefore,  so  far  as  a  Ixxly  thus  circunutanced  is  cno- 
cerned,  discard  all  the  wrenches  except  those  on  a  and  fi.  Draw  the 
cylindix)id  (a,  fi),  and  determine  thereon  the  screw  p  which  is  reciprocal  to  ^. 
The  body  will  not  be  in  e(|uilibrium  unless  the  wrenches  about  a  and  /9 
constitute  a  wrench  on  p,  and  hence  the  ratio  of  the  intensities  a'  and  fi^  is 
determineil.  By  a  similar  process  tht*  ratio  of  the  intensities  of  the  wrenches 
on  any  other  pair  of  the  seven  screws  may  be  detiTmiued,  and  thus  the 
problem  has  been  solvtHl.     (See  Ap|H*ndix,  note  1.) 

29.    Inteiuiitiea  of  the  Components. 

Let  the  six  screws  of  reference  be  a>,,  Sic.  w,,  and  let  />  be  a  given  acrrw 
on  which  is  a  wrench  of  given  intensity  p\  Let  the  intensities  of  the 
components  Ix^  p/'.  &c.  p/',  and  let  17  be  any  screw.  A  twist  about  ty  most 
do  the  same  quantity  of  work  acting  diri'ctly  against  the  wrench  on  />  as 
the  sum  of  the  six  (|uantities  of  work  which  would  be  done  by  the  aanif 
twist  against  each  of  the  six  components  of  the  wrench  on  p.  If  m^  be 
the  virtual  coefficient  of  17  and  the  nth  screw  of  reference,  we  have 

By  taking  fivr  other  screws  in  phvce  of  17,  five  more  e4)uatioiis  arv  ^ 
obtained,  and  from  the  six  e<|uations  thus  found  p/',  Stc.  p,"  can  be  de>  — 
tennine<l.  This  pn>cess  will  bti  gn»atly  simplified  by  judicious  choice 
th«*  six  srn»wH  of  whirh  1;  is  thi»  ty|)«\      Lt»t  1;  hv  n»ciprocal  t4>  m^.bc,  m^, 

m^  =  0.  ili\  v^  «  0.  and  wi»  havt* 

ft  ft 

p  »i|^  =  Pi  w,i. 

Fn>m  this  cM|uation  p/'  is  at  onct*  di*t4^nuintHl.  luid  by  five  similar 
the  int4*nsiti(*M  of  the  fiv<*  remaining  comp<ments  may  bi*  likewise  foand 

PnH*is<*ly  similar  in  th<*  investigation  which  determim^s  the  amplitadea.     ^^ 
thf  nix  twists  als»ut  the  six  S4*n»ws  of  n^ferfuci*  int^»  which  any  given  M 
may  bt?  «lfcom|)os4*<l. 
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30.  The  Intensity  of  the  Resultant  may  be  expressed  in  tenus  of  the 
intensities  of  its  components  on  the  six  screws  of  reference. 

Let  a  be  any  screw  of  pitch  p.,  let  p^  p2,  &c.  pe  be  the  pitches  of  the 
six  screws  of  reference  a>i,  co,,  ...  (Ug;  then  taking  each  of  the  screws  of  refer- 
ence in  succession,  for  17  in  §  29,  and  remembering  that  the  virtual  coefficient 
of  two  coincident  screws  is  simply  equal  to  the  pitch,  we  have  the  following 
equations : — 


•But  taking  the  screw  p  in  place  of  t;  we  have 

a"p.  =  a/V.!  -f  . . .  Oe'V^c. 

Substituting  for  ^«,  ...  ^.e  from  the  former  equations,  we  deduce 

pX^  =  t  ip,an  +  22  (a/ VV,2X 

This  result  may  recall  the  well-known  expression  for  the  square  of  a  force 
acting  at  a  point  in  terms  of  its  components  aloug  three  axes  passing  through 
the  point.  This  expression  is  of  course  greatly  simplified  when  the  three 
axes  are  rectangular,  and  we  shall  now  show  how  by  a  special  disposition 
of  the  screws  of  reference,  a  corresponding  simplification  can  be  made  in  the 
fonnula  just  written. 

31.    Co-Reciprocal  Screws. 

We  have  hitherto  chosen  the  six  screws  of  reference  quite  arbitrarily ; 
'"^     now  proceed  in  a  different  manner.     Take  for  a>,,  any  screw;  for  ojg,  any 
'Vf  reciprocal  to  a>,;  for  a>j,  any  screw  reciprocal  to  both  oh  and  (o^;  for  a>4, 
^    screw  reciprocal  to  a>,,  oia,  wj;  for  a>5,  any  screw  reciprocal  to  a>,,  Wg,  Wj,  0)4; 
ig,  the  screw  reciprocal  to  a>i,  (o^,  co,,  0)4,  0)5. 


^  set  constructed  in  this  way  possesses  the  property  that   each   pair 
**<!rews  is  reciprocal.     Any  set  of  screws  not  exceeding  six,  of  which  each 
is  reciprocal,  may  be  called  for  brevity  a  set  of  co-reciprocals*. 

Tliirty  constants  determine  a  set  of  six  screws.  If  the  set  be  co- 
iprocal,  fifteen  conditions  must  be  fulfilled;  we  have,  therefore,  fifteen 
^^  •orients  still  disposable,  so  that  we  are  always  enabled  to  select  a  co- 
^^^iprocal  set  with  special  appropriateness  to  the  problem  under  con- 
^^^ration, 

^    KlMn  has  diwmssed  (Math.  Ann,  Band  11.  p.  204  (1869))  six  linear  complexes,  of  which  each 
^^i'   ii  in  inTolation.    If  the  axes  of  these  complexes  be  regarded  as  screws,  of  which  the 
**^  ^AAiptparaiDeter  "  are  the  pitches,  then  these  six  screws  will  be  co-reoiprocal. 
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The  facilitii^  preseuted  by  rectangular  axes  for  questioDH  conm^rt««l  with 
the  clynainics  of  a  particle  have  i)erha{K<  their  analoguen  in  the  coiiveniencv^ 
which  arise*  from  the  use  of  co-reciprocal  sets  of  screws  in  the  pnaitfiit 
theory. 

If  the  six  scn»ws  of  reference  be  ctvreciprocal,  then  the  formula  u(  thr 
last  stKrtit>n  assiimi*s  the  very  simple  form 

32.  Oo^ordlnatM  of  a  Wrench. 

We  shall  henci»forth  usually  supjiose  that  the  screws  of  reference  an* 
co-reciprocal.  We  may  also  si>eak  of  the  co-onlinatc*  of  a  wrench*,  ineaniog 
then»by  the  inteimties  of  its  six  components  on  the  sir  screws  of  re/ertmce. 
So  also  we  may  sjx'ak  of  the  co-onlinates  of  a  twist,  mc*aning  thefvby  tke 
amplitudes  of  its  six  components  about  the  six  screws  ofrefertnce. 

The  co-ordinates  of  a  wrench  of  intensity  a"  on  the  screw  a  are  cleiii4«<d 
by  a/',  ...  Og".  The  co-ordinat*»s  of  a  twist  of  amplitude  a'  about  a  ai^ 
denottnl  by  a/,  . . .  a/. 

The  co-ordinates  of  a  twist-velocity  a  about  a  art*  denoted  by  di,  dl,«  ...  #.. 
The  actual  motion  of  the  body  is  in  this  case  a  tnuislation  with  Telucity  i|i^ 
(larallel  U)  a  and  a  rotation  around  p  with  the  an^ilar  velocity  A. 

33.  The  Work  done  in  a  twist  of  amplitude  a  aboat  a  !«rew  «.  by 
a  wn*nch  of  intensity  ff'  on  the  son*w  fi,  can  be*  t*xpres«i6d  in  tennM  of  the 
co-onlinates. 

Replace*  the  twist  and  the  wn*nch  by  their  resiYective  components  abuat 
the  co-n.*cipn»cals.  Then  the  total  work  done  will  be  ecpial  to  the  sum  ft*f 
the  thirty-six  quantitii*s  of  work  done  in  each  com{M)nent  twist  by  t*ach 
c<inip(>ni*nt  wrench.  Since  tht*  scn.*ws  an*  co-recipnK.*al,  thirty  of  tli«?«r 
<|uantiti€*s  disappear,  and  the  rt»mainder  have  for  their  sum^f 

34.  Screw  Co-ordinates. 

A  wrench  on  the  Rcrew  a,  of  which  the  intensity  \%  (me  mttl,  ha*  Cor  iu 
(*«>m|)onent8,  on  six  co-reciprocal  screws,  wn*nches  of  which  the  intennitifli 
may  be  said  to  constitute  the  co-ordinates  of  the  screw  su  These  co-owlinates 
may  be  denoted  by  «i,  ...  a«. 


*  PlGckrr  inlrodnccd  the  coneepikm  of  the  m  eo-ordinalM  of  a  vjttcai  oC  9tmm    PMi.  Tr 
Vol.  CLvi.  p.  S6S  (1H06).    Hc«  also  BatUfflini,  **  SoUe  dinami  in  involiuioM;'  Atti  4i  SmpmH  it.. 
(IHSV);  Zruthra,  3tatk.  Ann.,  liand  i.  p.  43:1  (1SG9). 

t  That  the  wmk  done  ean  he  rrpreitented  hj  an  eipreaiiioo  of  thin  type  «■■  mamammtmi  hf 
KIriu,  Math.  Ann.  Band  nr.  p.  41S(1S71). 
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When  the  co-ordinates  of  a  screw  are  given,  the  screw  itself  may  be  thus 
determined  Let  €  be  any  small  quantity.  Take  a  body  in  the  position  A , 
and  impart  to  it  successively  twists  about  each  of  the  screws  of  reference  of 
amplitudes  eai,  6ce,,  ...  ea^.  Let  the  position  thus  attained  be  B\  then  the 
twist  which  would  bring  the  body  directly  from  A  to  £  is  about  the  required 
screw  a. 

36.    Identical  Relation. 

The  six  co-ordinates  of  a  screw  are  not  independent  quantities,  but 
fulfil  one  relation,  the  nature  of  which  is  suggested  by  the  relation  between 
three  direction  cosines. 

When  two  twists  are  compounded  by  the  cylindroid  (§  14),  it  will  be 
observed  that  the  amplitude  of  the  resultant  twist,  as  well  as  the  direction 
of  its  screw,  depend  solely  on  the  amplitudes  of  the  given  twists,  and  the 
directions  of  the  given  screws,  and  not  at  all  upon  either  their  pitches  or  their 
absolute  situations  So  also  when  any  number  of  twists  are  compounded,  the 
amplitude  and  direction  of  the  resultant  depend  only  on  the  amplitudes  and 
directions  of  the  components.  We  may,  therefore,  state  the  following  general 
principle.  If  n  twists  neutralize  (or  n  wrenches  equilibrate)  then  a  closed 
polygon  of  n  sides  can  be  drawn,  each  of  the  sides  of  which  is  proportional 
to  the  amplitude  of  one  of  the  twists  (or  intensity  of  one  of  the  wrenches), 
and  parallel  to  the  corresponding  screw. 

Let  Ont  6ji,  Cn,  be  the  direction  cosines  of  a  line  parallel  to  any  screw  of 
reference  «,»,  and  drawn  through  a  point  through  which  pass  three  rect- 
angular axes. 

Then  since  a  unit  wrench  on  a  has  components  of  intensities  ffi,...  Oe, 
we  must  have 

(flho,  4  ...  -f  a^oi^y  +  (iitti  +  ...  +  6«o«)«  +  {c^a^  +  ...  -h  CgOr«)«  =  1. 

whence  Sfli'  -f  22a,  a,  cos  (12)  =  1, 

if  we  denote  by  cos  (12)  the  cosine  of  the  angle  between  two  straight  lines 
parallel  to  aij  and  o!,. 

36.    Calculation  of  Co-ordinatei. 

We  may  conceive  the  formation  of  a  table  of  triple  entry  from  which  the 
virtual  coefficient  of  any  pair  of  screws  may  be  ascertained.  The  three  argu- 
ments will  be  the  angle  between  the  two  screws,  the  perpendicular  distance, 
and  the  sum  of  the  pitches.  These  arguments  having  been  ascertained  by 
ordinary  measurement  of  lines  and  angles,  the  virtual  coefficient  can  be 
extracted  from  the  tables. 

Let  a  be  a  screw,  of  which  the  co-ordinates  are  to  be  determined.     The 

3_  .0 
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work  done  by  the  uiiit  wrcaich  on  a  in  a  twist  of  amplitude  ^'  about  ike 
Mcrew  fl»|  is 

but  this  must  be  equal  to  the  work  done  in  the  name  twist  by  a  wrench  «»f 
intensity  a,  on  the  screw  a»i,  whence 

or  a,  =  — . 

Pi 

Thus,  to  compute  each  co-ordinate  a«,,  it  is  only  necessary  to  maocrtain 
from  the  tables  the  virtual  coefficient  of  Aj  and  !»„  and  to  divide  this  quantity 

by  />«. 

37.  The  Virtual  CoeAcient  of  two  screws  may  be  expressed  with  fi^vat 

simplicity  by  the  aid  of  screw  co-onlinates. 

The  components  of  a  twist  of  amplitude  a'  are  of  amplitudes  a^ai,  ...  a'9« 
The  comiKments  of  a  wrench  of  intensity  ff'  are  of  intensities  ff' fii.  ... 

Com|>aring  tht^se  expressions  with  §  82,  we  see  that 

and  we  find  that  the  expression  for  the  work  done  in  the  twist  about  c,  by 
the  wrench  on  /9,  is 

a')9"[27>.a,/9,-h...  +  2/>.cuAl. 

The  (piantity  inside  the  bracket  is  twice  the  virtual  coefficient,  whence  wt^ 
(leiluce  the  im|)ort4\nt  expression 

Since  a  and  P  enter  symmetrically  into  this  expression,  we  art*  a|^D 
remindi'<l  of  the  reciprocal  charactt»r  of  the  virtual  cot»fficient. 

38.  The   Pitch   of  a  scn*w  is  at  once  expres8e<I  in  terms  of  \\s  eo- 

onlinatt^,  for  the   virtual  co<»fficient  of  two  coincident  screws  being  c«|ual 
t4>  the  pitch,  we  have 

39.  8cr«w  Reciprocal  tc  flre  Screws. 

We   mn  determine   the   co-onlinat<'s   of  the   single   screw   p,  which   i» 
n^oipnirjil  to  five  givon  scn»ws,  a,  /9,  7,  S,  c.     (§  25.) 

Thf  i|uantiti(*s  p,,  ...  p.,  must  siitisfy  the  condition 

2p,p,a,  •=  0. 
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and  four  similar  equations ;  hence  Pnpn  i»  proportional  to  the  determinant 
obtained  by  omitting  the  n'**  column  from  the  matrix  or : 

«i,     Oj,     «»»     04,     ttg,     Oe, 

fin    A»    A»    A»    A»    A> 

7i»     72»     7»»     74»     75»     7«» 
81,     8j,     Sj,     84,     85,     Sj, 

^i>      ^2»      €j,      64,      65,      6e,    i 

and  affixing  a  proper  sign.     The  ratios  of  pi,  ...  p,,  being  thus  found,  the 
actual  values  are  given  by  §  35. 

If  there  were  a  sixth  screw  f  the  evanescence  of  the  determinant  which 
written  in  the  usual  notation  is  («!,  /9j,  7,,  84,  65,  fj)  would  express  that  the 
six  screws  had  a  common  reciprocal.  This  is  an  important  case  in  view  of 
future  developments. 

40.    Oo-ordinatei  of  a  Screw  on  a  Cylindroid. 

We  may  define  the  screw  0  on  the  cylindroid  by  the  angle  Z,  which  it  makes 
with  a,  one  of  the  two  principal  screws  a  and  fi.  Since  a  wrench  of  unit 
intensity  on  0  has  components  of  intensities  cos  I  and  sin  Z  on  a  and  fi  (§  14), 
and  since  each  of  these  components  may  be  resolved  into  six  wrenches  on 
any  six  co-reciprocal  screws,  we  must  have  (§  34) 

^n  =  ^  cos  Z  +  /9nsin  Z. 

From  this  expression  we  can  find  the  pitch  of  0 :  for  we  have 

p$  =  Spi  (tti  cosl  +  fii  sin  ly, 

whence  expanding  and  observing  that  as  a  and  fi  are  reciprocal  Spitti/Si  =  0, 

and  also  that  2pia[,'=:/)«  and  ^Pifii^p^^  we  have  the  expression  already 

given  (§  18),  viz. 

p$^Pm  cos*  l+Pfi  sin*  I. 

If  two  screws,  0  and  <f>,  upon  the  cylindroid,  are  reciprocal,  then  (m  being 
the  defining  angle  of  ^X 

Spi  («i  cos  i  +  /9i  sin  Z)(«i  cos  wi  +  /81  sin  m)  =  0, 
or  /)«  cos  I  cos  m  +/)^  sin  Z  sin  m  =  0. 

Comparing  this  with  §  20,  we  have  the  following  useful  theorem  : — 

Any  two  reciprocal  screws  on  a  cylindroid  are  paraUel  to  conjugate 
diameters  of  the  pitch  conic. 

Since  the  sum  of  the  squares  of  two  conjugate  diameters  in  an  ellipse  is 
constant,  we  obtain  the  important  result  that  the  sum  of  the  reciprocals  of  tlie 
pitc/ies  of  two  reciprocal  screws  on  a  cylindroid  is  constant  *. 

*  Compare  Octoniont,  p.  190,  by  Alex.  M«Aalay,  189S. 
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41.  The  Canonical  Co-Reciprocals. 

If  all  thr  six  screws  of  a  co-reciprocal  system  an»  t4»  pans  through  the  <«nK 
point,  they  must  in  general  constitute  a  pair  of  screws  of  pitches  -»-  a  ami 

—  a  on  an  axis  OX,  a  pair  of  scn^ws  of  pitches  +  b  and  —  6  on  lui  axtf  OY 
which  interst^cts  OX  at  right  angles,  and  a  pair  of  screws  of  pitches  +  c  aiid 

—  c  on  an  axis  OZ  piTpondicular  to  both  OX  and  OY. 

It  is  convenient  to  sjX'ak  of  a  co-reciproci\l  system  thus  arnuige<l  a**  a  >*  t 
of  cunonicftl  co^reciprocah.  The  three  rectangular  axes  OX,  OY,  OZ  we  iiuv 
refer  to  txs  the  a^ocuUed  Catiesuin  axes. 

If  Oi,  9„  ...  a«  b4*  the  six  co-oniinates  of  a  scn»w  referred  t4)  the  canonical 
co-reciprocails,  then  the  pitch  is  given  in  general  by  the  equation 

It  must  b4>  reniembi'iiHl  that  in  this  formula  we  assume  that  the  ct>-onii- 
nates  sjitisfy  the  condition  §  35 

1  =  (a,  4-  a,)'  -f  ((/,  -f  o,)-  -f  (a,  -f  a.)». 

Of  course  this  condition  is  not  necessarily  complied  with  when  fli.  e^»  ...  vr 
some  of  them  are  intinite,  as  they  are  in  the  case  of  a  screw  of  infiniw 
pitch  §  44. 

In  general  the  direction  cosines  of  the  screw  a  are 

42.  An  Expression  for  the  Virtual  Coefficient. 

L(*t  \\  ^\  V  bt*  the  direction  cosines  of  the  screw  0  (of  pitch  /Ht)  which 
(Nuwes  through  the  jK)int  x\  y\  z\  Let  X",  ik\  v"  be  the  direction  omiioes*  of 
the  wH'w  o  (of  pitch  y).)  which  passes  through  the  point  x\  y\  x",  Tht^n  it 
cran  easily  1k>  shown  that  the  virtual  coefficient  of  6  and  a  is  half  the 
expn.*ssion 

^'-•^".    y-/.    ^'-^"i 

(7'#+/v)(w+My'+i'V')-    V    ,     m'  .     r'    . 


43.    Eqnations  of  a  Screw. 

(fivfu  the  six  ci»-onlinat<^  a,,  a,.  ...  ck«  of  a  srn»w,  with  n»ft»n»nce  to  a  y^x 
c»f  six  raiumu^l  n>-nviproeals,  it  is  nH|uin'd  to  tind  the  e< | nations  of  thai  !«cn-v 
with  n»f(i'n»nce  to  the  associated  (^irtesian  ax<»s. 

If  wr  t4ik«'  for  0  in  the  expn^ssion  just  writU»n  the  scn»w  of  pitch  a  in  tlk* 
canonical  syst4*m.  thus  making 
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we  have 

2aa,  =  (    a+/>.)V'-(MV-i;'y), 

similarly  -  2aa,  =  (-  a  -f  ;>.)  \"  -  (/x' V  -  i/'y ), 

we  thus  find 

X"  =  a,  4-  a,;  vY"  Aa'V=  a(o,  -a,)-/).(a,  4  a.,). 

In  like  manner  we  obtain  two  similar  pairs  of  equations  for  the  required 
equations  of  the  screw  o, 

(«» -f  9«)  y  -(a,  ^  04)  ^  =  a(a,  -  a,)  -  p.  (a,  +  «,), 

(a, -h  a,)  2:  -  (a^  +  o«)  X- =  6  (cr,  -  fit,)  -  p.  (a,  +  a^),  ].     (i). 

(a,  4-  04)0;  -  («!  +  aa)y  =  c  (««  -  cf,)  -/).(a5  4-  a,). 

The  expressions  on  the  right-hand  side  of  these  equations  are  the  co- 
ordinates of  the  extremity  of  a  vector  from  the  origin  of  length  equal  to 
the  ])erpendicular  distance  of  a  from  the  centre,  and  normal  to  the  plane 
containing  both  a  and  the  origin. 

The  co-ordinates* of  the  foot  of  the  perpendicular  fix)m  the  origin  on  the 
screw  a  are  easily  shown  to  be 

0?=  (ot,  -  a.)  (a,  4-  04)  c  -  {a^  4-  a.)  (a,  -  a^)  6, 
y  =»  («!  -  Oa)  («» 4-  «•)  a  -  (flf,  4-  a,)  {a,  -  a,)  c, 
2: «=  (ttj -  04)  (a,  4  a,)  6  -  (or,  4-  a^)(ai  -  a,) a. 

44.     A  Screw  of  Infinite  Pitch. 

The  conception  of  the  screw  co-ordinates  as  defined  in  §  41  require  special 
consideration  in  the  case  of  a  screw  of  infinite  pitch.  Consider  a  wrench  on 
such  a  screw.  If  the  intensity  of  the  wrench  be  one  unit,  then  the 
moment  of  the  couple  which  forms  part  of  the  wrench  is  infinite.  As  the 
pitches  of  the  screws  of  reference  or  any  of  those  pitches  are  not  in  general 
to  be  infinite,  it  follows  that  the  wrench  of  unit  intensity  on  a  screw  of 
infinite  pitch  must  have  for  its  components  on  one  or  more  of  the  screws  of 
reference  wrenches  of  infinite  intensity. 

If  therefore  o,,  a,,  ...  a,  be  the  co-ordinates  of  a  wrench  of  infinite  pitch, 
it  is  essential  that  one  or  more  of  the  quantities  aj,  ee,,  ...  at,  shall  be 
infinite. 

In  the  case  where  the  screws  of  reference  form  a  canonical  system  we  can 
obtain  the  co-ordinates  as  follows : 

_  (p> 4- o) cos (gl)  -  dai sin (al )  _ (/)«-  a) cos (al)  —  d«, sin  (ol) 

"*'"  fo  '     "•"'  -2a 
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If  ;).  be  indefinitely  great  with  reH|)ect  to  a  and  d^n  then 

_/).coHf(oi)  p.coa(ai) 

«' 2a       '    "^"^       2a  "' 

_  /).  coH  (as)  /),_oo8j«8) 

«*-       26        '    ^"""  "    26        ' 

^     ;>.cos(a5).    ^         p.co«(a5) 

If  the  a>-onlinatc.s  of  a  screw  not  itself  at  infinity  satisfy 

a, +  a,  =  0;  Oj  +  or^sO;  o,  +  o.~0; 
then  we  must  have 

for  the  e<iuations 


,.=  x 


(/'«  +  a)  cos  (oi)  -  d.,  sinj[ai) 

2a 


a,  =  -'  — 


(/).  -  a)  cos  (ai)  -  d.,  sin  (ai) 
"^=  -2a  * 

and  two  similar  jMiirs  could  not  be  otherwise  satisfied. 

We  are  not  howev<T  entitled  to  assume  the  converse,  i.e.  that  if  the  pitch 
is  infinite  then  th<'  three  ei|uations  0|  -h  0,  =  0,  &c.  must  be  satisfied.  It  will 
however  be  true  that 

®i  _      1  .    ?? 1  .    ?! 1 

a,  4«  Oc 

but  some  at  lea^t  of  the  co-ordinates  being  infinite,  we  are  in  g<pn«*rml 
prevented  from  replacing  these  e<|uations  by  the  ordinary  linear  form. 

45.    Indeterminate  Screw. 

It  may  however  be  instructive  to  investigate  otherwise  the  circunistaocr» 
of  a  screw  a  |K>ssi>ssing  the  propt»rty  that  its  six  co-ordinates  Oi,  e, ...  c,  an* 
submitted  to  the  three  conditions 

«!  +  «-i  =  0 ;    a,  4*  04  =  0 ;    «»  4*  o. «  0. 

Two  distinct  ciim^  must  be  considered.  Either  the  screw  a  must  have  m^me 
finite  p(»ints,  or  it  must  lie  altogether  at  infinity.  The  first  alternative  is  now 
sup|M)M.-<l.     The  second  will  be  discussed  in  the  ne.xt  article. 

If  then.'  Ix*  any  finite*  |ioints  on  a  then  for  such  points  the  three  left- 
hand  meml>erH  <»f  the  expiations  in  §  43  are  all  7x»ro.  The  three  right-hand 
UH'inbt'rs  must  also  nsluce  to  zero.  The  only  way  in  which  this  can  be 
act*omplishe<l  (for  we  woM  not  considt  r  the  case  in  which  all  the  co-ordin«U?ji 
an*  zeri»)  is  by  making  yju  infinite. 
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The  direction  of  the  screw  of  infinite  pitch  is  indicated  by  the  fact  that 
as  a  twist  about  it  is  a  translation  with  components  a  (a,  —  a.^),  b  (a,  —  a;), 
c  (Oi  —  Oc),  the  screw  must  be  parallel  to  a  ray  of  which  these  three  quantities 
are  proportional  to  the  direction  cosines. 

As  the  three  equations  to  the  screw  have  disappeared,  the  situation  of 
the  screw  is  indeterminate.  This  is  of  course  what  might  be  expected, 
because  a  couple  is  equally  efficacious  in  any  position  in  its  plane. 

46.  A  Screw  at  infinity. 

If  we  have 

ai  +  a,  =  0;    03  +  04  =  0;    O8  +  o.  =  0; 

then  the  three  equations  (i),  of  §  (43)  will  be  satisfied  for  a  screw  entirely  at 
infinity,  no  matter  what  its  pitch  may  be.  From  this  and  the  last  article  we 
see  that  the  three  equations 

01  +  02  =  0;    Oa  +  O4  =  0;    05  +  o,  =  0 

may  mean  either  a  screw  of  infinite  pitch  and  indefinite  position,  or  a  screw 
of  indefinite  pitch  lying  in  the  plane  at  infinity. 

47.  Screwi  on  one  aadi. 

The  co-ordinates  being  referred  to  six  canonical  co-reciprocals,  it  is  required 
to  determine  the  co-ordinates  of  the  screws  of  various  pitches  which  lie  on  the 
same  axis  as  a  given  screw  o. 

We  have  fix)m  §  36 

_  (g  +  Pa)  («!  +  o,)  -  d,,  sin  (oi) 

2a 


«!  = 


©1  = 


_  (g  +p^)  (oi  +  o.,)  -  d,.  sin  (01) 

2g 


whence  Oj  —  Wj  =  ^*     ^^  (o^  +  o.^). 

We  thus  have  the  useful  results 

®i  =  «i-^^^(«i-l-aa);     «9  =  a> +^^^  («!  +  a,), 

«.  =  a,-^'^^(aa  +  o,);    fo,==a,+^^^  (a,  +  a,\ 

«.  =  a.-^^^^''(a.  +  as);    «.  =  «.+2=^^(o5  +  Os). 

These  formulae  may  be  verified  by  observing  that  one  of  the  equations  (§  43) 
defining  qi  is 

(«« +  ft>«)  y  —  (wj  +  ft>4)  2^  =  g  («!  —  wj)  -  Pu  («i  +  ««)• 
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Intnxlucing  the  values  just  given  for  a»  this  e(]uation  becomes 
(«•  +  o.)  y  -  (a,  +  04)2:  =  a  (a,  -  «,)  -;>.(«!  +  «,). 

as  of  course  it  ought  to  do,  for  the  pitch  in  immaterial  when  the  f|u«slii»fi  i^ 
only  as  to  the  situation  of  the  screw. 

48.    Tramfbrmation  of  Screw^co-ordinatos. 

Let  ai,..a^  be  the  co-onlinates  of  a  screw  which  we  shall  call  m.  with 
refertMice  to  a  canonical  system  of  screws  of  reference  with  pitchcH  -I-  a  and 
—  a  on  an  axis  OX  ;  -h  b  and  —  6  on  an  intersecting  (lerpendicular  axi^  0)\ 
and  4-  c  and  —  c  on  the  inti'rsecting  axis  OZ  which  is  peqiendicular  to  both 
OX  and  0  Y. 

lA*i  u-,.  y,,  z^  be  the  co-onlinatc»s  of  any  |M)int  O'  with  reference  to  the 
associati'fl  system  of  Cartesians. 

Draw  through  (/a  system  of  rt^ctangular  axes  0'X\  0(Y\  (/Z'  |iarallel  t«» 
the  original  sysU'ni  OX,  0  K,  OZ, 

Let  a  new  syst<'m  of  canonical  scn*ws  of  n»frri»nce  be  arranged  with  piicho 
+  a  and  —  a  on  i)'X\  -f  b  and  —  6  on  {/Y\  and  -»-  c  and  —  c  on  QtZ', 

Let  tf,,  tf, ...  ^4  be  the  co-onlinates  of  the  screw  to  with  regard  to  tbe?<' 
new  screws  of  reference.     It  Ls  required  to  tind  these  quan titles  in  tcnu>  <rf 

I><'t  x\  if\  z  bi»  the  current  co-ordinates  of  a  jioint  on  ^  referred  U\  thv 
new  ax<»s,  the  co-ordinates  of  this  jwint  with  resj)ect  to  the  old  axe»  bt*iDg 

•^,  y»  -. 

then  x  =  x'4-j', ;  y  =  y'-l-y#;  z^z'-k-z^. 

The  (M|uation>  of  o»  with  n»s|>ect  to  the  new  axes  are  (§  ^\\ 
We  havr  also 

(«» +  a.)  y  -  (o,  +  o,)r  ^  (I  (a,  -  a,)  -;>.(o,  +  o,)\ 

<o, 4-aJx-(a,-f a,)x  =  6(o,-a4)-p.(«,4-««)-  (iit 

<  o,  4-  04 )  X  -  (o,  +  OL, )  y  =  c  (o,  -  «.)  -  /)« («,  -f  a;,)) 

Ib'mcnilx'ring  that  the  new  axes  an*  {larallel  to  the  original  axes  we  have 

^i  +  ^t- «!+«»;   tfi  +  tf4-o,  +  ««;  tf*  +  ^,  =  o.  +  «, (iu)L 


.I*  *^ 
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Hence  by  subtracting  the  several  formulae  (i)  from  the  formulae  (ii)  we 
obtain 

//„  (ttj  -f  ou)  -  2:0  (flf,  ^\-a^)  =  a  (a,  -  a,)  -  a  (^1  -  ^2)^ 

^©(flfi  +aa)-Xo(a,-|-a«)  =  6(aa-a4)-  biO^^-O^n (iiii). 

^0  (03  +  a*)  -  Vo  («!  +  a,)  =  c  (as  -  Oe)  -  c  (0^  -  0^) 

The  six  equations  (iii)  and  (iiii)  determine  &,,...  d«  in  terms  of  an  ...  Og. 

49.    Principal  Screws  on  a  Cylindroid. 

If  two  screws  are  given  we  determine  as  follows  the  pitches  of  the  two 
principal  screws  on  the  cylindroid  which  the  two  given  screws  define. 

Let  a  and  fi  be  the  two  given  screws.     Then  the  co-ordinates  of  these 
screws  referred  to  six  canonical  co-reciprocals  are 

ai,...a«  and  )3i,.../8e* 

The  co-ordinates  of  any  other  screw  on  the  same  cylindroid  are  propor- 
tional to 

when  p  is  a  variable  parameter. 

The  pitch  p  of  the  screw  so  indicated  is  given  by  the  equation  (§  41) 
a(/>a,  +  )9i)'-a(pa,  +  A)'+6(pa,  +  A)'-fr(pa4-f  A)' 

ur 

p^.  -f  2p«r^  +  P^  =  />  {p'  +  2p cos  (a/9)  -f  I}, 
or 

p'(p« -;>)  +  2p  {w^ -  pcos(a/9)l +p^-p  =  0. 

For  the  principal  screws  p  is  to  be  determined  so  that  p  shall  be  a  maxi- 
mum or  a  minimum  (§  18),  whence  the  equation  for  p  is 

[vr^  -  p  cos  (a/3)}>  =  (p.  -  p)  (p^  -  p\ 
or 

p"  sin«  (a/8)  -f  p  {2nr^  cos  (afi)  -  ;>.  -  p^)  -f  p^p^  -  lar'^  =  0. 

The  roots  of  this  quadratic  are  the  required  values  of  p. 

The  ({uadratic  may  also  receive  the  form 

0  =  (P -/>•)(/>- />^)  sii^' («)9)  +  i  d«^  sin  (a/9)  cos  (a/3)  (/).+ jp^  -  2p) 

-  i  (i>.  -PfiT  cos'  (a/3)  -  i  d\f,  sin'  (a^), 
where  (2«^  is  the  shortest  distance  of  a  and  0. 
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In  this  fonn  it  is  obvious  that  to  iucreasc  each  of  the  three  i|uaiiUti(^ 
/>«»  /'^>/>  hy  in  does  not  affect  the  equation.  This  in  of  course  the  weU-knowD 
property  of  the  cyliiidroid.    (§  20.) 

If  the  quadratic  have  two  equal  roots,  then  all  the  screws  of  the  cylindroid 
form  a  plane  pencil,  and  all  have  equal  pitches. 

The  discriminant  of  the  quadratic  is 
4«^«cos«(a/9)+(/).  4- ft)'-4w^(/>.+p^)cos(fl[^)-4/i./i^  sin«(«^+ 4w^'sinM^ 

=  |2t«r^  -  (p.  +  Pfi)  cos  (a/9)l«  +  (p.  +  p^Y  sin«  (off)  -  4p.p^  sin'  (afi) 

=  (dwl•-l-(i>.-p^)')sin'(«/9). 
Hence  discarding  the  case  when  (afi)  =  0  we  have 

as  was  to  be  exiKJcted. 


..^ 


CHAPTER  V. 

THE  REPRESENTATION  OF  THE  CTLINDROID  BY  A  CIRCLE*. 

60.    A  Plane  Repreientation. 

The  essence  of  the  present  chapter  lies  in  the  geometrical  reprcFentation 
of  a  screw  by  a  point.  The  series  of  screws  which  constitute  the  cylindroid 
correspond  to,  or  are  represented  by,  a  series  of  points  in  a  plane.  By 
choosing  a  particular  type  of  correspondence  we  can  represent  the  screws 
of  the  cylindroid  by  the  points  of  a  circle  f.  Various  problems  on  the 
cylindroid  can  then  be  studied  by  the  aid  of  the  corresponding  circle.  We 
commence  with  a  very  simple  process  for  the  discovery  of  the  circle.  It  will 
in  due  course  appear  how  this  circular  representation  is  suggested  by  the 
geometry  of  the  cylindroid  itself  (§  68). 

It  has  been  shown  (§  13)  that  the  positions  of  the  several  screws  on 

the  cylindroid  may  be  concisely  defined  by  the  intersections  of  the  pairs  of 

planes, 

y  =  a?  tan  0, 

-?  =  m  sin  2ft 

In  these  equations,  0  varies  in  correspondence  with  the  several  screws,  while 
m  is  a  parameter  expressing  the  size  of  the  cylindroid.  In  fact,  the  whole 
surface,  except  parts  of  the  nodal  line,  is  contained  between  two  parallel 
planes,  the  distance  between  which  is  2m. 

The  pitch  of  the  screw  corresponding  to  ^  is  expressed  by 

p=  j)Q  +  mco8  2ft 
where  p^  is  a  constant. 

*  See  papers  in  Proeeedingt  of  the  Royal  Iri$h  Academy,  Ser.  n.  Vol.  it.  p.  39  (1888),  and  the 
Cunningham  Mewwin  of  the  Royal  Irith  Academy,  No.  4  (1886). 

t  I  may  refer  to  a  paper  by  Professor  Mannheim,  in  the  Comptet  rendut  for  2nd  Febmary, 
1885,  entitled  **  Representation  plane  relative  anz  d^plaoements  d*nne  figure  de  forme  invariable 

ijettie  k  qnatre  conditions."    Professor  Mannheim  here  shows  how  the  above  plane  repre- 

italion  might  also  have  been  dednoed  from  the  instmotive  geometrical  theory  which  he  had 
brought  before  the  Academy  of  Sciences  on  several  oceasionfi. 
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Eliininating  0  between  the  equations  for  z  and  p,  we  obtain 


Let  p  and  z  be  regarde<l  an  the  current  co-ordinates  of  a  ptiint.  Then 
the  locus  of  this  point  is  the  circle  which  forms  the  foundation  of  the  plane 
representation*. 

m  is,  of  courae.  the  radius,  and  p^  is  the  distance  of  the  centre  tttum  a 
certain  axis.  Any  point  on  this  circle  being  given,  then  its  co*oniinaie«  p 
and  z  are  completely  detenninetl.  Thus  sin  20  and  cos  t0,  an«l,  conaequeutly. 
tan  0,  are  known.  We  therefore  see  that  the  position  of  a  screw  and  its 
pitch  are  completely  determined  when  the  corresponding  point  on  the  ctrck> 
is  known.  To  each  point  of  the  circle  corrt^spondfl  one  screw  on  the  rylin- 
droid.  To  each  screw  on  the  eyiindnmi  corri^sponds  one  point  on  the  cirrif 
This  may  be  tenned  the  representative  circle  of  the  cylindroid. 

51.    The  Axis  of  Pitch. 

Let  T  (fig.  '))  be  the  origin.  Then  /),  is  the  p<*rpendicular  «S7  from  the 
centre  S  of  the  circle  to  the  axis  PT,     The  onlinate  ili*  is  the  pitch  of  the 


Fig.  5. 

*  The  folloving  •Irgmnt  eontimction  for  tlie  cylindroid  is  giTen  bj  Mr  T.  C.  L»wi«, 
of  MaiketmaitcM,  Vol.  ii.  pp.  1  —  5.  1S71I.  **  SnppoM)  thftt  a  point  P  moves  with  umlonn 
aruond  a  etrcle  white  the  circle  iteelf  ruUten  unifonnlj  about  an  axiii  in  ita  plane  with  half  llir 
aaicular  veioeitj  that  P  hae  around  the  centre.  Then  the  perpendiculars  froai  P  oa  lbs  asis  ef 
rotation  trace  out  the  cjlindroid,  while  the  lengths  of  thoee  perpendioalars  aie  tba  pitelMS  oC  iW 
eorrssponding  serews."  This  eonstmctioti  is  of  special  interest  in  eonniion  with  tba 
tatioo of  the  cjlindroid  bj  acirde  discuaied  in  this  chapter.  The  oonstmslkMi  of  Mr  LsfVM 
thai  if  the  cirele  rotate  around  the  axis  of  pitch  with  half  the  angular  Telocitj  ot  tba 
aioond  the  cirrk*.  then  not  onlj  does  /'  represent  tlie  screw  in  this  cirele  but  the 
from  P  on  tlie  aim  uf  pitch  m  the  position  of  th«*  i«rew  itself. 


i 
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screw,  and  the  liue  PT  may  be  called  the  cuds  of  pitch.     We  have,  accord- 
ingly, the  following  theorem: — 

The  pitch  of  any  screw  on  the  cylhidroid  is  equal  to  the  perpendicular  let 
fall  on  the  aais  of  pitch  from  the  corresponding  point  on  the  circle. 

A  parallel  AA'  to  the  axis  of  pitch  cuts  the  circle  in  two  points,  A  and 
A',  which  have  equal  pitch.  The  diameter  perpendicular  to  the  pitch  axis 
intersects  the  circle  in  the  points  U,  V  of  maximum  and  minimum  pitch. 
These  points,  of  course,  correspond  to  the  two  principal  screws  on  the  cylin- 
droid.  The  two  screws  of  zero  pitch  are  defined  by  the  two  real  or  imaginary 
points  in  which  the  axis  of  pitch  cuts  the  circle. 

A  fundamental  law  of  the  pitch  distribution  on  the  several  screws  of  a 
cylindroi^l  is  simply  illustrated  by  this  geometrical  representation.  The  law 
states  that  if  all  the  pitches  be  augmented  by  a  constant  addition,  the 
pitches  so  modified  will  still  be  a  possible  distribution.  So  far  as  the 
cylindroid  is  concerned,  such  a  change  would  only  mean  a  transference  of 
the  axis  of  pitch  to  some  other  parallel  position.  The  diameter  2m  merely 
expresses  the  size  of  the  cylindroid,  and  is.  of  course,  independent  of  the 
constant  part  in  the  expression  of  the  pitch. 

52.    The  Diftance  between  two  Screwi • 

We  shall  often  find  it  convenient  to  refer  to  a  screw  as  simply  equivalent 
to  its  corresponding  point  on  the  circle.     Thus,  in  fig.  6,  the  two  points,  A 


Fig.  6. 

0 

and  B,  may  conveniently  be  called  the  screws  A  and  B.    The  propriety  of 
this  language  will  be  admitted  when  it  is  found  that  everything  about  a 


^ 
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screw  can  be  ascertained  from  the  ponition  of  its  corresponding  point  on  the 
circle. 


Let  us,  for  instance,  seek  the  shortest  distance  between  the  two 
A  and  B,  "Since  all  screws  intersect  the  nodal  axis  of  the  cylindroid  ai 
right  angles,  the  required  shortest  distance  is  simply  the  difference  betwn*ii 
the  values  of  m  sin  2d  for  the  two  screws:  this  is,  of  course,  the  differencv 
of  their  abscissae,  i.e.  the  length  PQ.   Hence  we  have  the  following  theorem  :— 

The  shortest  distance  between  ttiH>  screws,  A  and  B,  is  equal  to  the  pro- 
jection of  the  chord  AB  on  the  axis  of  pitch. 

We  thus  see  that  every  screw  A  on  the  cylindroid  must  be  inter»ect<^l 
by  another  screw  A\  and  the  chord  A  A'  is,  of  course,  perpendicular  to 
the  axis  of  pitch.  The  ray  through  £f,  parallel  to  the  axis  of  pitch,  will  give 
two  screws,  L  and  M,  These  arc  the  bounding  screws  of  the  cylindn>id,  ami 
in  each  a  pair  of  intersecting  screws  have  become  coincident.  The  two 
principal  screws,  U  and  F,  lying  on  a  diameter  perpendicular  to  the  axw  of 
pitch,  must  also  intersect. 

If  all  the  pitches  be  re<luced  by  /)«,  then  the  pitch  axis  paasea  thrtNigfa 
the  centre  of  the  cin*le,  and  the  case  assumes  a  simple  tyjM?.  The  exiremitit^ 
of  a  chord  |>erpc*iidirular  to  the  axis  of  pitch  define  screws  of  equal  and 
opposite  pitches,  and  every  pair  of  such  screws  must  intersi^ct.  The  »civw> 
of  au.'ro  pitch  will  then  be  the  bounding  screws,  while  the  two  principal 
screws  will  have  pitches  +  m  and  —  ?/*,  res|)ectively. 

53.    The  Angle  between  two  Screwe. 

This  important  function  also  admits  of  simple  representation  by  tht* 
com»sponding  circle.  Let  A,  Ji  (tig.  7)  denote  the  tw«)  screws:  then,  if  fi 
and  0  bt»  the  angles  c«»m»sponding  to  A  and  B, 

AST  =20;  BST^tff, 

whence  ASB  =  2(0--ff\ 

If  //  be  any  point  on  the  circle,  then 

AHB^O'-ff, 

and  we  deduce  the  following  theorem : — 

The  angle  betioeen  tieo  screws  is  equal  to  the  angle  sttbiended  in  the  circU 
by  their  chord. 

The  extrtMuities  of  a  diameter  denote  a  ))air  of  screws  at  right  angles: 
thus,  A\  in  tig.  7,  is  th4*  one  screw  on  tht*  cylimlroid  which  is  at  right  angW« 
Ui  A.     Th«*  prinripal  screws,  C  and  T,  nn*  almi  setMi  to  Ik*  at  right  aiiglt-H. 
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The  circular  representation  of  the  cylindroid  is  now  complete.     We  see 
how  the  pitch  of  each  screw  is  given,  and  how  the  perpendicular  distance 


and  the  angle  between  every  pair  of  screws  can  be  concisely  represented. 
We  may  therefore  study  the  dynamical  and  kinematical  properties  of  the 
cylindroid  by  its  representative  circle.  We  commence  by  proving  a  funda- 
mental principle  very  analogous  to  an  elementary  theorem  in  Statics. 

54.    The  Triangle  of  Twiits. 

It  has  been  already  shown  (§  14)  that  any  three  screws  on  the  cylindroid 
poRsess  the  following  property : — 

If  a  body  receive  twists  about  three  screws,  so  that  the  amplitude  of 
each  twist  is  proportional  to  the  sine  of  the  angle  between  the  two  non- 
corresponding  screws,  the  body,  after  the  last  twist,  will  be  restored  to  where 
it  was  before  the  first. 

With  the  circular  representation  of  the  cylindroid  we  transform  this 
theorem  into  the  following: — 

If  any  three  screws.  A,  B,  C  (Fig.  8),  be  taken  on  the  circle,  and  if  twists 
be  applied  to  a  body  in  succession,  so  that  the  amplitude  of  each  twist  is 
proportional  to  the  opposite  side  of  the  triangle  ABC,  then  the  body  will 
be  restored  by  the  last  twist  to  the  place  it  had  before  the  first. 

From  the  analogy  of  wrenches,  and  of  twist  velocities  to  twists,  we  are 
also  able  to  enunciate  the  following  theorems : — 

If  wrenches  upon  the  three  screws  A,  B,Che  applied  to  any  rigid  body, 
then  these  wrenches  will  equilibrate,  provided  that  the  intensity  of  each  is 
proportional  to  the  opposite  side  of  the  triangle. 


50  THE  THEORY  OF  8CREW8.  [54- 

If  twi»t  velocitieH  about  the  three  screws  A,  B,C  animate  a  rifpd  body, 
then  these  twist  velocities  will  neutralize  if  they  are  respectively  propurtiimal 
to  the  opposite  sides  of  the  triangle. 


66.    I>ecompotition  of  Twiits  and  Wrenohet. 

The  theorems  we  have  just  enunciated  lead  to  simple  rulea  for  ffffrtinj^ 
the  composition,  or  the  decomposition  of  twists  or  of  wrenchea  Let  a  t«~iia 
on  a  screw  X  be  given,  and  let  it  be  rei|uired  to  find  the  compouenta  of  thiii 
twist  on  any  two  given  screws  A ,  B,  all  three,  of  course,  l}'ing  on  the  mme 
cylindroid.  Let  a>  be  the  amplitude  of  the  twist  on  X.  Then,  by  the  laA 
article,  the  following  tria<l  of  twists  on  the  screws  X,  A,  B,  respectively,  will 
neutralize : — 

BX         AX 
^'    "^AR'    "^AB' 

M'henctt  the  coinponctitf*  on  A  nixi  li  of  thi>  twint  about  A'  arp.  sat  fi»r  «.« 
tnagiiitiidfs  arc  roticeniud, 

BX       ,      AX 

A  similar  pro|M»sition  holds  of  course  for  wrenches. 

66.    Oompoaition  of  Twists  and  Wrenches. 

I>i*t  two  twists,  of  amplitudes  a  and  fi,  about  the  screws  A  and  B,  rempvc- 
tively,  be  applie<l  to  a  rigid  body.  It  is  re<|uire<l  to  find  the  single  nvaltjuit 
Hi*n*w  X,  and  the  amplitude  m  of  the  resulting  twist.  Divide  AB  (Kig.  9) 
in  th<*  point  /,  m>  that  the  w^gments  A/  and  BI  shall  be  in  the  inveme  r«lh» 
of  a  Ui  /^.  Biseirt  the  an*  AB  at  //,  and  draw  ///,  which  will  cut  the  cirrlt* 
in  the  re«|uire<l  {)«»int  X, 

Thf  value  of  a>  is  obtnini*«l  fn>m  the  et|uations 

«   _    a    _    /SJ 
AB     BX      AX 
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If  the  amplitudes  a  and  fi  had  opposite  signs,  then  the  point  /  should  have 
divided  AB  externally  in  the  given  ratio. 


57.     Screw  Oo-ordinatet. 

We  have  developed  in  the  last  chapter  the  general  conception  of 
Screw  Co-ordinates.  In  the  case  of  the  cylindroid,  the  co-ordinates  of  any 
screw  X,  with  respect  to  two  standard  screws  A  and  5,  are  found  by  resolving 
a  wrench  of  unit  intensity  on  X  into  its  two  components  on  A  and  B.  These 
components  are  said  to  be  the  co-ordinates  of  the  screw.  If  we  denote  the 
co-ordinates  of  X  by  JT,  and  JT,,  we  have 

Y  -:M      Y  ^^ 
"^'"AB'       '     AB' 

The  CO  ordinates  satisfy  the  identical  relation, 

Jf  ,*  —  2^1X2  cos  €  +  JTa'  =  1, 

where  e  denotes  the  angle  between  the  two  screws  of  reference,  that  is,  the 
angle  subtended  by  the  chord  AB, 

68.    Reciprocal  Screwi. 

Ever}'  screw  A  on  the  cylindroid  has  one  other  reciprocal  screw  B  lying 
also  on  the  cylindroid  (§  26).  Denoting  as  usual  A  and  B  by  their  corre- 
sponding points  on  the  circle,  we  may  enunciate  the  following  theorem : — 

The  chord  joining  a  pair  of  reciproccd  screivs  passes  through  the  pole  of 
the  ajris  of  pitch. 

The  condition  that  two  screws  shall  be  reciprocal  is 

(Pm+Pfi) cos  0  —  d^Hm0  =  O, 

where  p.  and  p^  are  the  pitches,  0  is  the  angle  between  the  two  screws, 
and  dt^  their  shortest  distance.  It  is  easy  to  show  that  this  condition 
i»  fulfilled  for  any  two  screws  A  and  B  (Fig.  10),  whose  chord  passes  through 
O,  the  pole  of  the  axis  of  pitch  PQ. 

4—2 
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Since  SO .  ST  =  *Sfil«  -  SB',  we  have  Z  STA  ^^SAB,  tiud  /  STB  -  ^  SBA . 
whence  Z  ATB  in  bisi^cted  by  ST,  and  therefore 

zATP^^^ASB^d  =  zBTQ. 


It  follows  that  APcos0=  PTninff,  nince  each  is  e<jiial  to  thf  peqi»-n- 
diciilnr  fnun  P  on  ^T. 

Similarly, 

5Qcosd=Q7'Rin^; 

whence  {AP-^  BQ) cos  ^ -  ( /T+  QT) ^in  ^  =  0. 

which  ri'^liices  to 

( Pm  +  p$)civsO^  d^  sin  0  =  0. 

The  thiM»reni  hjis  thus  been  proved. 

We  havi\  therefore,  a  simple  construction  for  finding  the  iierew  B  nvi 
pntcal  to  a  ^iveu  screw  ^-l.     It  is  only  necessary  to  join  A   to  (>,  th«'  i*' 
of  the  axis  of  pitch,  and  the  point  in  which  this  cuts  the  circle  again  gi^t- 
B  the  ntjuiriHl  reciprocal  screw. 

\Vi»  also  notice  that  the  two  princi]>al  screws  of  the  cyliiKlruid  aw  r^~ 
priM*iil,  inasmuch  as  their  chord  ]Muees  through  O. 

69.    Another  RepreMntation  of  the  Pitch. 

We  can  obtain  another  g(Hmn*trical  expn*ssii»ii  for  the  pitch,  which  will 
often  mon*  ornvmient  than  the  |H*r|N*ndicular  distanct*  from  the  |ii»int  to  t 
axis  of  pitch. 

Ix*t  ^-1   (Fig.   11)  b<*  thr  |Munt  of  which  the  pitch  is  re«|nirpd.    J 
AffH,  draw  A  I*  |M'qMiidi«*iiliir  to  the  axis  of  pit<*h  PT,  and  product*  Al^ 
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intersect  BT  at  E.    Then,  since  0  is  the  pole  of  PT,  the  line  PT  bisects  the 
angle  ATE  (§  58),  and  therefore  AE  must  be  bisected  at  P. 


Fig.  11. 

From  similar  triangles, 

OB.AB::0T:AE\ 

whence,  if  />.  be  the  pitch  of  Ay  and,  of  course,  equal  to  AP^  or  i^AE, 

AB.OT 


2p.= 


OB 


But  since  the  quadrilateral  A8BT  is  inscribable  in  a  circle, 

OT.OS^OA.OB\ 
whence,  eliminating  OT,  we  have,  finally, 

AO.AB 


/>.= 


20S 


^H  OS  is  constant,  we  see  that  />.  varies  as  ilO .  -4J5,  whence  the  following 
^h^orem : — 

If  AB  be  any  chord  passing  through  0,  the  pole  of  the  axis  of  pitch,  then 
pitch  of  the  screw  A  is  proportional  to  the  product  AO .  AB. 

60.    Pitches  of  Reciprocal  Screwi. 

It  is  known  that  the  sum  of  the  reciprocals  of  the  pitches  of  a  pair  of 
iprocal  screws  on  the  cylindroid  is  constant  (§  40).    This  is  also  plain 
m  the  geometrical  representation.    For,  since  the  triangles  APT  and  BQT 
ig.  10)  are  similar,  we  have 

APiBQ::  TP  :  TQ  ::  OA  :0B] 
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whence  0  is  the  centre  of  gravity  of  particles  of  niaKHes   -  and   -    plart^l  mt 
A  and  5,  respectively. 

From  the  known  |»ro|)erty  of  the  centre  of  gravity, 

/>.  Pfi  Vp.     P0/ 

but  each  of  the  U»nns  on  the  left-hand  side  is  unity,  whenct\  as  re^juin**!. 

P.'^pror 

The  tkH'ond  mode  of  representing  the  pitch  also  verifies  this   the«jn*fii 
For  sinc<.»  (§  59) 

AV.AB 


we  have 


from  which 


BO.BA 


AIP  AIP,AiJ,RO 


\_      I  _    2.0S 
p.^Pfi'  OA.OB' 


but  OA  .  OB  is  constant  tor  every  chord  through  O ;  and,  as  OS  is  cim>tant. 
it  follows  that  the  sum  of  the  reciprocals  of  the  pitches  of  two  redpmcal 
screws  on  any  cylindroid  must  be  constant. 

61.    The  Virtual  Ooellloient. 

Ix*t  A  and  B  (Fig.  12)  be  the  two  scn^ws,  I>et,  as  usual,  O  Ix*  the  |Mile  nf 
the  axis  of  pitch  PT.  lA»t  0'  be  the  point  in  which  the  chord  AB  inlerstTt^ 
or  the  perpiMidicular  drawn  fn)m  0  to  the  axis  of  pitch,  and  let  PT'  bo  th«» 
|N>lar  of  (/,  which  is  easily  shown  to  be  perpendicular  to  SO.  From  T  lei  Call 
the  |M*q>eudicular  TF  U{>on  A  T\  and  from  O  let  fall  the  |ieqK'ndicular  (PG 
U|)on  AB, 

As  before  (§  58),  we  have  /.  A  TF  =  Z  TTF^  0 ;  aluo,  nince 

z.Vil(/-Ziir(/,and  ^SAO^zATO, 
we  must  have     /SA(/-Z SAO^^zATO'  -  Z  ilTO,  or  Z  OAG  ^zTAF- 
whence  the  triangles  OAG  and  TAF tkm  sim'ilar,  and,  con.H*H|uently, 
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but,  as  in  §  58,  we  have 

ip^-TT'  +  p^-TT') cos  d- rf^  sin  d=  0 ; 


a" 

// 

8 

n 

P' 

\ '''' 

\f 

Q' 

1 

9 

T                        < 

) 

Fig.  12. 


whence  the  virtual  coefficient  is  simply, 

TT'co^e^OO 
and  we  have  the  following  theorem  : 


AS 
OS' 


The  virtual  coefficient  of  any  pair  of  screws  varies  as  the  perpendicular 
distance  of  their  chord  from  the  pole  of  the  axis  of  pitch. 

We  also  notice  that  the  line  TF  expresses  the  actual  value  of  the  virtual 
coefficient. 

The  theorem  of  course  includes,  as  a  particular  case,  that  property  of 
reciprocal  screws,  which  states  that  their  chord  passes  through  the  pole  of  the 
axis  of  pitch  (§  58). 

62.    Another  Investigation  of  the  Virtual  Ooelllcient. 

It  will  be  instructive  to  investigate  the  theorem  of  the  last  article  by  a 
different  part  of  the  theory.  We  shall  commence  with  a  proposition  in  ele- 
mentary geometry. 

Let  ABC  (Fig.  13)  be  a  triangle  circumscribed  by  a  circle,  the  lengths  of 
the  sides  being,  as  usual,  a,  6,  c.  Draw  tangents  at  A,  B,  C,  and  thus  form 
the  triangle  XYZ,     It  can  be  readily  shown  that  if  masses  a',  6*,  c'  be  placed 
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at  A,  li,  C,  their  centre  of  gmvity  niu«t  lie  on  the  three  line«  AX,  BY,  CZ. 
Tht»>»e  Iine«  must  therefore  be  concurrent  at  /,  which  in  the  centre  of  gravity 
of  the  three  niaHm^n. 


Fig.  13. 

Let  BKinterwct  the  circle  again  at  H,  Then,  Kinci*  ilf  i»  the  fiolar  i>f 
y,  the  arc  AC  i«  divided  harmonically  at  II  and  B:  eonMequently  the  four 
points  A,  C,  B,  H  suhtend  a  hannonic  pencil  at  any  {K>int  on  the  circle.  Li*t 
that  ])oint  be  B,  then  BC,  BI,  BA,  BZ  form  a  hannonic  pencil ;  hence  CZ  in 
cut  harmonically,  and  consequently  Z  must  be  the  centre  of  gravity  of 
pATticles,  -»-  a'  at  il ,  -»-  6'  at  B,  and  —  c*  at  (7. 

Sup|K)He  the  axis  of  pitch  to  be  drawn  (it  is  not  shown  in  the  figure),  and 
let  A  be  the  perpendicular  let  fall  from  Z  on  this  axis,  also  let  p,,  /i,,  /h  be  the 
pitches  of  the  screws  A,  B,C. 

Then,  by  a  familiar  property  of  the  centre  of  gravity,  we  roust  have 
p,tt«-h/>^-;)/:»«  (a«  + 6»- c«)A  =  2aM  COS  a 

We  shall  take  A,  B  b»  the  two  screws  of  reference,  and  if  ^  and  />,  be  the  ci>- 
ordinates  of  C  with  resiK^ct  to  A  and  B ;  then,  from  the  principles  of  screw 
co-ordinates  (§30),  we  have 

where  «„  is  the  virtual  coefficient  of  A  and  B.     In  the  present  case  we  hav^ 


whence 


and,  Hnally, 


/>i"f'  +  />i6«  -  />,c»  +  2w„ a*  -  0 ; 

Wn  =■  —  /l  COS  (  *. 
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The  negative  sign  has  no  significance  for  our  present  purpose,  and  hence  we 
have  the  followiug  theorem  : 

TJie  virtual  coefficient  of  two  screws  is  equal  to  the  cosine  of  the  angle 
subtended  by  their  chord,  multiplied  into  the  perpendicular  from  tlie  pole  of  the 
chord  on  the  axis  of  pitch. 

This  is,  perhaps,  the  most  concise  geometrical  expression  for  the  virtual 
coefficient.  It  vanishes  if  the  perpendicular  becomes  zero,  for  then  the 
chord  must  pass  through  the  pole  of  the  pitch  axis,  and  the  two  screws  be 
reciprocal.  The  cosine  enters  the  expression  in  order  that  its  evanescence, 
when  (7=  90°,  may  provide  for  the  circumstance  that  the  perpendicular  is  then 
infinite. 

This  result  is  easily  shown  to  be  equivalent  to  that  of  the  last  article  by 
the  well-known  theorem : — 

If  any  two  chonls  be  drawn  in  a  circle,  then  the  cosine  of  the  angle  sub- 
tended by  the  first  chord,  multiplied  into  the  perpendicular  distance  from  its 
pole  to  the  second  chord,  is  equal  to  the  cosine  of  the  angle  subtended 
by  the  second  chord,  multiplied  into  the  perpendicular  from  its  pole  to 
the  first  chord. 

It  follows  that  the  virtual  coefficient  must  be  equal  to  the  perpendicular 
from  the  pole  of  the  axis  of  pitch  upon  the  chord  joining  the  two  screws, 
multiplied  into  the  cosine  of  the  angle  in  the  arc  cut  off  by  the  axis  of  pitch. 
This  is  the  expression  of  §  61,  namely, 

AS 


00 


OS' 


63.    Application  of  Screw  Oo-ordinatet. 

It  will  be  useful  to  show  how  the  geometrical  form  for  the  virtual  coefficient 
is  derived  from  the  theory  of  screw  co-ordinatea  Let  «!,  Oa,  and  ^Sj,  /Sa  be  the 
co-ordinates  of  two  screws  on  the  cylindroid ;  then,  if  the  screws  of  reference 
be  reciprocal,  the  virtual  coefficient  is  (§  37) 

Let  A,  B  (Fig.  14)  be  the  screws  of  reference,  and  let  C  and  C  be  the  two 
screws  of  which  the  virtual  coefficient  is  required.  Let  PQ  be  the  axis  of 
pitch  of  which  0  ia  the  pole,  then  0  lies  on  -45,  as  the  two  screws  of  reference 
are  reciprocal  (§  58). 

Ab  ABiB  divided  harmonically  at  0  and  H,  we  have 

AO  :  OB  ::  HA  :  HB  ::  AP  :  BQ  ::  pr  :  p^\ 

whence  0  is  the  centre  of  gravity  of  masses      ,   —  at  -4  and  B,  respectively. 

pi     Pa 


58 


TUK  TUKORY   UF  8CRKWS. 


[63 


If,  thon^fore,  AX,  BY,  00  be  perpciuliculara  on  CC,  we  have,  fium  the 
principle  »>f  the  centre  of  gravity, 


-AX+^  BY=(^  +MoO, 
Pi  Pt  \Pi     p./ 


Fi«.  U. 

or.  p,AX  +  p,BY  =  (p,+p,)OG; 

but,  by  a  well-known  property  of  the  circle,  if  m  be  the  radius, 

imAX'-ACAC;   2mBY^BC.BC; 
whence 

p,BC.  BC  +  p,AC.  AC  =  2wi  {p,  +p,)OG  =  m  ^^A^*^  (§  60), 


OS 


or 


BC     BC 


AC     AC 
AB  '  AB 


Pt   AJf  •     A  if  ■•'/'»    J  U    •      ■'»  —  "«   '..-:  • 


OG 
OS 


But,  from  the  expre^aiona  for  screw  co-ordinates  (§  37),  this  rcduceit  to 

The  ixH|uiixHl  cxpressiou  ha»  thu»  been  deinoiiHtFatod. 

We  CiUi  give  another  proof  of  this  theorem  a8  follows : — 

If  the  two  8cn?wH  of  reference  be  reciprocal,  and  if  p,  and  pt  be  the  co- 
onlinateM  of  another  screw,  then  it  in  known,  from  the  theon*  of  the  co- 
onlinates,  that  the  virtual  coi'fiicientM  of  thin  ^^crew,  with  respect  to  the  screws 
of  reference,  are  />,/>,  and  p,p„  respectively  (§  37). 

Thus  (Fig.  15)  th<'  virtual  coefficient  of  X  and  A  must  be  (|  57), 

liX 
^''  AB  • 
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but  we  know  (§  59)  p,  =  —^^q     ; 

whence  the  virtual  coefficient  is 

AO.BX  _2m6inA,A0         OG 
280     "         280         ~"'08' 

as  already  determined.     This  is  an  instructive  proof,  besides  being  much 
shorter  than  the  other  methods. 


Fig.  15.  Fig.  16. 

64.    PropertiM  of  the  Virtual  Ooefflcient. 

If  the  virtual  coefficient  be  given  then  the  chord  envelopes  a  circle  with 
its  centre  at  the  pole  of  the  axis  of  pitch. 

Two  screws  can  generally  be  found  which  have  a  given  virtual  coefficient 
with  a  given  screw. 

Let  A  (Fig.  15)  be  a  given  screw,  and  X  a  variable  screw ;  then  their 
virtual  coefficient  is  proportional  to  0(7,  and  therefore  to  the  sine  of  A,  that 
is,  to  the  length  BX.  Thus,  as  X  varies,  its  virtual  coefficient  with  A 
varies  proportionally  to  the  distance  of  X  from  the  fixed  point  B. 

66.    Another  Oonstmctioii  for  the  Pitch. 

As  the  virtual  coefficient  of  two  coincident  screws  is  equal  to  their  piU^h, 
we  shall  obtain  another  geometrical  construction  for  the  pitch  by  supprising 
two  screws  to  coalesce.  For  (in  Fig.  16),  \et  AG  be  the  chord  joining  the  two 
coincident  screws,  that  is  the  tangent,  then,  from  §  61,  we  have  for  the  pitch, 

00 
"^08' 
whence  the  following  theorem  : — 

The  pilch  of  any  screw  is  proportional  to  {he  perpendicular  on  the  tangent 
at  the  point  let  faU  from  the  pole  of  the  axis  ofj/itch. 
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66.  Screwi  of  Zero  Pitch. 

A  screw  of  zen)  pitch  in  reciprocal  U)  itself.  The  tangt^iit  at  a  piiiiit 
comvs|x»ii<iing  to  a  screw  of  zero  pitch,  being  the  chord  joiniog  two  recipucaU 
screws,  tmist  pass  through  the  pole  of  the  axis  of  pitch.  ThiM  is,  of  cvmii^*. 
the  same  thing  as  to  say  that  the  axis  of  pitch  intersects  the  circle  in  tw«* 
screws,  each  of  which  has  zero  pitch. 

67.  A  Special  Case. 

We  have  siip|)ose<l  that  the  axis  of  piU^h  <Kx?iipies  any  arbitrary'  pv«iti«>n. 
Let  us  now  aissume  that  it  is  a  tangent  to  the  repreiM,*ntative  cin*le.  Tht> 
specialization  of  the  general  case  could  be  pnxluced  by  augmenting  iht- 
pitches  of  all  the  screws  on  the  cylindroid,  by  such  a  constant  as  shall  makv 
one  of  the  two  principjd  screws  have  zero  pitch. 

The  following  properties  of  the  screws  on  the  cylindruid  are  then 
obvious : — 

1.     There  is  only  one  screw  of  zero  pitch,  O. 

I  2.     The  pitches  of  all  the  other  screws  have  the  sjime  sign. 

8.     The  maximum  pitch  is  double  the  radius. 

4.  The  screw  0  is  reciprocal  to  every  screw  on  the  surface,  and  thi«* 
is  the  only  case  in  which  a  screw  on  the  cylindroid  is  reciprocal  to  ever}* 
other  screw  thereon. 


A  Tanfontial  Boction  of  the  Oylindroid*. 

Let  the  plane  of  section  be  the  plane  of  the  paper  in  Fig.  17,  ami  lei  tho 
plane  contain  one  of  the  scn>wH  of  zero  pitch  Oil.  I>*t  OH  be  the  projectkHi 
of  the  nodal  axis  on  the  plane  of  the  paper.  Then  OA  being  |ierpeiidicolar  t4> 
the  nodal  axis  must  bt*  perpendicular  to  OH.  Let  P  be  the  point  when^  the 
secoml  screw  of  zero  pitch  cuts  the  curve.  Then  since  any  ray  through  P 
and  across  AO,  meets  two  screws  of  e4|ual  pitch,  it  must  be  perpendicuhu- 
to  the  thinl  screw  which  it  also  meets  on  the  cylindroid  (§  22).  Hence* 
PH  is  peqiendicular  to  the  screw  through  H,  and  as  the  latter  lies  io  the 
nonnal  plane  through  OH  it  follows  that  the  angle  at  if  is  a  right  angle. 

Any  chord  {lerpendicular  to  ^10  must  for  the  same  reason  intcnicct  two 
screws  of  i*<|ual  pitch,  and  therefore  APHO  must  be  a  rectangle. 

If  tangents  be  drawn  at  A  and  P  intermH^ting  at  T,  then  it  can  be  shown 
that  any  chord  TLM  through  T  cuts  the  elli)N»e  in  |K>ints  L  and  M  on  two 
reciprocal  screws. 

*  For  prttofii  of  th«omni  in  thin  artiel*  0f«  a  P*P^r  in  the  TrmmmrtiamM  •/  Ike  B^^mi  Iruk 
Ae^dtm^,  Vol.  xui.  pp.  1-3:1  (lSs7). 
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If  from  any  point  X  a  perpendicular  XR  be  let  fall  on  AP,  then  the  pitch 
of  the  screw  through  X  is  XR  tan  d,  where  sin  0  is  the  eccentricity  of  the 
ellipse.  Also  0  is  the  angle  between  the  normal  to  the  plane  and  the  nodal 
axis. 


Fig.  17. 


Let  two  circles  be  described,  one  with  the  major  axis  of  the  ellipse  as 
diameter  and  the  other  with  the  line  joining  the  two  foci  as  a  diameter.  Let 
X,  be  the  point  in  which  the  ordinate  through  X  meets  the  first  circle  and 
JT,  be  the  point  in  which  a  ray  drawn  from  JT,  to  the  centre  meets  the  second 
circle.  Then  this  point  X,  on  this  inner  circle  will  be  exactly  the  circular 
representation  of  the  screws  on  the  cylindroid  with  which  this  chapter  com- 
menced. There  is  only  one  such  circle,  for  the  distance  between  the  foci  is 
the  same  for  every  tangential  section,  and  so  is  the  distance  from  the  centre^ 
to  the  axis  of  pitch. 


CHAPTER  VI. 


THE   BQUIMBRIUM   OF   A    RIGID   BODY. 


69.    A  Screw  Syitem. 

To  specify  with  precision  the  nature  of  the  freedom  enjoyed  by  a  rigid 
body,  it  is  neceswiry  to  ascertiiin  all  the  screws  about  which  the  constnuDtn 
will  permit  the  body  to  be  twiste<i.  When  the  attempt  has  been  made  for 
every  screw  in  space,  the  results  will  give  us  all  the  inf(»rmation  conreiTablt* 
with  reference  to  the  free^iom  of  the  body,  and  also  with  reference  |4»  the 
constraints  by  which  the  movement  may  be  hampered. 

Suppose  that  by  these  trials,  n  screws  Ai,  ...  A^^  have  been  fonud  mlhmi 
each  of  which  the  body  can  receive  a  twist.  It  is  evident,  withiMit  Airther 
trial,  that  twisting  about  an  infinite  number  of  other  screws  miuct  alm>  be 
poAsible  (ii>  1):  for  supp<M4e  the  b<Hly  receive  any  n  twistii  about  il,,  ... 
A^  the  position  attained  could  have  biH.»n  reached  by  a  twist  about  soine 
single  screw  A.  The  body  can  therefoiv  twist  about  A.  Since  the  amplitudt^ 
of  the  n  twists  may  have  any  magnitude  (each  not  exceeding  ao  infinitely 
small  quantity),  A  is  merely  one  of  an  infinite  number  of  screws,  about  which 
twisting  must  be  possible.  All  thefte  8creu*8,  together  with  J,,  ...  A^^  will  mi 
ffenenilfurm  what  we  cttll  a  ncreiv  Hifntem  of  the  nth  order. 

If  it  be  foun<l  that  the  body  cannot  be  twisted  about  any  screw  which 
do(»s  not  belong  to  the  screw  system  of  the  »ith  order,  then  the  body  in  nud 
t4>  have  frtHKlom  of  the  nth  onier.  It  is  assumed  that  il,,  ...  if^  arv 
iHtlejfeftdetit  scrt*w8,  Le.  not  themselvi^s  members  of  a  scn^w  system  of  uctlcr 
lower  than  n.  If  this  were  the  cast*,  the  screws  about  which  the  body  ciMikl 
bt*  twisted  would  only  consist  of  the  members  of  that  lowrr  screw  system. 

Sinr<*  the  amplitudes  of  the  ii  twists  about  ^i,...  il«  are  arbitrarj.  it 
might  Im>  thought  that  there  are  n  disp<isable  quantities  in  the  aelection  tif  a 
Nrrew  S  from  a  scn*w  system  of  the  nth  onler.  It  is,  however,  obvitMis  frum 
§  14  that  th<*  d(*ti*rmiiiatioii  of  tin*  |MiHition  and  pitch  of  «S  depends  t»oly  upm 
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the  ratios  of  the  amplitudes  of  the  twists  about  A i, ...  An  and  hence  in  the 
adectian  of  a  screw  from  the  screw  system  of  the  nth  ordej',  we  have  w  —  1 
disposable  quantities, 

70.  Oonitraintf. 

An  essential  feature  of  a  system  of  constraints  consists  in  the  number  of 
independent  quantities  which  are  necessary  to  specify  the  position  of  the 
body  when  displaced  in  conformity  with  the  requirements  of  the  constraints. 
That  number  which  cannot  be  less  than  one,  nor  greater  than  six,  is  the 
order  of  the  freedom.  To  each  of  the  six  orders  of  freedom  a  certain  type  of 
screw  system  is  appropriate. 

The  study  of  the  six  types  of  screw  system  as  here  defined  is  a  problem 
of  kinematics,  but  the  statical  and  kinematical  properties  of  screws  are  so 
interwoven  that  we  derive  great  advantages  by  not  attempting  to  relegate 
the  statics  and  kinematics  to  different  chapters.  We  shall  not  require  any 
detailed  examination  of  the  constraints.  Every  conceivable  condition  of 
constraints  must  have  been  included  when  the  six  screw  systems  have  been 
discussed  in  their  most  general  form.  Nor  does  it  come  within  our  scope, 
except  on  rare  occasions,  to  specialize  the  enunciation  of  any  problem,  further 
than  by  mentioning  the  order  of  the  freedom  permitted  to  the  body. 

71.  Screw  Reciprocal  to  a  System. 

If  a  screw  X  be  reciprocal  to  n  independent  screws,  ilj, ...  il„,  of  a  screw 
system  of  order  n,  then  X  is  reciprocal  to  eveiy  other  screw  A  which  belongs 
to  the  same  screw  system.  For,  by  the  property  of  the  screw  system,  it 
appears  that  twists  of  appropriate  amplitudes  about  il,,  ...  Ant  would 
compound  into  a  twist  about  A,  It  follows  (§  69)  that  wrenches  on  il,,  ... 
Ant  of  appropriate  intensities  (§  30)  compound  into  a  wrench  on  A.  Suppose 
these  wrenches  on  ili,  ...  Ant  were  applied  to  a  body  only  free  to  twist 
about  X,  then  since  X  is  reciprocal  to  A^  ...  A^  the  equilibrium  of  the 
body  would  be  undisturbed.  The  resultant  wrench  on  A  must  therefore'  be 
incapable  of  moving  the  body,  therefore  A  and  X  nuist  be  reciprocal. 

72.  The  Reciprocal  Screw  System. 

All  the  screws  which  are  reciprocal  to  a  screw  system  P  of  order  n 
constitute  a  screw  system  Q  of  order  6  —  n.  This  important  theorem  is  thus 
proved : — 

Since  only  one  condition  is  necessary  for  a  pair  of  screws  to  be  reciprocal, 
it  follows,  from  the  last  section,  that  if  a  screw  X  be  reciprocal  to  P  it  will 
fulfil  n  conditions.  The  screw  X  has,  therefore,  5  —  n  elements  still  dis- 
posable, and  consequently  (n  <  5)  an  infinite  number  of  screws  Q  can  be 
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found  which  are  reciprocal  to  the  screw  system  P.  The  theory  of  reeiprocml 
screws  will  now  prove  that  Q  must  really  be  a  screw  system  of  order  8  -  ». 
In  the  first  place  it  is  manifest  that  Q  must  be  a  screw  system  of  some 
order,  for  if  a  body  be  capable  of  twisting  about  even  six  independent  screws, 
it  must  be  perfectly  free.  Here,  however,  if  a  body  were  able  to  twist  about 
the  infinite  number  of  screws  embodied  in  Q,  it  would  still  not  be  fr«^. 
because  it  would  remain  in  equilibrium,  though  acted  upon  by  a  wreoch 
about  any  screw  of  P.  It  follows  that  Q  can  only  denote  the  ooUectioo  of 
screws  about  which  a  body  can  twist  which  has  some  definite  order  of 
freedom.  It  is  easily  seen  that  that  number  must  be  6  —  fi,  for  the  numbrr 
of  constants  disposable  in  the  selection  of  a  screw  belonging  to  a 
system  is  one  less  than  the  order  of  the  system  (§  S6).  But  we  have 
that  the  constants  disposable  in  the  selection  of  X  are  5  —  n,  and,  therefore, 
Q  must  be  a  screw  system  of  order  6  -  n. 


We  thus  see,  that  to  any  screw  system  P  of  order  n  corresponds  a  redj 
screw  system  Q  of  order  (j  —  n.  Every  screw  of  P  is  reciprocal  to  all  the 
screws  of  Q,  and  vice  vers&.  This  theorem  provides  us  with  a  definite  test  as 
to  whether  any  given  screw  a  is  a  member  of  the  screw  system  P,  Constmct 
G  —  II  screws  of  the  reciprocal  system.  If  then  a  be  reciprocal  to  these  6  ~  » 
screws,  a  must  in  general  belong  to  P,  We  thus  have  0  —  n  conditions  to 
be  satisfied  by  any  screw  when  a  member  of  a  screw  system  of  order  fi. 

73.  Bquilibrium. 

If  the  scn»w  systi^m  P  expresses  the  freedom  of  a  rigid  body,  then  iht* 
b<Mly  will  remain  in  et|uilibrium  though  acte<l  upon  by  a  wrench  «»o  any 
screw  of  the  reciprocal  screw  system  Q,  This  is,  perhaps,  the  most  geDend 
thcHin^m  which  can  be  enunciates!  with  respect  to  the  e<|uilibrium  of  a  rigid 
b<Miy.  This  theorem  is  thus  provt^l : — Suppose  a  wrench  to  act  on  a  scrvw  ^ 
belonging  to  (^.  If  the  body  <loes  not  continue  at  rest,  let  it  commence  U\ 
twist  about  a.  We  wouiti  thus  have  a  wrench  about  17  disturbing  a  body 
which  twists  about  a,  but  this  is  impossible,  because  a  and  17  are  reciprticaL 

In  the  same  manner  it  may  be  shown  that  a  body  which  is  fn>e  to  twij4 
about  all  the  screws  of  Q  will  not  be  disturbed  by  a  wrench  about  any  ser^^w 
of  P,  Thus,  of  two  n»cipnK*al  scn*w  systems,  each  expresses  the  locus  i»f  a 
wrench  which  is  unable  to  disturb  a  binly  free  U\  twist  about  any  srrvw  uf 
the  other. 

74.  R«motion  of  Oonfltrmints. 

It  als4)  follows  that  the  reactions  of  the  nmstraints  by  which  the  more* 
ments  f>f  a  b<Mly  are  confine<l  to  twists  about  the  scn^ws  of  a  system  /'  cso 
only  be  wri*nch(*s  on  the  n*<*ipnM*al  s(*ri*w  syst<*m  ^,  for  the  reactions  d[  llie 
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constraints  are  only  manifested  by  the  success  with  which  they  resist  the 
efforts  of  certain  wrenches  to  disturb  the  equilibrium  of  the  body. 

76.    Parameters  of  a  Screw  System. 

We  next  consider  the  number  of  parameters  required  to  specify  a  screw 
system  of  the  nth  order  often  called  for  brevity  an  n-system.  Since  the 
system  is  defined  when  n  screws  are  given,  and  since  five  data  are  required 
for  each  screw,  it  might  be  thought  that  on  parameters  would  be  necessary. 
It  must  be  observed,  however,  that  the  given  on  data  suffice  not  only  for  the 
purpose  of  defining  the  screw  system  but  also  for  pointing  out  n  special 
screws  upon  the  screw  system,  and  as  the  pointing  out  of  each  screw  on  the 
system  requires  n  —  1  quantities  (§  69),  it  follows  that  the  number  of 
parameters  actually  required  to  define  the  system  is  only 

5n  —  n  (n  —  1)  =  n  (6  —  w). 

This  result  has  a  very  significant  meaning  in  connexion  with  the  theory 
of  reciprocal  screw  systems  P  and  Q.  Assuming  that  the  order  of  P  is  w,  the 
order  of  Q  is  6  —  n ;  but  the  expression  n  (6  —  n)  is  unaltered  by  changing  n 
into  6  —n.  It  follows  that  the  number  of  parameters  necessary  to  specify  a 
screw  system  is  identical  with  the  number  necessary  to  specify  its  reciprocal 
screw  system.  This  remark  is  chiefly  of  importance  in  connexion  with  the 
systems  of  the  fourth  and  fifth  orders,  which  are  respectively  the  reciprocal 
systems  of  a  cylindroid  and  a  single  screw.  We  are  now  assured  that  a 
collection  of  all  the  screws  which  are  reciprocal  to  an  arbitrary  cylindroid  can 
be  nothing  less  than  a  screw  system  of  the  fourth  order  in  its  most  general 
type,  and  also,  that  all  the  screws  in  space  which  are  reciprocal  to  a  single 
screw  must  form  the  most  general  type  of  a  screw  system  of  the  fifth  order. 

76.     Applications  of  Co-ordinates. 

If  the  co-ordinates  of  a  screw  satisfy  n  linear  equations,  the  screw  must 
belong  to  a  screw  system  of  the  order  6  —  w.  Let  rj  be  the  screw,  and  let  one 
of  the  equations  be 

whence  rj  must  be  reciprocal  to  the  screw   whose  co-ordinates  are  pro- 
portional to 

f,...^',(|37X 

It  follows  that  iy  must  be  reciprocal  to  n  screws,  and  therefore  belong  to  a 
screw  system  of  order  6  —  n. 

Let  o,  ^,  7,  S  be  for  example  four  screws  about  which  a  body  receives 
twists  of  amplitudes  o',  ff,  y\  S'.     It  is  required  to  determine  the  screw  p  and 

a  5 


- 1 
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the  amplitude  p  of  a  twist  about  p  which  will  produce  the  same  effect  as  the 
four  given  twists.  We  have  seen  (§  37)  that  the  twist  about  any  screw  a 
may  be  resolved  in  one  way  into  six  twJKts  of  amplitudes  aa,»  ...  a'oc,  on  lh«* 
six  screws  of  reference ;  we  must  therefore  have 


p  p, «  a'Oi  +  /J'A  +  7  7,  +  S'8„ 
whenc4}  p'  and  p,,  ...  p,  can  be  found  (§  35). 

A  similar  process  will  determine  the  co-ordinates  of  the  resultant  of  any 
number  of  twists,  and  it  follows  from  §  12  that  the  resultant  of  any  oambfr 
of  wrenches  is  to  be  found  by  equations  of  the  same  form.  In  ordinary 
mechanics,  the  conditions  of  e<|uilibrium  of  any  number  of  forces  are  six. 
viz.  that  each  of  the  three  forces,  and  each  of  the  three  couples,  to  which  tbt- 
system  is  equivalent  shall  vanish.  In  the  present  the<»ry  the  conditions  arv 
likewise  six,  viz.  that  the  intensity  of  each  of  the  six  wrenches  on  the  scifw?* 
of  reference  to  which  the  given  system  is  equivalent  shall  be  zero. 

Any  screw  will  belong  to  a  system  of  the  wth  onler  if  it  be  recipnical  to 
6  —  11  independent  screws ;  it  follows  that  6  —  n  conditions  must  be  fulfilled 
when  ft  +  1  screws  belong  to  a  screw  system  of  the  nth  order. 

To  determine  tht^se  conditions  we  take  the  case  of  n  ■>  3,  though  the 
process  is  obviously  general.  Let  a,  ^,  7,  S  be  the  four  screws,  then  since 
twists  of  amplitudes  a',  ff ,  7',  h'  neutralise,  we  must  have  p  zero  and  hence 
the  six  equations 

a'a,  -h  fffi,  +  77,  +  S'S.  =  0, 

&c. 
o'a.-h/9'A  +  77.  +  S'5,  =  0; 

fnmi  any  four  of  these  e<]uations  the  quantities  a',  ^,  7',  V  can  be  elinninaled. 
and  the  result  will  be  one  of  the  three  re<|uired  conditions. 

It  is  noticeable  that  the  6  —  n  conditions  are  often  presented  in  the 
evanescence  of  a  single  function,  just  as  the  evanesc(*nce  of  the  sine  of  ao 
angle  betweiui  a  pair  of  straight  lines  embodies  the  two  conditions  nec(*«Nar}' 
that  the  direction  cosines  of  the  lines  coincide.  The  function  is  auggested 
by  the  following  considerations : — If  n  -f  2  screws  belong  to  a  screw  s^-sU^ 
of  the  (n4-l)th  onler,  twists  of  appropriate*  amplitudes  about  the  MTt*wi» 
neutraliHi*.  The  amplitude  of  the  twist  about  any  one  screw  must  be  pffx>- 
porti«»nal  to  a  function  of  the  co-onlinates  of  all  the  other  screws.  We  tho« 
MH*  that  the*  evfim*scenre  of  one  function  must  affonl  all  that  is  m»cefnar}  lor 
n  -f  1  screws  to  beltmg  to  a  screw  system  of  the  nth  order.^ 

*  Vkilom^kicml  Trutuattiamt,  1S74,  p.  SS. 
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77.    Remark  on  lyfteinB  of  Linear  Equations. 

Let  a  right  line  be,  as  usual,  represented  by  the  two  equations 

Ax  +  By  +  Cz  -\-D=0, 
A'x  +  B'y+Crz-^D'^O. 

There  are  here  six  independent  constants  involved,  while  a  right  line  is 
completely  defined  by  four  constants.  The  fact  of  course  is  that  these  two 
equations  not  only  determine  the  right  line  on  which  our  attention  is  fixed, 
but  they  also  determine  two  planes  through  that  line.  Four  constants  are 
needed  for  the  straight  line  and  one  more  for  each  of  the  planes,  so  that  there 
are  six  constants  in  all. 

If  we  are  concerned  with  the  straight  line  only  the  intrusion  of  two 
superfluous  constants  is  often  inconvenient.  We  can  remove  them  by  first 
eliminating  y  and  then  x,  thus  giving  the  two  equations  the  form 

y^Rz+Qf. 

We  have  here  no  more  than  the  four  constants  P,  Q,  P\  Q,  which  are  indis- 
pensable for  the  specification  of  the  straight  line. 

Of  course  it  may  be  urged  that  these  equations  also  represent  two  planes. 
No  doubt  they  do,  but  the  equation  z  =  Px  4-  Q  is  a  plane  parallel  to  the  axis 
of  y,  which  is  absolutely  determined  when  the  straight  line  is  known.  The 
plane  Ax-\- By-^-Cz-^-D^^O  may  represent  any  one  of  the  pencil  of  planes 
which  can  be  drawn  through  the  straight  line. 

Analogous  considerations  arise  when  the  screws  of  an  n-system  are 
represented  by  a  series  of  linear  equations.  We  commence  with  the  case  of 
the  two-system,  in  which  of  course  the  screws  are  limited  to  the  generators 
of  a  cylindroid. 

Let  ^1,  ^si  •••  ^t  t®  the  co-ordinates  of  a  screw  0  referred  to  any  six  screws 
of  reference. 

Let  these  co-ordinates  satisfy  the  four  linear  equations 

Ai0^  -|-il2^a+  ...  +il.(9.  =  0, 
Bi0i  -h  B^ff^  +  ...  +  BgUg  =  0, 
CiUi  +  OfO^  +  ...  +  CgUg  =  0, 

DA  +  A^9  +  ...  +  J>A  =  0, 

where  Ai,  -4,,  ...,  Bi,  5,,  ...  C^  G^  and  A,  Ai  ...  are  constants. 

Then  it  is  a  fundamental  part  of  the  present  Theory  that  the  locus  so 
defined  is  a  cylindnnd  (§  76). 

5—2 
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But  it  will  be  observed  that  there  is  here  a  inaas  of  not  fewer  than 
20  inde|>endent  coiiBtantn.  while  the  cylindroid  is  itHelf  completely  defiue<l  by 
eight  constants  (§  75).  The  reason  is  that  these  four  ecjuations  really  each  sptn'ify 
one  screw,  i.e.  four  screws  in  all,  and  as  each  screw  needs  five  C4>ti.Htants 
the  presence  of  20  constants  is  accounted  for. 

But  when  it  is  the  cylindroid  alone  that  we  desire  to  specify  there  is  n«> 
occasi«in  to  know  these  four  particular  screwa  All  we  want  is  the  system  <»f 
the  fourth  order  which  contains  those  screws.  For  the  specification  of  ih^- 
position  of  a  screw  in  a  four-system  three  constants  are  required.  Thus  ihr 
selection  of  four  screws  in  a  given  four-system  requires  12  constantiL  Theste 
subtracted  from  20  leave  just  so  many  as  are  required  for  the  cylindroid. 

This  is  of  cour><e  the  interpretation  of  the  process  of  solving  for  0,,  0^,  $^,  0^ 
in  terms  of  d,  and  d,.     We  get 

Thus  we  find  that  the  constants  are  now  reduced  to  eight,  which  just  serve 
to  specify  the  cylindroid. 

An  instructive  case  is  presented  in  the  case  of  the  three-system.  The 
three  linear  equations  of  the  most  general  ty|)e  contain  15  constanta  Bui 
a  three-system  is  defined  by  9  constants  (§  75).  This  is  illustrated  by  solving 
the  equations  for  0^,  0^,  0^  in  terms  of  0^,  ^,,  ^»,  when  we  have 

0,  =  P0^    +  Q0,  +  R0^, 
0,  =  1^0,  +  Q0^  +  R0,, 

0,  =  ^'0,  +  Q^%  +  R'0„ 

This  symmetrical  process  is  specially  convenient  when  the  screws  of  reler^ncv 
are  six  cammical  co-reciprocals. 

The  general  theory  may  also  be  set  down.      An  n-system  of  acrews  is 
definiKl  by  6  —  n  linear  equations.    These  contain  5(6  —  n)  »  30  —  5fi  comfUntii. 
We  can,  however,  solve  for  6  —  n  of  the  variables  in  terms  of  the  rematning  a. 
Thus  we  get  6  —  n  equations,  each  of  which  has  n  constants,  i.e.  a  (6  —  a)  inr 
all.     This  is  just  the  number  of  constants  necessar}'  to  specify  an  a-syBtain^ 
The  original  number  in  the  equation  30  -  5n  may  be  written 

n(6-n)  +  (6-n)(5-nX 

The  nnlundancy  of  (6— «)  (5— n)  expresses  the  number  of  constanta 
for  specifying  G  -  n  screws  in  a  system  of  the  (6  -  fi)th  order. 


CHAPTER  VII. 


THE  PRINCIPAL   SCREWS  OF  INERTIA*. 


78.    Introductioii. 

If  a  rigid  body  be  free  to  rotate  about  a  fixed  point,  then  it  is  well  known 
that  an  impulsive  couple  about  an  axis  parallel  to  one  of  the  principal 
axe8  which  can  be  drawn  through  the  point  will  make  the  body  commence 
to  rotate  about  that  axis.  Suppose  that  there  was  on  one  of  the  principal 
axes  a  screw  17  with  a  very  small  pitch,  then  a  twisting  motion  about  rj  would 
closely  resemble  a  simple  rotation  about  the  corresponding  axis.  An  impul- 
sive wrench  on  rj  (i.e.  a  wrench  of  great  intensity  acting  for  a  small  time) 
will  reduce  to  a  couple  when  compounded  with  the  necessary  reaction  of  the 
fixe<i  point.  If  we  now  suppose  the  pitch  of  17  to  be  evanescent,  we  may  still 
assert  that  an  impulsive  wrench  on  rj  of  very  great  intensity  will  cause  the 
body,  if  previously  quiescent,  to  commence  to  twist  about  rj. 

We  have  stated  a  familiar  property  of  the  principal  axes  in  this  indirect 
manner,  for  the  purpose  of  showing  that  it  is  merely  an  extreme  case  for  a 
body  with  freedom  of  the  third  order  of  the  following  general  theorem : — 

If  a  quiescent  rigid  body  have  freedom  of  the  nth  order,  then  n  screws  can 
always  be  found  (but  not  generally  more  than  n),  stu^h  that  if  the  body  receive 
an  impulsive  wrench  on  any  one  of  these  screws,  the  body  wiU  commence  to 
twist  about  the  same  screw. 

These  n  screws  are  of  great  significance  in  the  present  method  of  studying 
Dynamics,  and  they  may  be  termed  the  principal  screws  of  inertia^  In  the 
present  chapter  we  shall  prove  the  general  theorem  just  stated,  while  in  the 
chapters  on  the  special  orders  of  freedom  we  shall  show  how  the  principal 
screws  of  inertia  are  to  be  determined  for  each  case. 

•  Philosophical  Transactiofu,  1874,  p.  27. 
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79.    8or«we  of  Reforenoe. 

We  have  now  to  define  the  group  of  8ix  co-reciprocal  ncrewH  (§  31)  which 
are  peculiarly  adapted  to  serve  as  the  screws  of  reference  in  Kinetic  inveiiti- 
gations.  Let  0  be  the  centre  of  inertia  of  the  rigid  body»  and  let  OA,  OB, 
00  be  the  three  principal  axes  through  0,  while  a,  b,  c  are  the  correspondiDg 
radii  of  gyration.  Then  two  screws  along  OA,  viz.  «^,  m,,  with  pitches  4  a, 
—  a ;  two  screws  along  OB,  viz.  qHi  <»4f  with  pitches  +  fr,  —  fr,  and  two  along 
OC,  viz.  o»i,  oic,  with  pitches  +c,  —  c,  are  the  oo-reciprocal  group  which 
we  shall  employ.  The  group  thus  indicated  form  of  course  a  set  of  canonical 
co-reciprocals  (§  41).  For  convenience  in  writing  the  formulae,  we  shall 
often  use  jPi,  .../>•,  to  denote  the  pitches  as  before. 


We  shall  first  prove  that  the  six  screws  thus  defined  are  the  principal 
of  inertia  of  the  rigid  body  when  perfectly  free.  Let  the  mass  of  the  body  be 
M^  and  let  a  great  constant  wrench  on  a»i  act  for  a  short  time  e.  The  inteiuniy 
of  this  wrench  is  &»/',  and  the  moment  of  the  couple  is  am^.  We  now  connider 
the  effect  of  the  two  portions  of  the  wrench  se{)arately.  The  effect  of  the  force 
mi"  is  to  give  the  body  a  velocity  of  translation  parallel  to  OA  and  equal  lo 

jg  o»i".     The  effect  of  the  couple  is  to  im])art  an  angular  velocity  m^  about 

the  axis  OA.     This  angular  velocity  is  easily  determined.     The  effective 
force  which  must  have  acted  upon  a  particle  dm  at  a  perpendicular  diatanoe 

r  from  OA  is  -  -  dm.    The  sum  of  the   moments  of  all   these  forces  k 

0 

Ma*    ' .     This  quantity  is  e<]ual  to  the  moment  of  the  given  couple  so  that 


a»i 


whence 


Ma*    '  =  am,'\ 

e 


The  t4»tal  effet!t  of  the  wn»nch  on  «»,  is,  therefore,  to  give  the  body  a 
vehicity  of  translation  |Nirallel  to  OA,  and  e(]ual  to  ri^",  and  also  a  velocity 

of  rotation  about  OA  ec|ual  to     . . »/'.     These  movements  unite  to  form  a 

twisting  nu>tion  about  a  screw  on  OA,  of  which  the  pitch,  found  by  dividing 
the  veliicity  of  tnuinlation  by  the  velocity  of  rotation,  is  equal  t*>  «,  Tht 
same  f]muitity  i.n  however  the  pitch  of  »,,  and  thus  it  is  proved  thai  an 
impulsive  wrench  on  a»,  will  make  the  btxly  commence*  to  twist  about  m^. 
Wf  shall  in  futun*  n»prej«ent  fw,"  by  the  symbol  «,"'.  which  is  arr<inlingly  lo 
exprexM  thr  tW<fii#i/y  of  the  impuUive  wrench. 
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80.  ImpuIiiYe  Screws  and  Initantaneous  Screws. 

If  a  free  quiescent  rigid  body  receive  an  impulsive  wrench  on  a  screw  17, 
the  body  will  immediately  commence  to  twist  about  an  instantaneous  screw 
a.  The  co-ordinates  of  a  being  given  for  the  six  screws  of  reference  just 
defined,  we  now  seek  the  coordinates  of  17. 

The  impulsive  wrench  on  17  of  intensity  1/'"  is  to  be  decomposed  into  com- 
ponents of  intensities  ly'^i/i,  ...  v'''v  ^^  ^»»  •••  ^s-  The  component  on  c»n 
will  generate  a  twist  velocity  about  a>n  amounting  to 

1"/ 

M     pn    ' 

but  if  d  be  the  twist  velocity  about  a  which  is  finally  produced,  the  expression 
just  written  must  be  equal  to  aon,  and  hence  we  have  the  following  useful 
result: — 

1/  the  co-ordinates  of  the  instantaneous  screw  he  proportional  to  ai,  ...  a^, 
then  tlie  co-ordinates  of  the  corresponding  impulsive  screw  are  propoi*tional  to 
PiOi,  ...  piOe- 

81.  Conjugate  Screws  of  Inertia. 

Let  a  be  the  instantaneous  screw  about  which  a  quiescent  body  either 
free  or  constrained  in  any  way  will  commence  to  twist  in  consequence  of 
receiving  an  impulsive  wrench  on  any  screw  whatever  1;.  Let  /9  be  the 
instantaneous  screw  in  like  manner  related  to  another  impulsive  screw  ^. 

We  have  to  prove  that  if  f  be  reciprocal  to  a  then  shall  17  be  reciprocal 
to  fi. 

When  the  body  receives  an  impulsive  wrench  on  f  of  intensity  f '"  there 
is  generally  a  simultaneous  reaction  of  the  constraints,  which  takes  the  form 
of  an  impulsive  wrench  of  intensity  ft'"  on  a  screw  /i.  The  effect  on  the  body 
is  therefore  the  same  as  if  the  body  had  been  free,  but  had  received  an 
impulsive  wrench  of  which  the  component  wrench  on  the  first  screw  of 
reference  had  the  intensity  (f^'fi  +  /*'"/*!.  This  and  the  similar  quantities 
will  be  proportional  to  the  co-ordinates  of  the  impulsive  screw  which  had  the 
body  been  perfectly  free  would  have  /9  as  an  instantaneous  screw.  These 
latter,  as  we  have  shown  in  §80,  are  proportional  to  j)i/9i,  p,/?, ...  p%P^.  Hence 
it  follows  that,  h  being  some  quantity  differing  from  zero,  we  have 


Multiplying  the  first  of  these  equations  by  p^a^,  the  second  by /^aOg,  &c.  adding 
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the  Hix  pnxliicts  and  remembering  that  a  and  ^  are  reciprocal  by  hypotlH*MJi 
while  a  and  /i  arc  reciprocal  by  the  nature  of  the  reactions  of  the  ooostnunto* 
we  have 

The  Hymmetry  of  this  equation  shows  that  in  this  case  17  must  be  rccipmcal 
to  ff.  Hence  we  have  the  following  theorem  which  is  of  fundamental  import- 
ance in  the  subject  of  the  present  volume. 

If  a  be  the  ifistafUaneoM  screw  about  which  a  quiescent  rigid  body  eiiher 
perfectly  free  or  constrained  in  any  manner  whatever  commences  to  twiei  in 
consetiuefice  of  an  impulsive  wrench  on  some  screw  tf,  and  if  fi  be  another 
instttntatieous  screw ^  similarly  related  to  an  impulsive  screw  {*,  then  whenever  ( 
is  reciprocal  to  a  we  shall  find  that  rj  is  reciprocal  to  fi. 

When  this  relation  is  fulfilled  the  screws  a  and  ff  are  said  to  be  cfrnfugaU 
screws  of  inertia, 

82.  The  Determinatioii  of  the  ImpuliiTe  Screw,  corresponding  t4> 
a  given  instantaneous  screw,  is  a  definite^  pnjblem  when  the  body  is  perfectly 
free.  If,  however,  tht?  btxly  be  constrainiHl,  we  shall  show  that  any  screw 
selected  from  a  certain  screw  system  will,  in  general,  fulfil  the  rei|uired 
condition. 

Let  5,,  ...  B^n  be  6  —  n  screws  selected  from  the  screw  system  which  is 
reciprocal  to  that  corresponding  to  the  freedom  of  the  nth  order  poHscswed  by 
the  rigid  body.  Let  S  be  the  screw  about  which  the  body  is  to  twisU  Li*i 
A*^  be  any  one  of  the  screws,  an  impulsive  wrench  about  which  would  make 
the  body  twist  about  S ;  then  any  screw  Y  belonging  to  the  screw  system  of 
the  (7  -  fi)th  order,  specifieil  by  the  screws,  J,  fi,, ...  B^^  is  an  impubiTe 
screw,  corresponding  to  &*  as  an  instantaneous  screw.  For  the  wrench  00  Y 
may  be  resolved  into  7  — n  wrenches  on  Xy  fi,,  ...  B^^^\  of  these,  all  biit 
the  first  are  instantly  destroyed  by  the  reaction  of  the  constraints,  so  thai  the 
wrench  on  Y  is  practically  ei]uivalent  to  the  wrench  on  X,  which,  by  hypo- 
thesis, will  make  the  body  twist  about  S, 

As  an  example : — if  the  body  had  freedom  of  the  fifth  onlcr,  then  an 
impulsive  wrench  on  any  screw  on  a  certain  cylindroid  will  make  the  body 
conmience  to  twist  about  a  given  screw. 

As  another  example : — if  a  body  have  freedom  of  the  third  order,  then 
the  **I(k;us"  of  an  impulsive  wrench  which  would  make  the  body  twist  about 
IK  given  Hebrew  a»nsists  of  all  the  screws  in  space  which  are  rei^iprocal  to  a 
cvrUiin  oylindruid. 

83.  Syetem  of  Coi\Jtifate  Sorewa  of  Inertia. 

\Vi'  hhall  now  show  that  fn»m  the  screw  systt^m  of  the  wth  onler  /*,  whi<*h 
exprcHHcs  the  freedom  of  the  rigid  body,  generally  n  screws  can  be  aeloclal 
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80  that  every  pair  of  them  are  conjugate  screws  of  inertia  (§  81).  Let  Bi^  &c. 
S^_»  be  (6  — n)  screws  defining  the  reciprocal  screw  system.  Let  Ai  be  any 
screw  belonging  to  P.  Then  in  the  choice  of  Ai  we  have  w  —  1  arbitrary 
quantities.  Let  /i  be  any  impulsive  screw  corresponding  to  ilj  as  an  instan- 
taneous screw.  Choose  A^  reciprocal  to  /i,  Bi,  ...  5«.n>  then  A^  and  A^  are 
conjugate  screws,  and  in  the  choice  of  the  latter  we  have  w  —  2  arbitrary 
quantities.  Let  /^  be  any  impulsive  screw  corresponding  to  il,  as  an  instan- 
taneous screw.  Choose  A^  reciprocal  to  /j,  /„  Bi, ...  -B«_„,  and  proceed  thus 
until  An  has  been  attained,  then  each  pair  of  the  group  ^i,  &c.  An  are 
conjugate  screws  of  inertia.  The  number  of  quantities  which  remain 
arbitrary  in  the  choice  of  such  a  group  amount  to 

1  rt  .  ,      wOi  —  1) 

w-l-h/i-2  +  ...  +  1  =  -^  -    > 

or  exactly  half  the  total  number  of  arbitrary  constants  disposable  in  the 
selection  of  any  n  screws  from  a  system  of  the  nth  order. 

84.    Principal  Ck^rews  of  Inertia. 

We  have  now  to  prove  the  important  theorem  in  Dynamics  which  affirms 
the  existence  of  n  principal  Screws  of  Inertia  in  a  rigid  body  with  n  degrees 
of  freedom. 

The  proof  that  we  shall  give  is,  for  the  sake  of  convenience,  enunciated 
with  respect  to  the  freedom  of  the  third  order,  but  the  same  method  applies 
to  each  of  the  other  degrees  of  freedom. 

Let  0  be  one  of  the  principal  screws  of  inertia,  then  an  impulsive  wrench 
on  0  must  make  the  body  commence  to  twist  about  0,  In  the  most  general 
case  when  the  body  is  submitted  to  constraint,  the  impulsive  wrench  on  0  will 
of  course  be  compounded  with  the  reaction  on  some  screw  \  of  the  reciprocal 
system.  The  result  will  be  to  produce  the  impulsive  wrench  which  would, 
if  the  body  had  been  free,  have  generated  an  instantaneous  twist  velocity 
about  0. 

We  thus  have  the  following  equations  (§  80)  where  x  and  y  are  unknown : 

p^0i  =  a!0i  -h  yXi, 
p^2  =  x0^  +  y\.„ 


Let  a  be  one  of  the  screws  of  the  three-system  in  question.  Then  since  X 
must  be  reciprocal  to  a  we  have  by  multiplying  these  equations  respectively 
by  //ifli , . . .  p«a«  and  adding, 
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In  like  manner  i(  li,y  he  two  other  screwB  of  the  three*isy8teni, 

pfyA  +piVA  + ...  +pfyA  -  «yi7A  +  -c/vyA ...  +  «p^A. 

But  88  d  belongs  to  the  three-syHtem  its  co-ordinates  niu8t  baiii»fy  Uirvt* 
linear  equations.     These  we  may  take  to  be 

CA  +  0A  +  ...4  (?A-0, 

HA  +  /^A  + ...  +  HA^O. 

Wc  have  thus  six  linear  e<]uations  in  the  co-ordinates  of  $.  We  can  iherefi«re 
eliminate  those  co-ordinates,  thus  obtaiuing  a  detenninantal  equation  which 
gives  a  cubic  for  x. 

The  three  roots  of  this  cubic  will  give  accordingly  three  screws  in  the 
three-system  which  possess  the  re<]uired  property. 

Thus  we  demonstrate  that  in  any  three-system  there  are  three  priocipal 
screws  of  inertia,  and  a  precisely  similar  proof  for  each  of  the  six  valucn  of 
n  establishes  by  induction  the  important  theorem  that  there  are  n  principal 
screws  of  inertia  in  the  screw  system  of  the  nth  order.  It  is  shown  in  §  96 
that  all  the  roots  are  real. 

We  shall  now  prove  that  the  Princi|>al  Screws  of  Inertia  are  CD-reciprocaL 
Let  $  and  ^  be  two  such  screws,  corresponding  to  different  roota  £^  jT  ^ 
the  equation  in  x. 

Then  we  have 

*'>  ^  II      -/ »        « —  .%      V  •  •     • ""  « 

Px-x  Pt-x  p^-x 

Let  /i  be  the  screw  of  the  reciprocal  system  on  which  the  impuUive  wrench 
is  generated  by  the  impulse  given  on  ^. 

Th«n 

A.  ^  y^     A.     y^       A.     y^ 

Pi-x  p^-x  p%-x 

As  /4  is  n*i*iprocal  to  0  and  X  is  reciprocal  to  ^,  we  have 

/I  *  I  ...  I*  /  ^  "• 

/>,  ~  X        /),  -  X  /I,  -  X 

Subtnu'ting  thi*Ni*  t*«|uations  and  discanling  the  factor  x  —  x\  we  get 

Kp,  -rH;i.-x")"^(p,-x')(p,-x")^    ••      (p.-4r')(p,- jr*-)  " ''• 
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which  is  of  course 

whence  0  and  ^  are  reciprocal,  and  the  same  being  true  for  each  pair  of 
principal  screws  of  inertia  we  thus  learn  that  they  form  a  co-reciprocal 
system. 

We  can  also  show  that  each  pair  of  the  Principal  Screws  of  Inertia  are 
Conjugate  Screws  of  Inertia. 

It  is  easy  to  see  that 

As  each  of  the  terms  on  the  left-hand  side  of  this  e(|uation  is  zero,  the 
expression  on  the  right-hand  is  also  zero,  but  this  is  equivalent  to 

2pi«^ A  =  0 ; 

whence  we  show  that  6  and  <^  are  conjugate  screws  of  inertia  and  the 
rec]uired  theorem  has  been  proved. 

86.    An  algebraical  Lemma. 

Let  U  and  V  be  two  homogeneous  functions  of  the  second  degree  in  n 
variables.  If  either  U  or  K  be  of  such  a  character  that  it  could  be  expressed 
by  linear  transformation  as  the  stim  of  n  squares,  then  the  discriminant 
of  U -^XV  when  equated  to  zero  gives  an  equation  of  the  nth  degree  in  X 
of  which  all  the  roots  are  real*. 

Suppose  that  V  can  by  linear  transformation  assume  the  form 

Xi    "T  tCji    . . .  +  »^n'f 

and  adopt  ;r, ,  Xj . . .  j:,|  as  new  variables,  so  that 

The  discriminant  of  U  +  \V  will,  when  equated  to  zero,  give  the  equation 
for  X, 


III}   •  X,      ftij  >  •  •  •  ^n 

^hi         »      ^«    »    ^1  •  •  •  ^^» 


=  0, 


and  the  discriminant  being  an  invariant  the  roots  of  this  equation  will  be 

*  A  discoBsion  is  found  in  Zanohevsky,  Theory  of  Screws  and  itt  application  to  Mechanicit 
Odeiw,  1889.     Mr  O.  Chawner  has  most  kindly  translated  the  Bussian  for  me. 
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the  same  as  thoHC  of  the  original  equation.  The  required  theoretn  will 
therefore  be  proved  if  it  can  be  shown  that  all  the  roots  of  this  ei{uati<Bn 
are  real.  That  this  is  so  is  shown  in  Salmon's  Modem  Higher  Algebra^ 
Lesson  VI.* 

86.    Another  invettigatioii  of  the  Principal  Screws  of  Inertia. 

The  fi  Principal  Scn^wH  of  Inertia  can  also  be  investigate<l  in  the  following 
fundamental  manner  by  the  help  of  Lagrange's  equations  of  motion  in 
generalize<l  coK)niinates. 

Let  {^,  ...{fn  be  the  co-ordinates  (§  95)  of  the  impulsive  screw.  Let 
^, ...  ^  be  the  co-ordinates  of  the  body,  then  ^, ...  ^  will  be  the  ciHordinaUii 
of  the  instantaneouH  screw,  and  from  Ijagrange  s  ec]uations, 

where  7*  Ls  the  kinetic  energy  and  where  Pfi^i  denotes  the  wtNrk  done  in  a 
twist  S^  against  the  wrench. 

If  the  screws  of  reference  be  co-nH;ipnx'al  and  if  f  be  the  intensity  of 
a  wrench  on  f,  then 

As  we  are  considering  theacticm  of  only  an  impulsive  wrench  the  effect  %4 
which  is  to  genemte  a  Knite  velocity  in  an  inHnit4*ly  small  time  we  mus4 
have  the  acceleration  inHnitely  great  while  the  wrench  is  in  action.     The  term 

, .    is  therefore  negligible  in  eom|>arison   with    ,  (     -  |  and  hence  6»r  tht* 
a^  at  \d^f 

impulsive  motion "f 

i  Q  -  *•«•  ■ 

We  may  rt^ganl  (,  and  ^'  as  both  constant  during  the  indefinitely  small  titiH* 
e  of  o(K*rHtion  of  the  impulsive  wrench,  whence  (§  79) 

Hence  replacing  ^i, ...  ^n  by  d,,  ...  /'.^  we  deduce  the  following  (§§  95,  96). 

If  T  be  the  kinetic  efhergy  of  a  body  tvilh  freedom  of  the  nUk  order, 
iwietiug  about  a  screiv  0  whose  co-ordinates  referred  to  any  n  co-reciprtK^Us 
belonging  to  the  system  ejrpressing  the  freedom  are  0,, ...  B^.then  the  co-ordi$Mitm 

•  Sec  alw)  WUtUmM>n  and  TarlHoo's  />ynaMi>«,  ted  tditioo,  p.  467  (189).  Mid  Bovik  • 
Rt0tti  l>fmtmitM,  INirt  II,  p.  49  (iHSKi). 

t  NifMi,  irmmfrr  of  Mmtk,,  Umj  1S67.  qnoUd  bj  Booth,  Ri0id  Dftmrnie*,  Ptet  I.  p^  ify^ 
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of  an  impulsive  wrench  by  which  the  actual  motion   of  the  body  could  be 
produced  are  proportional  to 

l^dT      2dr 

Piddi*'"  pn  dOn 

The  existence  of  n  Principal  Screws  of  Inertia  can  now  be  readily  deduced, 
for  suppose  that 

where  X  is  an  unknown  factor.     If  then  we  make 

we  have  an  equation  of  the  nth  degree  for  X  as  follows : 


^11  "J"  Pi^>    ^8  » •  •  •  ^n 


=  0. 


^ni  I    ^a  »  •  •  •  (^nn  "T  Pn^ 

It  is  essential  to  note  that  T  is  a  function  of  such  a  character  that  by 
linear  transformation  it  can  be  expressed  as  the  sum  of  n  squares,  for  suppose 
it  could  be  expressed  as 

it  would  be  possible  to  find  a  real  screw  which  made  Hi,  H^,  ...  //n-i  each 
zero,  and  then  the  kinetic  energy  of  the  body  twisting  about  that  screw 
would  be  negative.  Of  course  this  is  impossible.  Hence  we  deduce  from 
§  85  the  important  principle  that  all  the  Principal  Screws  of  Inertia  are  real. 

If  the  equation  had  a  repeated  root  the  number  of  Principal  Screws  of 
Inertia  is  infinite.  We  take  n  =  4,  but  the  argument  applies  to  3  and  2 
also.  (There  can  be  no  repeated  root  when  n  is  either  5  or  6.  See  chaps. 
XVII.  and  XVIIL)     We  can  choose  variables  such  that  T  becomes 

Jlf^(Ui'^i«  +  y^%^  +  u^6^^  +  u:0^\ 

and  the  pitch  X  becomes  simultaneously 

Piei^+pA^'.'-^PAO.^ 

ff  therefore  the  discriminant  of  7  +  \p,  equated  to  zero,  has  a  pair  of  equal 
values  for  X,  we  must  have  a  condition  like 

tt,'_  u^ 

Take  any  screw  of  the  system  for  which  tfs  =  0,  ^4  =  0,  then 

p=  PiOi'-^pA^ 

or  i  =  ^     p. 

Pi 
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Hence  we  find  that  for  all  acrewg  on  the  cylindmid  represented  by  $i,  0,«  0.  0 
the  energy  will  vary  as  the  pitch  when  the  twist  velocity  remains  the  same. 
It  appears  from  the  repn^sentation  of  the  Dynamical  problem  in  chap  XII. 
that  in  this  case  all  the  screws  of  the  cylindroid  d,,  0^,  0,  0  must  be  principal 
screws  of  Inertia.  The  number  of  principal  screws  of  inertia  is  theref«)r«« 
infinite  in  this  case.    (See  Routh's  Th<H>n»ui,  Appendix,  Note  2.) 

87.    Enomeimtioii  of  Oonftanta. 

It  is  the  object  of  this  article  to  show  that  there  are  suflScient  coosUuiti» 
available  to  permit  us  to  select  from  the  screw  system  of  the  nth  <»rder 
expressing  the  frei^lom  of  a  rigid  body,  one  group  of  n  screws,  of  which  ev«-n 
pair  are  both  conjugate  and  reciprocal,  and  that  these  constitute*  the  principal 
screws  of  inertia  (§  78). 

To  prove  this,  it  is  sufficient  to  show  that  when  half  the  available  coct- 
stants  have  been  <lisp4>8ed  of  in  making  the  n  screws  conjugate  (§  81 )  tbr 
other  half  admit  of  adjustment  ^4o  as  to  make  the  screws  also  co-reciprr>eaL 
Choose  Ai  reciprocal  to  Bj,  ...  B^n,  with  n  —  1  arbitrary  qiuuititiea;  A^ 
reciprocal  to  Ai,  fi,,  ...  J5,_»,  with  «  —  2  arbitrary  quantitiin«,  and  so  on.  then 
the  total  number  of  arbitrary  quantities  in  the  choice  of  n  co-recipnirsiJ 
screws  from  a  system  of  the  nth  onler  is 

^  o  «      w(n  — 1) 

n-l+n-2...  +1=     ^  \ 

Hence,  by  suitable  disposition  of  the  n  (n  —  I )  constants  it  might  be 
anticipated  that  we  can  find  at  least  one  group  of  n  screws  which  are 
both  conjugate  and  co-reciprocal. 

We  have  now  to  show  that  these  screws  would  be  the  principal  acrevi^ 
of  inertia  (§  78).  We  shall  state  the  argument  for  the  freedom  of  the  thinl 
onler,  the  argument  for  any  other  order  being  precisely  similar. 

Let  il,.  At,  A,  be  the  three  conjugate  and  co-reciprocal  screwv  which 
can  be  selected  from  a  system  of  the  third  order.  Let  Bi,  B^,  B^  be  any 
three  screws  belonging  to  the  reciprocal  screw  system.  Let  72,,  iif  R%  be 
any  three*  impulsive  screws  corresponding  respectively  to  il,,  A^^  A^  as 
instantaneous  screws. 

An  impulsive  wrench  on  any  screw  belonging  to  the  screw  system  of  the 
4th  onler  definiHl  by  it,,  B^,  B^,  B»  will  make  the  body  twist  about  J.  (§  HSk 
but  the  scn^wH  of  such  a  system  are  reciprocal  t4»  At  and  A,i  for  since  A^  and 
At  are  conjugate,  A,  must  be  reciprocal  to  At  (§  HI),  and  ako  to  At,  since  il, 
and  A,  are  c«>njugati\  It  follows  from  this  that  an  impulsive  wrench  oo  any 
scn*w  n*cipn)c]il  to  At  and  At  will  make  the  bcMly  commence  to  twist  aboal 
At,  but  il,  is  itsi*lf  recipnical  t<»  At  and  At,  and  hence  an  impalsive  wrendi 
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on  Ai  ¥rill  make  the  body  commence  to  twist  about  Ai.    Hence  Ai  and  also 
A2  and  Ai  are  principal  screws  of  inertia. 

We  shall  now  show  that  with  the  exception  of  the  n  screws  here  deter- 
mined, generally  no  other  screw  possesses  the  property.  Suppose  another 
screw  S  were  to  possess  this  property.  Decompose  the  wrench  on  8  into  n 
wrenches  of  intensities  8i\  ...  Sn'  on  Ai^  ...  An',  this  must  be  possible, 
because  if  the  body  is  to  be  capable  of  twisting  about  S  this  screw  must 
belong  to  the  system  specified  by  il,,  ...  An.  The  n  impulsive  wrenches  on 
Ai,  ...  An  will  produce  twisting  motions  about  the  same  screws,  but  these 
twisting  motions  are  to  compound  into  a  twisting  motion  on  8.  It  follows 
that  the  component  twist  velocities  jS,,  ...  jS^  must  be  proportional  to  the 
intensities  S/',  ...  Sn".  But  if  this  were  the  case,  then  every  screw  of  the 
system  would  be  a  principal  screw  of  inertia ;  for  let  X  be  any  impulsive 
screw  of  the  system,  and  suppose  that  Y  is  the  corresponding  instantaneous 
screw,  the  components  of  X  on  il,,  ...  A^  have  intensities  X,",  ...  Xn\ 
these  will  generate  twist  velocities  equal  to 

^1     y  /»  ^n     y  // 

and  these  quantities  must  equal  the  components  of  the  twist  velocity  about 
F.     But  the  ratios 

Si  8n 

"WT/  >     •  •  •      O   // 

are  all  equal,  and  hence  the  twist  velocities  of  the  components  on  the  screws 
of  reference  of  the  twisting  motion  about  Y  must  be  proportional  to  the 
intensities  of  the  components  on  the  same  screws  of  reference  of  the  wrench 
on  X.  Remembering  that  twisting  motions  and  wrenches  are  compounded 
by  the  same  rules,  it  follows  that  Y  and  X  must  be  identical. 

As  it  is  not  generally  true  that  all  the  screws  of  the  system  defining  the 
freedom  possess  the  property  enjoyed  by  a  principal  screw  of  inertia,  it 
follows  that  the  number  of  principal  screws  of  inertia  must  be  generally 
ef^ual  to  the  order  of  the  freedom. 

88.     Kinetic  Energy. 

The  twisting  motion  of  a  rigid  body  with  freedom  of  the  nth  order  may 
be  completely  specified  by  the  twist  velocities  of  the  components  of  the 
twisting  motion  on  any  n  screws  of  the  system  defining  the  freedom.  If  the 
screws  of  reference  be  a  set  of  conjugate  screws  of  inertia,  the  expression  for 
the  kinetic  energy  of  the  body  consists  of  n  square  terms.  This  will  now  be 
proved. 

If  a  free  or  constrained  rigid  body  be  at  rest  in  a  position  L,  and  if  the 
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bxly  receive  an  iinpulHive  wn*nch,  the  bcxly  will  commence  to  twii4  about  a 
screw  a  with  a  kinetic  energy  E^.  Let  U8  now  suppose  that  a  second 
impulHive  wrench  actH  upon  the  body  on  a  .screw  /a,  and  that  if  the  body  had 
betMi  at  rest  in  the  poHition  L,  it  would  have  commence<l  to  twist  aliout  a 
screw  /9,  with  a  kinetic  energy  E^, 

We  are  to  Cfmsider  how  the  amount  of  energy  acquired  by  the  secinnl 
impuiHe  is  aflecteil  by  the  circumntance  that  the  body  is  then  not  at  resit  in 
L,  but  \»  moving  thnmgh  L  in  connei^uence  of  the  former  impulse.  Tht* 
amount  will  in  general  differ  from  E^,  for  the  movement  of  the  bidy  may 
cause  it  to  do  work  against  the  wrench  on  ii  during  the  short  time  that  it 
acts,  so  that  not  only  will  the  body  thus  expend  some  of  the  kinetic  energi* 
which  it  previously  possesses!,  but  the  efficiency  of  the  impulsive  wrench  «»n 
fi,  will  be  diminished.  Under  other  circumstances  the  motion  through  A 
might  be  of  such  a  character  that  the  impulsive  wrench  on  /a  acting  fur  a 
given  time  would  im|)art  to  the  body  a  larger  amount  of  kinetic  energ}*  than 
if  the  body  wen*  at  rest  Between  these  two  cases  must  lie  the  intermediate* 
one  in  which  the  kinetic  energy  imparteil  is  precisely  the  same  as  if  the  body 
hail  been  at  n\st.  It  is  obvious  that  this  will  ha|)pi'n  if  each  point  of  th«* 
body  at  which  the  forces  of  the  impulsive  wrench  are  applied  be  moving  in  a 
direction  perpt»ndicular  to  the  corresponding  force,  or  more  generally  if  the 
screw  a  about  whieh  the  b^nly  is  twisting  be  reciprocal  to  /*.  When  tbLs  i?* 
the  case  a  and  /9  must  be  conjugate  screws  of  inertia  (§  81),  and  hence  «e 
infer  the  following  theorem: — 

1/  the  kin^ie  energy  of  a  body  twisting  about  a  acrew  a  with  a  eeriaim 
twiet  velocity  be  E^,  and  if  the  kinetic  energy  of  the  same  body  twisting 
about  a  screw  fi  with  a  certain  ttmst  velocity  be  E^,  then  when  the  body  hat 
a  motioti  cofnpounded  of  the  two  tnnsting  movements,  its  kinetic  energy  will 
amount  to  E^-k-E^  provided  that  a  and  fi  are  conjugate  screws  of  inertia. 

Since  this  result  may  be  extended  to  any  number  of  conjugate  screws  of 
inertia,  and  since  the  terms  E^,  Sic,  are  essentially  positive,  the  ret)uirt<il 
thei»rem  has  been  proved. 

89.    Bzpr«Mioii  fbr  Kinetic  Knergy. 

If  a  rigid  body  have  a  twisting  motion  about  a  screw  a,  with  a  twi«t 
vckicity  0,  what  is  the  expression  of  its  kinetic  energy  in  terms  of  the 
co-ordinates  of  a  ? 

We  adopt  as  the  unit  of  force  that  force  which  acting  upon  the  unit 
of  mass  ft)r  the  unit  of  time  will  give  the  body  a  velocity  which  would  earn 
it  over  the  unit  of  distance  in  the  unit  of  time.  The  unit  c»f  energy  is  iht 
work  tlone  by  the  unit  force  in  moving  over  the  unit  distance.     l(^  Uiereluf^, 
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a  body  of  mass  M  have  a  movement  of  translation  with  a  velocity  v  its  kinetic 
energy  expressed  in  these  units  is  ^Jlfv'. 

The  movement  is  to  be  decomposed  into  twisting  motions  about  the 
screws  of  reference  (»,,  &c.  co^,  the  twist  velocity  of  the  component  on  ©n 
being  dotn.  One  constituent  of  the  twisting  motion  about  <Ofn  consists  of 
a  velocity  of  translation  equal  to  OiPfiflLny  a^d  on  this  account  the  body 
has  a  kinetic  energy  equal  to  ^Moi^p^Of?,  On  account  of  the  rotation 
around  the  axis  with  an  angular  velocity  don  the  body  has  a  kinetic  energy 
equal  to 


i«w/ 


r^dm 


where  r  denotes  the  perpendicular  from  the  element  dM  on  (Om-  Remembering 
that  p^  is  the  radius  of  gyration  this  expression  also  reduces  to  ^MoL^p^^^a^, 
and  hence  the  total  kinetic  energy  of  the  twisting  motion  about  6)^  is 

Md^Pn^a^K 

We  see.  therefore  (§  88),  that  the  kinetic  energy  due  to  the  twisting 
motion  about  a  is 

MdL^{pW-^  ...  +p«V). 

The  quantity  inside  the  bracket  is  the  square  of  a  certain  linear  mag- 
nitude  which  is  determined  by  the  distribution  of  the  material  of  the  body 
with  respect  to  the  screw  a.  It  will  facilitate  the  kinetic  applications  of  the 
present  theory  to  employ  the  symbol  «.  to  denote  this  quantity.  It  is  then  to 
be  understood  that  the  kinetic  energy  of  a  body  of  mass  My  animated  by  a 
twisting  motion  about  the  screw  a  with  a  twist  velocity  d,  is  represented  by 

90.    Twist  Velocity  acquired  by  an  Impuliive  Wrench. 

A  body  of  mass  M,  which  is  only  free  to  twist  about  a  screw  a,  is  acted 
upon  by  an  impulsive  wrench  of  intensity  17'"  on  a  screw  17.  It  is  required  to 
find  the  twist  velocity  d  which  is  acquired. 

The  initial  reaction  of  the  constraints  is  an  impulsive  wrench  of  intensity 
X'"  on  a  screw  X.  Then  the  body  moves  as  if  it  were  free,  but  had  been  acted 
upon  by  an  impulsive  wrench  of  which  the  component  on  ci>m  had  the  intensity 

17'"l7„+X"Xn. 

This  component  would  generate  a  velocity  of  translation  parallel  to  ci>n  and 
equal  to  y>  ( Vi^n  +  V"Xn).  The  twist  velocity  about  ©n  produced  by  this 
component  is  found  by  dividing  the  velocity  of  translation  by  />„.     On  the 


^ 
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other  hand,  since  the  co-ordinateH  of  the  screw  a  are  a,.  ...  a«,  th*»  Iwint 
velocity  about  a)^  n^ay  al*^  be  represented  by  d7„  (§  34),  whenc<» 


««n  = 


3f  p« 

If  we  multiply  this  equation  by  pn^On*  ^Id  the  six  expiations  found  by  ^^in|( 
n  all  valu(*8  from  1  to  6,  and  remember  that  a  and  X  are  recipmcal.  wf 
have  (§  39) 


whence  d  is  determined. 


This  expression  shows  that  the  twist  velocity  produced  by  an  impul«ive 
wrcmch  on  a  given  rigid  body  constrained  to  twist  about  a  given  screw,  Taric^ 
directly  as  the  virtual  coefficient  and  the  intensity  of  the  impulmve  wrench, 
and  inversely  as  the  st^uare  of  ii«.     (See  Appendix,  Note  3.) 

91.    The  Kinetic  Knergy  acquired  by  an  Impulsive  Wrench  rmn 

\k*  easily  found  by  §  89 ;  for,  fn>in  the  hist  iMpiation, 


hence  the  kinetic  energy  pn)duced  by  the  action  of  an  impulsive  wrench  «« 
a  body  constraine<l  to  twist  about  a  given  screw  varies  directly  as  the  product 
of  the  s(|uare  of  the  virtual  coefficient  of  the  two  screws  and  the  square  of 
the  intensity  of  the  impulsive  wrench,  and  inversely  as  the  square  of  u^. 

92.    Formula  fbr  a  free  body. 

We  shall  now  express  the  kinetic  energy  communicated  by  the  impubiv< 
wrench  on  17  to  the  btxly  when  perfectly  free.  The  component  ou  m^  « 
inten.nity  Tf'"ff^  imparts  a  kinetic  energy  equal  to 

whence  the  total  kinetic  energ}*  is  found  by  adding  these  six  terms. 

The  difference  between   the  kinetic  energj*  acquired  when  the  bndj^-  jg^ 
perfectly  free,  and  when  the  b<Mly  is  ctmstrained  to  twist  about  a,  is  equal      to 

The  (juantity  inside  the  bracket  nHluci»s  to  the  sum  of  15  S4|uare  tenas,  of 
which  (  />ia|i7,  —  /h^ffiY  is  a  sjH»cimen.    The  entire  expntwion  being  thertAtii 
("ssentially  |M>*«itivi*  shows  that  a  given  impulsive  wnMieh   imparts  gn*l<T 
energ}'  U)  a  <piiesct»nt  Nnly  when  frtH»  than  to  the  same  quiescent  body  whea 
cuiistnuntHl  to  twist  about  a  certain  screw. 
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93.  laemma. 

If  a  group  of  instantaneous  screws  belong  to  a  system  of  the  nth  order, 
then  the  body  being  quite  free  the  corresponding  group  of  impulsive  screws 
also  belong  to  a  system  of  the  nth  order ;  for,  suppose  that  n  -f  1  twisting 
motions  about  n  +  1  screws  neutralise,  then  the  corresponding  w  +  1  im- 
pulsive wrenches  must  equilibrate,  but  this  would  not  be  possible  unless  all  the 
impulsive  screws  belonged  to  a  screw  system  of  the  nth  order. 

94.  Euler*!  Theorem. 

If  a  free  or  constrained  rigid  body  is  acted  upon  by  an  impulsive  wrench,  the 
body  will  commence  to  move  with  a  larger  kinetic  energy  when  it  is  permitted 
to  select  its  own  instantaneous  screw  from  the  screw  system  P  defining  the 
freedom,  than  it  would  have  acquired,  had  it  been  arbitrarily  restricted  to 
any  other  screw  of  the  system. 

Let  Q  be  the  reciprocal  system  of  the  (6  —  n)th  order,  and  let  P'  be  the 
screw  system  of  the  nth  order,  consisting  of  those  impulsive  screws  which, 
if  the  body  were  free,  would  correspond  to  the  screws  of  P  as  instantaneous 
screws. 

Let  17  be  any  screw  on  which  the  body  receives  an  impulsive  wrench.  De- 
compose this  wrench  into  components  on  a  system  of  six  screws  consisting  of  any 
n  screws  from  P',  and  any  6  —  n  screws  from  Q.  The  latter  are  neutralised  by 
the  reactions  of  the  constraints,  and  may  be  omitted,  while  the  former  com- 
pound into  one  wrench  on  a  screw  f  belonging  to  P' ;  we  may  therefore 
replace  the  given  wrench  by  a  wrench  on  f.  If  the  body  were  perfectly  free, 
an  impulsive  wrench  on  f  must  make  the  body  twist  about  some  screw  a  on 
P.  In  the  present  case,  although  the  body  is  not  perfectly  free,  yet  it  is  free 
80  far  as  twisting  about  a  is  concerned,  and  we  may  therefore,  with  reference 
to  this  particular  impulse  about  f,  consider  the  body  as  being  perfectly  free. 
It  follows  from  §  92  that  there  would  be  a  loss  of  energy  if  the  body  were 
compelled  to  twist  about  any  screw  other  than  a,  which  is  the  one  it  naturally 
chooses. 

95.  Co-ordinatei  in  a  Screw  System. 

The  co-ordinates  of  a  screw  belonging  to  a  specified  screw-system  can  be 
jjrreatly  simplified  by  taking  n  co-reciprocal  screws  belonging  to  the  given 
screw  system  as  a  portion  of  the  six  screws  of  reference.  The  remainiug 
6  —  n  screws  of  reference  must  then  belong  to  the  reciprocal  screw  system. 
It  follows  that  out  of  the  six  co-ordinates  a,, ...  a«  of  a  screw  a,  which  belongs 
to  the  system,  6  —  w  are  actually  zero.  Thus  we  are  enabled  to  give  the  more 
general  definition  of  screw  co-ordinates  which  is  now  enunciated. 

If  a  wrench,  0/  which  the  intenmty  is  one  unit  on  a  sci'eiv  a,  which  belongs  to 

6—2 
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a  certain  screw  system  of  the  nth  order,  be  decomposed  into  n  tcrenekes  of 
intensities  o,,  ...a^on  n  co-reciprocal  screws  belonging  to  the  same  screw  sysiem, 
then  then  quantities  ai,  ,,,a^  are  said  to  be  the  co-ordinates  of  the  screw  a  Thou 
the  pitch  of  a  will  be  represented  byp,ai«  +  ...  +  pnaii"-  The  virtual  coefBcient 
of  a  and  fi  will  be  (p,a,/9, +  ...  -^pn^ffn)- 

We  may  here  remark  that  in  ^neral  one  screw  can  be  found  upon  a  iicn?ir 
system  of  the  nth  order  reciprocal  to  n  —  1  jpven  screws  of  the  same  s>'Htf m. 
For,  take  6  —  w  screws  of  the  reciprocal  screw  system,  then  the  re<juired  !«cn*w 
is  reciprocal  to  6  —  n  +  w— 1  =  5  known  screws,  and  is  therefore  dettTininwl 
(|25X 

96.    The  Reduced  Wrench. 

A  wrench  which  acts  upon  a  constrained  rigid  body  may  in  general  he 
replaced  by  a  wrench  on  a  screw  belonging  to  the  screw  system,  which  de/imes 
the  freedom  of  the  body. 

Take  n  screws  from  the  screw  system  of  the  wth  order  which  defines  the 
freedom,  and  G  —  n  screws  from  the  reciprocal  system.  Decompose  the  given 
wrench  into  components  on  these  six  screws.  The  component  wrenches*  on 
the  reciprocal  system  are  neutralized  by  the  reactions  of  the  constrainte,  and 
may  be  discarded,  while  the  remainder  must  compound  into  a  wrench  o^  the 
given  screw  system. 

Whenever  a  given  external  wrench  is  replaced  by  an  equivalent  wrench 
upon  a  screw  of  the  system  which  defines  the  freedom  of  the  boily.  the  bUier 
may  be  termetl,  for  convenience,  the  reduced  iaretwh. 

It  will  be  observed,  that  although  the  re<luced  wrench  can  be  determined 
from  the  given  wrench,  that  the  converse  problem  is  indeterminate  (n  <  6V 

We  may  state  this  result  in  a  somewhat  different  manner.  A  given 
wrench  can  in  general  be  resolved  into  two  wrenches— one  on  a  screw  of  any 
given  system,  and  the  other  on  a  screw  of  the  reciprocal  screw  systenn.  The 
fonner  of  these  is  what  we  denote  by  the  reduced  wrench. 

This  theorem  of  the  reduced  wrench  ceases  U)  be  true  in  the  case  wbeo 
the  screw  system  ami  the  nn^iprtx^l  screw  system  have  one  screw  in  commuiL 
As  such  a  screw  must  be  reciprocal  to  both  systems  it  follows  that  all  the 
screws  of  lioth  systems  must  bo  comprised  in  a  single  five-system.  This  in 
4ibviously  a  very  special  case,  but  whenever  the  condition  indicated  is  satisfied 
it  will  not  be  possible  to  n'solve  an  impulsive  wrench  into  components  un  the 
two  reciprocal  systems,  unless  it  should  also  happen  that  the  impulsive 
wrench  itself  belongs  to  the  five-system*. 


*  I  am  iodebt«d  to  Mr  Alai.  ll'AuUj  for  haTing  pointed  oat  in  hit  book  oo  ^rffnfrm,  p.  Mt, 
\hmi  I  had  overlooked  thin  fxopption  when  ennnciatinK  the  Theorem  of  the  redoeed 
TA^ory  of  Srrtw§  (1S76). 
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97.    Co-ordinatei  of  Impulsive  and  Instantaneoua  Screws. 

Taking  as  screws  of  reference  the  n  principal  screws  of  inertia  (§  84),  we  re- 
quire to  ascertain  the  relation  between  the  co-ordinates  of  a  reduced  impulsive 
wrench  and  the  co-ordinates  of  the  corresponding  instantaneous  screw.  If  the 
co-ordinates  of  the  reduced  impulsive  wrench  are  ly/",  ...i7»'",  and  those  of  the 
twist  velocity  are  A],  c^s, ...  ^n.  then,  remembering  the  property  of  a  principal 
Hcrew  of  inertia  (§  78),  and  denoting  by  m,,  ...  Un,  the  values  of  the  magnitude 
u  (§  89)  for  the  principal  screws  of  inertia,  we  have,  from  §  90, 

i^«      1      „ 

whence  observing  that  d,  =  dcri ;  . ..  d„  =  doLn  we  deduce  the  following  theorem, 
which  is  the  generalization  of  §  80. 

If  a  quiescent  rigid  body,  which  has  freedom  of  the  nth  order,  commence 
to  twist  about  a  screw  a,  of  which  the  co-ordinates,  with  respect  to  the 
principal  screws  of  inertia,  are  Aj,  ...  On  and  if  pi,  ...  jOn  be  the  pitches,  and 
tt,,  ...  u^  the  constants  defined,  in  §  89,  of  the  principal  screws  of  inertia, 
then  the  co-ordinates  of  the  reduced  impulsive  wrench  are  proportional  to 

*,     i»  •••  ->    ^* 

Pi  Pn 

Let  T  denote  the  kinetic  energy  of  the  body  of  mass  M  when  animated 
by  a  twisting  motion  about  the  screw  a,  with  a  twist  velocity  d.  Let  the 
twist  velocities  of  the  components  on  any  n  conjugate  screws  of  inertia  be 
denoted  by  di,  d,, ...  d„.  [Th6se  screws  will  not  be  co-reciprocal  unless  in  the 
special  case  where  they  are  the  principal  screws  of  inertia]  It  follows  (§  88) 
that  the  kinetic  energy  will  be  the  sum  of  the  n  several  kinetic  energies  due 
to  each  component  twisting  motion.     Hence  we  have  (§  89) 

T  =  ifi^'ii'  +  . . .  +  Jf u„«dn', 

and  also  uj  =  Wi'ai'  -f  . . .  -f  Un'On'- 

Let  Oj,  ...  a^  and  /9,,  ...  /9n  be  the  co-ordinates  of  any  two  screws  belong- 
ing to  a  screw  system  of  the  nth  order,  referred  to  any  n  conjugate  screws  of 
inertia,  whether  co-reciprocal  or  not,  belonging  to  the  same  screw  system,  then 
the  condition  that  a  and  /9  should  be  conjugate  screws  of  inertia  is 

To  prove  this,  take  the  case  of  n  =  4,  and  let  A,  B,  C,  D  he  the  four  screws  of 
reference,  and  let  Ai,  ...  A^  be  the  co-ordinates  of  il  with  respect  to  the  six 
principal  screws  of  inertia  of  the  body  when  free  (§  79).  The  unit  wrench  on 
a  is  to  be  resolved  into  four  wrenches  of  intensities  ai,  ...  04  on  -4,  B,  C,  D: 
each  of  these  components  is  again  to  be  resolved  into  six  wrenches  on  the 
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HcrewM  of  reference.     The  six  co-ordiiiates  of  a,  with  renpect  to  the  muim 
Mcrew8,  arc  therefore 

AiUi  +  -8,0, 4  C,o,  +  A««, 


We  can  now  express  the  condition  that  a  and  /9  are  conjugate  screws  of  inertu 
This  condition  is  (§  81) 

Denoting  pi^Ai^-k- ...  +/i«il«'  by  Ui^y  and  observing  that  S/),M,A,  and  simiU 
expressions  are  zero,  we  deduce 

A  similar  prtxif  may  be  written  down  for  each  of  the  remaining  degnt* 
of  freedom. 


CHAPTER  VIII. 


THE   POTENTIAL. 


98.     The  Potential. 

Suppose  a  rigid  body  which  possesses  freedom  of  the  ?ith  order  be  sub- 
mitted to  a  system  of  forces.  Let  the  symbol  0  define  a  position  of  the 
body  from  which  the  forces  would  be  unable  to  disturb  it.  By  a  twist  of 
amplitude  ff  about  a  screw  0  belonging  to  the  screw  system,  the  body  may  be 
displaced  from  0  to  an  adjacent  position  P,  the  energy  consumed  in  making 
the  twist  being  denoted  by  the  Potential  F,  and  no  kinetic  energy  being 
supposed  to  be  acquired.  The  same  energy  would  be  required,  whatever  be 
the  route  by  which  the  movement  is  made  from  0  to  P.  So  far  as  we  are 
at  present  concerned  V  varies  only  with  the  changes  of  the  position  of  P 
with  respect  to  0.  The  most  natural  co-ordinates  by  which  the  position 
P  can  be  specified  with  respect  to  0  are  the  co-ordinates  of  the  twist  (§  32) 
by  which  the  movement  from  0  to  P  could  be  effected.  In  general  these 
co-ordinates  will  be  six  in  number;  but  if  n  of  the  screws  of  reference  be 
selected  from  the  screw  system  defining  the  freedom  of  the  body,  then  (§  95) 
there  will  be  only  n  co-ordinates  required,  and  these  may  be  denoted  by 

The  Potential  V  must  thei-efore  depend  only  upon  certain  quantities 
independent  of  the  position  and  upon  the  7i  co-ordinates  di\ ...  On  ',  and  since 
these  are  small,  it  will  be  assumed  that  V  must  be  capable  of  development 

in  a  series  of  ascending  powers  and  products  of  the  co-ordinates,  whence  we 

tiiay  write 

F=ir  +  irA'-f  ...  +  irntfn' 

+  terms  of  the  second  and  higher  orders, 

^vlicre  H,  Hi,  ...  Hn  are  constants,  in  so  far  as  dififerent  displacements  are 
c^oncerned. 

In  the  first  place,  it  is  manifest  that  H=0]  because  if  no  displacement 
Idc  made,  no  energy  is  consumed.  In  the  second  place,  Hi,  ...  Hn  must  also 
\)e  each  zero,  because  the  position  0  is  one  of  equilibrium ;  and  therefore. 
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by  the  principle  of  virtual  velocities,  the  work  done  by  small  twists  about 
the  screws  of  reference  must  be  zero,  as  far  as  the  first  power  of  small 
(quantities  is  concerned.  Finally,  neglecting  all  terms  above  the  secuod 
order,  on  account  of  their  minuteness,  we  see  that  the  function  K.  tcAacA 
expresses  the  potenticU  energy  of  a  small  displacement  from  a  pasitiam  of 
equilibrium,  is  generally  a  homogeneous  function  of  the  second  degree  of  the 
n  co-ordinates,  by  which  the  displacement  is  defined. 

99.    The  Wrench  eroked  by  Displaoement. 

When  the  body  has  been  displaced  to  P,  the  forces  no  longer  e(|uilibnUe. 
They  have  now  a  certain  resultant  wrench.  We  propose  to  detemiiDC.  by 
the  aid  of  the  function  K,  the  co-onlinates  of  this  wrench,  or,  more  stncUy. 
the  co-ordinates  of  the  equivalent  reduced  wrench  (§  96)  upon  a  screw  of  the 
system,  by  which  the  freedom  of  the  body  is  defined. 

If,  in  making  the  displacement,  work  has  been  done  by  the  agent  which 
moved  the  body,  then  the  equilibrium  of  the  body  was  stable  when  in  the 
position  0,  so  far  as  this  disphicement  was  concerned.  Let  the  displacement 
screw  be  0,  and  let  a  reduced  wrench  be  evoked  on  a  screw  17  of  the  8}'9tcm, 
while  the  intensities  of  the  components  on  the  screws  of  reference  an> 
V\\  ...  W-  Suppose  that  the  body  be  displaced  from  P  to  an  excessively 
close  position  P',  the  co-ordinates  of  i^,  with  respect  to  0,  being  (§95) 

The  potential  V  of  the  position  P'  is 

dV       .  dV 

^  ^  dB'  ^*  ^  '  *  *  ^  dQ  '  ^^"^ 

it   being  understood  that  Sd/,  ...  hOn  are  infinitely  small  magnitudes  of  a 
higher  order  than  ^,',  ...  tf„'. 

The  work  done  in  forcing  the  body  to  move  from  P  to  P*  is  K'—  K. 
This  must  be  equal  to  the  work  done  in  the  twists  about  the  screws  of 
reference  whose  amplitudes  are  £^/,  ...  S^^',  by  the  wrenches  on  the  8cn?w«i 
of  reference  whose  intensities  are  17,",  ...  17,,".  As  the  screws  of  reference 
are  co- reciprocal,  this  work  will  be  equal  to  (§  33) 

Since  the  expression  ju.Ht  written  must  be  equal  to  V"  —  K  for  et^ry 
position  P'  in  the  immediate  vicinity  of  P,  we  must  have  the  coeffidentii  of 
5^/.  ...  hd^  e<|ual  in  the  two  expressions,  whence  we  have  a  cquaiiocuk  ^{ 
which  the  firbt  is 

IIvucc,  wv  (iLtluce  the*  fullowing  usuful  theurviu : — 
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If  a  free  or  constrained  rigid  body  be  displaced  from  a  position  of  equi- 
librium by  twists  of  small  amplitudes,  tf,', ...  tf„',  about  n  co-reciprocal  screws 
of  reference,  and  if  V  denote  the  work  done  in  producing  this  movement, 
then  the  reduced  wrench  has,  for  components  on  the  screws  of  reference, 
wrenches  of  which  the  intensities  are  found  by  dividing  twice  the  pitch  of 
the  corresponding  reference  screw  into  the  differential  coefficient  of  V  with 
respect  to  the  corresponding  amplitude,  and  changing  the  sign  of  the 
quotient. 

It  is  here  interesting  to  notice  that  the  co-ordinates  of  the  reduced 
impulsive  wrench  referred  to  the  principal  screws  of  inertia,  which  would 
give  the  body  a  kinetic  energy  T  on  the  screw  0,  are  proportional  to 

J_  dT         JL     dT 

100.    Conjugate  Screwi  of  the  Potential. 

Suppose  that  a  twist  about  a  screw  0  evokes  a  wrench  on  a  screw  rj, 
while  a  twist  about  a  screw  <f>  evokes  a  wrench  on  a  screw  f.  If  0  be  reci- 
procal to  f,  then  must  <f>  be  reciprocal  to  17.     This  will  now  be  proved. 

The  condition  that  0  and  (f  are  reciprocal  is 

Pi^i?i+...+l>n^n?n  =  0; 

but  the  intensities  (or  amplitudes)  of  the  components  of  a  wrench  (or  twist) 
are  proportional  to  the  co-ordinates  of  the  screw  on  which  the  wrench  (or 
twist)  acts,  whence  the  last  equation  may  be  written 

M'?i"-f...+/>n^n?n"  =  0; 

but  we  have  seen  (§  99)  that 

whence  the  condition  that  0  and  f  ai'e  reciprocal  is 

Now,  as  V^  is  an  homogeneous  function  of  the  second  order  of  the  quantities 
^\  •-•  <kn>  we  may  write 

in  which  ^1*^  =  Ajth- 
Hence  we  obtain: — 

^t  =  2  {An<l>:  +  A,,<l>,'  +  ...  -f  A,n^n% 


ji 
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Intnidiicing  theno  expreHsionn  we  tiud,  for  the  condition  that  0  and  ^  eihould 
be  recipnxsil, 

Thin  may  be  written  in  the  form : — 

But  thiM  e(|iiation  is  symmetrical  with  respect  to  0  and  ^,  and  thfrefon* 
we  should  have  been  led  to  the  same  result  by  expressing  the  condition  that 
^  was  reciprt>cal  to  i;. 


When  0  and  <f>  poHsc*ss  this  pro|>erty,  they  are  said  to  be  conjuffate 
of  Oie  poitfUial^  and  the  condition  that  thry  should  be  so  n*latiH],  expmwtil 
in  terms  of  their  co-ordinates,  is  obtained  by  omitting  the  accents  from  ih#' 
last  ec]uation. 

If  a  screw  ^  be  reciprocal  to  17,  then  ^  is  a  amjugate  screw  of  tht> 
potential  to  0.  If  we  consider  the  screw  0  to  1x3  given,  we  may  regmrd  tht* 
screw  system  of  the  fifth  order,  which  embraces  all  the  screws  rcciprucml  U> 
ff,  as  in  a  certain  sense  the  locus  of  ^.  All  the  screws  conjugate  to  $,  mini 
which,  at  the  same  time,  belong  to  the  screw  system  C  by  which  the  frvedooi 
of  the  body  is  defined,  must  constitute  in  themselves  a  screw  s^nictn  of  the 
(a—  l)th  onler.  For,  besides  fulfilling  the  6  —  11  conditions  which  define  thf 
screw  system  C,  they  must  also  fulfil  the  condition  of  being  rcciprucml  to  f ; 
but  all  the  screws  reciprocal  to  7  —  w  screws  constitute  a  screw  system  of  tbv 
(n-l)th  onler  (§72). 

The  reader  will  be  careful  to  obs4Tve  the  distinction  between  two  ciKiju- 
gate  screws  of  inertia  (§  81 ),  and  two  conj  ugate  screws  of  the  poienUaL  Though 
these  pairs  possess  some  useful  analogies,  yet  it  should  be  borne  in  mttifl 
that  the  fonner  are  purely  ui/rtiuric  to  the  rigid  body,  inasmuch  as  they  only 
depend  on  the  distribution  of  its  material,  while  the  latter  involve  ejctrimsic 
considerations,  arising  from  the  forces  to  which  the  body  is  submitted. 

101.    Principal  Screwi  of  the  Potential. 

We  now  pixive  that  in  general  n  screws  can  be  found  such  that  wbt*o 
the  iMKly  is  displaced  by  a  twist  about  any  one  of  these  screws,  a  rMiucitl 
wrench  is  evoked  on  the  same  screw.  The  screws  which  pu0K>f»  thi* 
pn>|>erty  itre  ciilUnl  the  jmfidfHil  Bcrews  of  the  potential.  Let  a  be  a  |irinnpal 
screw  of  the  potentiid.  then  we  must  have,  §99: — 


.^  .     1    d\\ 
"'       ^  tp,  da/  ' 


and  (f4  -    1 )  similar  ei|uatioiiH. 
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Introducing  the  value  of  K.,  and  remembering  (§34)  that  ai"  =  o"ai  and 
3i'  =  a'a,,  we  have  the  following  n  equations: — 

«!  ^^11 ""  ~^  Pi)  +  «»^"  +  •••  +  «»»^J»  =  ^' 

&e.,    &c. 

atAni  +  a.,An2  +  .. .  +  On  M«n  -  ^  i>nj  =  0. 

From  these  linear  equations  a,,.,.  On  can  be  eliminated,  and  we  obtain 


an  e(|uatiou  of  the  nth  degree  in  —  .  The  values  of  —  substituted  suc- 
cessively in  the  linear  equations  just  written  will  determine  the  co-ordinates 
of  the  n  principal  screws  of  the  potential.  If  the  position  of  equilibrium 
be  one  which  is  stable  for  all  displacements  then  V^  must  under  all 
circumstances  be  positive.  As  it  can  be  reduced  to  the  sum  of  n  squares 
all  the  roots  of  this  equation  will  be  real  (§  86)  and  consequently  all  the  n 
principal  screws  of  the  potential  will  be  real 

We  can  now  show  that  these  n  screws  arc  co-reciprocal.  It  is  evident, 
in  the  first  place,  that  if  £»  be  a  principal  screw  of  the  potential,  and  if  0  be 
a  displacement  screw  which  evokes  a  wrench  on  i;,  the  principle  of  §  100 
asserts  that,  when  0  is  reciprocal  to  S,  then  must  also  17  be  reciprocal  to  S. 
Let  the  n  principal  screws  of  the  potential  be  denoted  by  Si, ,..  Sn,  and  let 
Tn  be  that  screw  of  the  screw  system  which  is  reciprocal  to  iSj, ...  5n-i  (§  96), 
then  if  the  body  be  displaced  by  a  twist  about  Tnt  the  wrench  evoked  must 
be  on  a  screw  reciprocal  to  Si,...  Sn-i]  but  T^  is  the  only  screw  of  the 
screw  system  possessing  this  property;  therefore  a  twist  about  T^  must 
evoke  a  wrench  on  Tn,  and  therefore  Tn  must  be  a  principal  screw  of  the 
potential  But  there  are  only  n  principal  screws  of  the  potential,  therefore 
Tn  must  coincide  with  Sn,  and  therefore  Sn  must  be  reciprocal  to  Si, ...  iS»,»_i. 

102.    Co-ordinatei  of  the  Wrench  evoked  by  a  Twift. 

The  work  done  in  giving  the  body  a  twist  of  small  amplitude  a'  about  a 
screw  a,  may  be  denoted  by 

In  fact,  remembering  that  a'aj  =  a/, ... ,  and  substituting  these  values  for 
0/  in  V  (§  100),  we  deduce  the  expression : — 

-PvJ  =  il„a,'  -I- . . .  +  Ann^"*  +  2il jjQfiOa  +  2iluaia,  +  . . . 

where  F  is  independent  of  a  and  has  for  its  dimensions  a  mass  divided  by  the 
N(|uan3  of  a  time,  and  where  v^  is  a  linear  magnitude  specially  appropriate 
to  each  screw  a,  amd  depending  upon  tlie  co-ordinates  of  a,  and  the  constants 
in  the  function  F(§98). 
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The  parameter  9.  may  be  contrasted  with  the  parameter  a.  oomiAered 
in  1 89.  Each  ib  a  linear  magnitude,  but  the  latter  depends  ooljr  apoo  the 
co-ordinates  of  a,  and  the  diAtribution  of  the  material  of  the  rigid  bodjr. 
Both  quantities  may  be  contrasted  with  the  pitch  p.,  which  is  also  a  linesr 
magnitude,  but  depends  on  the  screw,  and  neither  on  the  rigid  body  nor  the 
forces. 


If  a  body  receive  a  twist  of  small  amplitude  o^  about  one  of  the 
screws  of  the  potential,  then  the  intensity  of  the  wrench  evoked  oo 
same  screw  is  (5  99) : — 

1    dK. 
"•■  2p.  da'  ' 

but  we  have  just  seen    that    V  =  Fv^a^,  whence   we   have   the  Mlow 
theorem : — 

If  a  body  which  has  freedom  of  the  nth  order  be  displaced  from  a  posik^  ^ 
of  equilibrium  by  a  twist  about  a  screw  a,  of  which  the  co-ordinales  ^^i^ii^ 
respect  to  the  principal  screws  of  the  potential  arc  ttj, ...  ffn,  then  a  rcArmmjf^ 
wrench   (§  96)   is   evoked   on    a   screw   with   co-onliuates    proportkxuA    to 

*  0|,  ...    *  €U,  where  r,,  ...  , />, arc  the  values  of  the  quantity  f,    am/ 

Pi  Pn 

the  pitch  p,  for  the  principal  screws  of  the  potential. 

We  can  now  express  with  great  simplicity  the  condition  that  two  screvv 
0  and  4>  shall  be  conjugate  screws  of  the  potential.  For,  if  f'  be  redprocd 
to  the  screw  whose  co-ordinates  are  proportional  to 

we  have: — 

The  expression  for  the  potential  assumes  the  simple  form 

If  the  function  V  be  proportional  to  the  product  of  the  pitch  vi  t 
displacement  screw  and  the  scjuare  of  the  amplitude,  then  every  dispiacrtw 
screw  will  coincide  with  the  screw  about  which  the  wrench  is  evoked 

103.    Form  of  the  Potential. 

The  n  principal  screws  of  the  potential  form  a  unique  group.  ins» 
as  they  are  co-r^procal,  as  well  as  being  conjugate  screws  of  the  pot 
They  therefore  fulfil  n  (n  -  1)  conditions,  being  the  total  number  «%*ail 
the  selection  of  n  screws  in  an  n  system. 
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We  now  show  that  the  expression  of  the  potential  will  consist  of  the 
iim  of  n  square  terms,  when  referred  to  any  set  of  n  conjugate  screws  of  the 
otential. 

The  energy  consumed  in  giving  a  body  a  twist  of  amplitude  ff  from  the 
osition  of  equilibrium  0  to  a  new  position  P,  is  equal  to  Fv^^ff^  (§  102), 
nd  17  is  the  screw  on  which  the  wrench  is  evoked.  Suppose  that  from 
he  position  P  the  body  receive  a  twist  of  amplitude  ^'  about  a  screw  ^,  it 
rould  generally  not  be  correct  to  assert  that  the  energy  consumed  in  the 
econd  twist  was  proportional  to  the  square  of  its  amplitude.  For,  during 
he  second  twist,  either  a  portion  of  the  energy  will  be  consumed  in  doing 
rork  against  the  wrench  on  17,  or  the  energy  expended  in  the  second  twist 
rill  be  rendered  less,  in  consequence  of  the  assistance  aflTorded  by  the  wrench 
n  17.  If,  however,  17  be  reciprocal  to  ^,  then  the  quantity  of  energy  con- 
umed  in  the  twist  about  <f>  will  be  unaffected  by  the  presence  of  a  wrench 
n  17.  Hence  if  0  and  ^  be  two  conjugate  screws  of  the  potential,  the 
nergy  expended  in  giving  the  body  -first  a  twist  of  amplitude  ff  about  0, 
nd  then  a  twist  of  amplitude  if>  about  ^,  is  to  be  represented  by 

By  taking  a  third  screw,  conjugate  to  both  0  and  ^,  and  then  a  fourth 
3rew  conjugate  to  the  remaining  three,  and  so  on,  we  see  finally  that  the 
otential  reduces  to  the  sum  of  n  square  terms,  where  each  pair  of  the 
crews  of  reference  are  conjugate  screws  of  the  potential. 


CHAPTER   IX. 


HARMONIC   SCREWS. 


lOi.    Deflnitioii  of  an  Harmonic  Screw. 


We  have  H4*en  in  §  97  that  to  each  Hcrew  0  of  a  screw  syKtem  of  the  nth 
onler  correKpoudH  a  screw  X,  belonging  to  the  same  .screw  system.  The 
relation  betwcHMi  0  and  X  is  determinei!  when  the  rigid  body,  and  aI»D  the 
screw  system  which  defines  its  frtHKloni.  are  completely  known.  The  phyMotl 
connection  between  the  two  screws  0  and  X  may  be  thus  statecL  If  an 
impulsive  wrench  act  on  the  screw  X,  the  body,  if  previously  quieficeni,  will 
commence  to  move  by  twisting  about  0, 

We  have  also  si»en  (§  102)  that  to  each  screw  ^  of  a  screw  system  of  iKf 
iith  onler  corresponds  a  certain  screw  17  belonging  to  the  same  screw  s^*su*ni. 
The  relation  between  0  and  17  is  determines!  when  the  rigid  body,  the  fortv**. 
and  the  screw  system  which  defines  the  free<lom,  is  known.  The  phiiuraJ 
ciinnexion  between  the  two  screws  0  and  1;  may  be  thus  stat^nl.  If  the  bialv 
be  tlisplaciKl  frt)m  a  position  of  ei|uilibriuni  by  a  twist  about  $,  the  evi>ki*«J 
wrench,  when  reduce* I  (§96)  to  the  screw  system,  acts  on  17. 

The  rigid  body  IxMUg  given  in  a  position  of  equilibrium,  and  the  Uwcr^ 
which  act  on  the  body  being  known,  and  also  the  .screw  system  by  which  tlir 
frewlom  of  the  body  is  prescribed,  we  then  have*  corresponding  to  each  !rrf» 
0  4>f  the  given  screw  sysU*m,  two  other  scn*ws  X  and  17,  which  also  beloog  k> 
the  same  screw  system. 

(considering  the  very  diflTen^nt  physical  character  of  the  two  vpXunm  ^i 
c<»m*spondence,  it  will  of  ctMirse  usually  happi*n  that  the  two  nrrews  XAwif 
art*  not  identical.  Kut  a  little  reflc^ction  will  enable  us  to  fort*fiee  wluU  vf 
shall  afU'rwanls  pn»ve,  viz.,  that  when  0  has  biH*n  appropriately  chosen,  tket 
X  and  17  may  iMuncide.  For  since  n  —  I  arbitrary  quantities  are  dispoiablf  ib 
the  wdiTtion  «»f  a  scn»w  fn»ni  a  scrt»w  sysU'Ui  of  the  tith  onler  (§  69X  it  Ul»>«* 
that  f<ir  any  two  screws  (for  t*xample  X  and  17)  t4)  coincide,  n  —  1  ouoditit«^ 
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roust  be  fulfilled ;  but  this  is  precisely  the  number  of  arbitrary  elements 
available  in  the  selection  of  0.  We  can  thus  conceive  that  for  one  or  more 
particular  screws  0,  the  two  corresponding  screws  \  and  17  are  identical ;  and 
we  shall  now  prove  the  following  important  theorem : — 

If  a  rigid  body  be  displaced  from  a  position  of  equilibrium  by  a  tunst 
about  a  screw  0,  and  if  the  evoked  wrench  tend  to  make  the  body  commence  to 
twist  about  the  same  screw  0,  then  if  we  call  0  an  liarmonic  screw  (§  106),  we 
assert  that  the  number  of  harmonic  screws  is  generally  the  same  as  the  order 
of  the  screw  system  which  defines  the  freedom  oftlie  rigid  body. 

We  shall  adopt  as  the  screws  of  reference  the  n  principal  screws  of  inertia. 
The  impulsive  screw,  which  corresponds  to  d  as  an  instantaneous  screw,  will 
have  for  co-ordinates 

h'^0,,...h'^0^(%91\ 
Pi  Pn       ^^ 

where  A  is  a  certain  constant  which  is  determined  by  making  the  co-ordinates 
satisfy  the  condition  (§  35).  If  0  be  an  harmonic  screw,  then,  remembering 
that  the  screws  of  reference  are  co-reciprocal  (§  87),  we  must  have  n  equations, 
of  which  the  first  is  (§  102)  :— 

/.^'/)'"      .1     dV 
p,  2pi  d0i' 

Assuming  -^  =  —  Afs*,  where  M  is  the  mass  of  the  body,  and  s  an  unknown 
4uantity,  and  developing  F,  we  deduce  the  n  equations : — 

(?i  (il„  +  M^i^^)  +  M12  +  ...  +  0nA,n  =  0, 

Eliminating  ^1, ...  ^ni  we  have  an  equation  of  the  nth  degree  for  «*.  The 
n  roots  of  this  equation  are  all  real  (§  85),  and  each  one  substituted  in  the 
set  of  n  equations  will  determine,  by  a  system  of  n  linear  equations,  the 
ratios  of  the  n  co-ordinates  of  one  of  the  harmonic  screws. 

It  is  a  remarkable  property  of  the  n  harmonic  screws  that  each  pair  of 
them  are  conjugate  screws  of  inertia,  and  also  conjugate  screws  of  the 
potential.  Let  Hi,...  ffn-i*  he  »— 1  of  the  harmonic  screws,  to  which 
correspond  the  impulsive  screws  S,, ...  S,^^i,  Also  suppose  T  to  be  that  one 
»crew  of  the  given  screw  system  which  is  reciprocal  to  Sj,  ...Sn-i  (§  9.5), 
then  T  must  form  with  each  one  of  the  screws  //^i, ...  //n-i  a  pair  of  con- 
jugate screws  of  inertia  (§81).  But,  since  Si,...  S„_i  are  the  screws  on 
which  wrenches  are  evoked  by  twists  about  //,,...  /^n-i  respectively,  it  is 
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evident  that  T  must  form  with  each  one  of  these  screws  if i, ...  H^^i  a  pair 
of  conjugate  screws  of  the  potential  (§  100).  It  follows  that  the  impuliavr 
screw,  corresponding  to  7*  as  the  instantaneous  screw,  most  be  reciprocal  lo 
Hi, .,.  Hn-\ ;  and  also  that  a  twist  about  T  must  evoke  a  wrench  on  a  acn*w 
reciprocal  to  Hi, ...  Hn-i-  As  in  general  only  one  screw  of  the  system  can 
be  reciprocal  to  Hi, ...  Hn^i,  it  follows  that  the  impulsive  screw,  which 
corresponds  to  7*  as  an  instantaneous  screw,  must  also  be  the  screw  on  which  a 
wrench  is  evoked  by  a  twist  about  T.  Hence,  T  must  be  a  harmonic  screw, 
and  as  there  are  only  n  harmonic  screws,  it  is  plain  that  T  must  coincide 
with  Hn,  and  that  therefore  Hn  in  a  conjugate  screw  of  inertia,  as  well  as  a 
conjugate  screw  of  the  potential,  to  each  one  of  the  remaining  n  —  1  harmonic 
screws.  Similar  reasoning  will,  of  course,  apply  to  each  of  the  hami^Miic 
screwK  taken  in  succession. 

105.    Equatioiia  of  Motion. 

We  now  consider  the  kinetical  problem,  which  may  be  thus  stated.  A 
free  or  constrained  rigid  body,  which  is  acted  upon  by  a  system  of  foroea.  i* 
displaced  by  an  initial  twist  of  small  amplitude,  from  a  position  of  e«{ai- 
librium.  The  body  also  receives  an  initial  twisting  motion,  with  a  aniall 
twist  velocity,  and  is  then  abandoned  to  the  influence  of  the  forces.  It  is* 
re<{uired  to  ascertain  the  nature  of  its  subsequent  movements. 

Let  T  represent  the  kinetic  energy  of  the  body,  in  the  position  of  which 
the  co-ordinates,  referred  to  the  principal  screws  of  inertia,  are  tf,', ...  tf.' 
Then  we  have  (§  97):— 


^-''[-i1:)-*--<1:y\ 


while  the  potential  energy  which,  as  before,  we  denote  by  K,  is  an  h«MiH^ 
geneous  function  of  the  second  order  of  the  quantities  9,', ...  $^'. 

By  the  use  of  Lagrange's  method  of  generalized  co-ordinates  we  an- 
enable<l  t4>  write  down  at  once  the  n  e<{uations  of  motion  in  the  form : — 


(S 


dt 

SubHtitutiiig  for  T  we  have : — 

iMu:  '^■'  -  Z  -  0. 

with  (fi-1)  similar  e({uations.     Finally,  introducing  the  expreasioo  fcr       r 
(|  100),  we  obtain  it  linear  diflferential  ec{uations  of  the  second  order. 

The  e({uation8  which  we  requin^  can  be  otherwise  deroonstrmted  as  Uk^wa 
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Suppose  the  body  to  be  in  motion  under  the  influence  of  the  forces,  and  that 
at  any  epoch  t  the  co-ordinates  of  the  twisting  motion  are 

d0i  ddn 

di""*  df"" 

when  referred  to  the  principal  screws  of  inertia.  Let  ?i", ...  ?n"  be  the 
co-ordinates  of  a  wrench  which,  had  it  acted  upon  the  body  at  rest  for  the 
small  time  e,  would  have  communicated  to  the  body  a  twisting  motion 
identical  with  that  which  the  body  actually  has  at  the  epoch  t  The 
co-ordinates  of  the  impulsive  wrench  which  would,  in  the  time  e,  have  pro- 
duced from  rest  the  motion  which  the  body  actually  has  at  the  epoch  t-{-e, 
are: 

^'    ^^   dt    '"  ^"^    ^        dt    ' 

On  the  other  hand,  the  motion  at  the  epoch  t'\-e  may  be  considered  to 
arise  from  the  influence  of  the  wrench  f /', . . .  f  „"  for  the  time  e,  followed  by 
the  influence  of  the  evoked  wrench  for  the  time  e.  The  final  effect  of  the 
two  wrenches  must,  by  the  second  law  of  motion,  be  the  same  as  if  they 
acted  simultaneously  for  the  time  e  upon  the  body  initially  at  rest. 

The  co-ordinates  of  the  evoked  wrench  being : 

I   dV  J_dV 

'^2p,der  '"^2pnd0n'' 

we  therefore  have  the  equation : — 

*,// ,  ^d?/'_*,,/ ,    1    dV 
^'  "^"^  dt  '^'   ^~2p,Wr 
or 

dX^_,    1    dV 
^  dt  '"^ip.dSr 

and  n  —  1  similar  equations ;  but  we  see  from  §  97  that 

X)ifrerentiatiug  this  equation  with  respect  to  the  time,  and  regarding  e  as 
oonstant,  we  have 


>whence 


the  same  equation  as  that  already  found  by  Lagrange's  method. 

a  7 


.-^..^AUMAiAMikrill 


^\0b 


^}i^xf^  if  toe.                        f>0*^- 

,  >(«.'/•  <«•  „(  the  >»  *^*** 

.vneA^y                y,(A«**'  toe..  8^-          .,^V>-0'            . 

••""  .   LOT-*** 
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106.     DisouMion  of  the  Results. 

For  the  position  of  the  body  before  its  displacement  to  have  been  one  of 
stable  equilibrium,  it  is  manifest  that  the  co-ordinates  must  not  increase 
indefinitely  with  the  time,  and  therefore  all  the  values  of  s*  must  be  essen- 
tially positive,  since  otherwise  the  values  of  0( ,  ...  On  would  contain  expo- 
nential terms. 

The  2n  arbitrary  constants  are  to  be  determined  by  the  initial  circum- 
stances. The  initial  displacement  is  to  be  resolved  into  n  twists  about  the  n 
screws  of  reference  (§  95).  This  will  provide  n  equations,  by  making  <  =  0, 
and  substituting  (or  0i\...0n,  in  the  equations  just  mentioned,  the  amplitudes 
of  the  initial  twists.  The  initial  twisting  motion  is  also  to  be  resolved  into 
twisting  motions  about  the  n  screws  of  reference.     The  twist  velocities  of 

these  components  will  be  the  values  of   ~  ,  . . . ,  -^^  ,  when  ^  =  0 ;  whence 

we  have  n  more  equations  to  complete  the  determination  of  the  arbitrary 
constants. 

If  the  initial  circumstances  be  such  that  the  constants  H.^,  ....  Hn  are  all 
55ero,  then  the  equations  assume  a  simple  form  : 


On  =/inJJi  sin  (s,t  +  c). 

The  interpretation  of  this  result  is  very  remarkable.  We  see  that  the 
oo-ordinates  of  the  body  are  always  proportional  to /„,  ...,fin\  hence  the 
l)ody  can  always  be  brought  from  the  initial  position  to  the  position  at  any 
t^ime  by  twisting  it  about  that  screw,  whose  co-ordinates  are  proportional  to 
11.  •••i/in;  but,  as  we  have  already  pointed  out,  the  screw  thus  defined  is 
^  harmonic  screw,  and  hence  we  have  the  following  theorem : — 

If  a  rigid  body  occupy  a  position  of  stable  equilibrium  under  the 
influence  of  a  conservative  system  of  forces,  then  n  harmonic  screws  can  be 
selected  from  the  screw  system  of  the  nth  order,  which  defines  the  freedom 
of  the  body,  and  if  the  body  be  displaced  from  its  position  of  equilibrium 
1>y  a  twist  about  a  harmonic  screw,  and  if  it  also  receive  any  small  initial 
twist  velocity  about  the  same  screw,  then  the  body  will  continue  to 
perform  twist  oscillations  about  that  harmonic  screw,  and  the  amplitude  of 
the  twist  will  be  always  equal  to  the  arc  of  a  certain  circular  pendulum, 
which  has  an  appropriate  length,  and  was  appropriately  started. 

The  integrals  in  their  general  form  prove  the  following  theorem : — 

A  rigid  body  is  slightly  displaced  by  a  twist  from  a  position  of  stable 
equilibriuni  under  the  influence  of  a  system  of  forces,  and  the  body  receives 


100  THE  THEORY   OF  SCREWS.  [106-109 

a  small  initial  twisting  motion.  The  twist,  and  the  twisting  motion,  may 
each  be  resolved  into  their  components  on  the  it  harmonic  screws :  n  circuUr 
pendulums  are  to  be  constructed,  each  of  which  is  isochronous  with  one  of 
the  harmonic  screw&  All  these  pendulums  are  to  be  started  at  the  same 
instant  as  the  rigid  body,  each  with  an  arc,  and  an  angular  velocity  e«|ual 
re8i>ectively  to  the  initial  amplitude  of  the  twist,  and  to  the  twist  velocity, 
which  have  been  assigned  to  the  corresponding  harmonic  screw.  To 
ascertain  where  the  body  would  be  at  any  future  epoch,  it  will  only  bi* 
necessary  to  calculate  the  arcs  of  the  n  pendulums  for  that  epoch,  and  then 
give  the  body  twists  from  its  position  of  equilibrium  about  the  harroooir 
screws,  whose  amplitudes  are  equal  to  these  arcs. 

107.    Remark  on  Harmonic  Screws. 

We  may  to  a  certain  extent  see  the  actual  reason  why  the  body,  when 
once  oscillating  upon  a  harmonic  screw,  will  never  depart  therefri>m.  The 
body,  when  displaced  from  the  position  of  equilibrium  by  a  twist  upon  a 
harmonic  screw  0,  and  then  released,  is  acted  upon  by  the  wrench  upon  a 
certain  screw  17,  which  is  evoked  by  the  twist.  But  the  actual  effect  of  an 
impulsive  wrench  on  17  would  be  to  make  the  body  twist  about  the  hannooic 
screw  (§  104),  and  as  the  continued  action  of  the  wrench  on  iy  is  iodi»- 
tinguishable  from  an  infinite  succession  of  infinitely  small  impalaes,  we  can 
find  in  the  inHuence  of  the  forces  no  cause  ade({uate  to  change  the  motioo 
of  the  body  from  twisting  about  the  harmonic  screw  0, 
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108.  Introduction. 

In  the  present  chapter  we  shall  apply  the  principles  developed  in  the 
preceding  chapters  to  study  the  Statics  and  Dynamics  of  a  rigid  body 
which  has  freedom  of  the  first  order.  Ensuing  chapters  will  be  similarly 
devoted  to  the  other  orders  of  freedom.  We  shall  in  each  chapter  first 
ascertain  what  can  be  learned  as  to  the  kinematics  of  a  rigid  body,  so  far  as 
small  displacements  are  concerned,  from  merely  knowing  the  order  of  the 
freedom  which  is  permitted  by  the  constraints.  This  will  conduct  us  to  a 
knowledge  of  the  special  screw  system  which  defines  the  freedom  enjoyed  by 
the  body.  We  shall  then  be  enabled  to  determine  the  reciprocal  screw 
system,  which  involves  the  theory  of  equilibrium.  The  next  group  of 
questions  will  be  those  which  relate  to  the  effect  of  an  impulse  upon  a 
quiescent  rigid  body,  free  to  twist  about  any  screw  of  the  screw  system. 
Finally,  we  shall  discuss  the  small  oscillations  of  a  rigid  body  in  the  vicinity 
of  a  position  of  stable  equilibrium,  under  the  influence  of  a  given  system  of 
forces,  the  movements  of  the  body  being  limited  as  before  to  the  screws  of 
the  screw  system. 

109.  Screw  System  of  the  First  Order. 

A  body  which  has  freedom  of  the  first  order  can  execute  no  movement 
which  is  not  a  twist  about  one  definite  screw.  The  position  of  a  body  so 
circumstanced  is  to  be  specified  by  a  single  datum,  viz.,  the  amplitude  of  the 
twist  about  the  given  screw,  by  which  the  body  can  be  brought  from  a 
standard  position  to  any  other  position  which  it  is  capable  of  attaining.  As 
examples  of  a  body  which  has  freedom  of  the  first  order,  we  may  refer  to  the 
case  of  a  body  free  to  rotate  about  a  fixed  axis,  but  not  to  slide  along  it,  or 
of  a  body  free  to  slide  along  a  fixed  axis,  but  not  to  rotate  around  it.  In 
the  former  case  the  screw  system  consists  of  one  screw,  whose  pitch  is  zero ; 
in  the  latter  case  the  screw  system  consists  of  one  screw,  whose  pitch  is 
infinite. 


L. 
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110.    The  Reciprocal  Screw  Bsntem. 

The  integer  which  denotes  the  order  of  a  Hcrcw  syHteni,  and  the  inU^^r 
which  denotes  the  order  of  the  recipnxMil  screw  system,  will,  in  all  cam*)*, 
have  the  number  six  for  their  sum  (§  72).  Hence  a  screw  system  of  the 
first  order  will  have  as  its  reciprocal  a  screw  system  of  the  fifth  order. 

For  a  screw  6  to  belong  to  a  screw  system  of  the  fifth  order,  the  Dfsccwary 
and  sntiicient  condition  is,  that  0  be  reciprocal  to  one  given  screw  a.  Thi.«« 
condition  is  expressed  in  the  usual  form : — 

(jt).  + /)#)  cos  0  —  d,^  sin  0  =  0, 

where  0  is  the  angle,  and  d^  the  perpendicular  distance  between  the  ««rew? 
0  and  a. 

We  can  now  show  that  every  stmight  line  in  space,  when  it  receives  an 
appropriate  pitch,  constitutes  a  screw  of  a  given  screw  system  of  the  fifth 
order.  For  the  straight  line  and  a  being  given,  d^  and  0  are  dcicrmined, 
and  hence  the  pitch  p$  can  be  detennined  by  the  linear  oqoatioD  just 
written. 

Consider  next  a  point  A,  and  the  screw  a.  Every  straight  line  through 
A,  when  furnished  with  the  proper  pitch,  will  be  reciprocal  to  a  Since  the 
number  of  lines  through  A  is  doubly  infinite,  it  follows  that  a  singly  infinite 
number  of  screws  of  given  pitch  can  be  drawn  through  il,  so  as  to  be 
reciprocal  to  ou  We  shall  now  prove  that  all  the  screws  of  ik€  mime  piUk 
which  pass  through  A,  and  are  reciprocal  to  a,  lie  in  a  platie.  This  we  shall 
first  show  to  be  the  case  for  all  the  screws  of  zero  pitch*,  and  then  we  shall 
deduce  the  more  general  theorem. 

By  a  twist  of  small  amplitude  about  a  the  point  A  is  moved  to  an  adja* 
cent  point  B.  To  effect  this  movement  agiunst  a  force  at  A  which  ii»  per- 
pendicular to  ^Z^,  no  work  will  be  required;  hence  every  line  Uirough  A, 
perpendicular  to  iiZ^,  may  be  regarded  as  a  screw  of  zero  pitch,  reciprucal 

to    CL 

We  must  now  enunciate  a  principle  which  applies  to  a  screw  syiiU*in  of 
any  onier.  We  have  already  referred  to  it  with  respect  to  the  cylindruiii 
(§  IH).  If  all  the  screws  of  a  screw  system  be  modified  by  the  additioo  of 
the  same  linear  magnitude  (positive  or  negative)  to  the  pitch  of  ever}*  scrvw. 
then  the  collection  of  screws  thus  modified  still  fonn  a  screw  sysleoi  i4  Ibe 
wune  order.  The  proof  ih  obvious,  for  sinci*  the  virtual  co-efBcienI  depewls 
on  the  SHtn  of  the  pitches,  it  follows  that,  if  all  the  pitches  of  a  system  be 


*  Thu  iheumu  in  duo  to  MobiuN,  who  has  ahown,  Ihai,  if  niiall  roUlk>i»  abool  lU 
oeatrmliie,  and  if  five  of  the  axe»  U*  given,  and  a  point  on  the  iiixth  axia,  tlwo  Um  wixlk  aiu  m 
limited  to  a  plane.  (**  Ueber  die  ZuiiamroenaeUang  um^ndUeh  kleincr  Drehoafwi/*  OrUr'* 
J«Mirit«j|,  t.  iviii..  pp.  1H<I  -'ilS.)     (Ikriin,   183H.) 
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increased  by  a  certain  quantity,  and  ail  the  pitches  of  the  reciprocal  system 
be  diminished  by  the  same  quantity,  then  all  the  first  set  of  screws  thus 
modified  ai*e  reciprocal  to  all  the  second  group  as  modified.  Hence,  since  a 
screw-system  of  the  nth  order  consists  of  all  the  screws  reciprocal  to  6  —  n 
screws,  it  follows  that  the  modified  set  must  still  be  a  screw  system. 

We  shall  now  apply  this  principle  to  prove  that  all  the  screws  \  of  ant/ 
given  pitch  k,  which  can  be  drawn  through  -4,  to  be  reciprocal  to  a,  lie  in  a 
plane.  Take  a  screw  i;,  of  pitch  p.  +  k,  on  the  same  line  as  a,  then  we  have 
just  shown  that  all  the  screws  fi,  of  zero  pitch,  which  can  be  drawn  through 
the  point  ^,  so  as  to  be  reciprocal  to  17,  lie  in  a  plane.  Since  fi  and  17  are 
reciprocal,  the  screws  on  the  same  straight  lines  as  fi  and  17  will  be  reciprocal, 
provided  the  sum  of  their  pitches  is  the  pitch  of  17 ;  therefore,  a  screw  X,  of 
pitch  k,  on  the  same  straight  line  as  fi,  will  be  reciprocal  to  the  screw  a,  of 
pitch  /)« ;  but  all  the  lines  fi  lie  in  a  plane,  therefore  all  the  screws  \  lie  in 
the  same  plane. 

Conversely,  given  a  plane  and  a  pitch  k,  a  point  A  can  be  determined 
in  that  plane,  such  that  all  the  screws  drawn  through  A  in  the  plane,  and 
possessing  the  pitch  k,  are  reciprocal  to  a.  To  each  pitch  ^i.  A:,,...,  will 
correspond  a  point  Ai,  A^...\  and  it  is  worthy  of  remark,  that  all  the  points 
Ai,  A^  must  lie  on  a  right  line  which  intersects  a  at  right  angles;  for  join 
Ai,  Ai,  then  a  screw  on  the  line  AiA^,  which  has  for  pitch  either  Atj  or  k.^, 
must  be  reciprocal  to  a;  but  this  is  impossible  unless  A1A2  intersect  a  at 
a  right  angle. 

111.    EquUibrium. 

If  a  body  which  has  freedom  of  the  first  order  be  in  equilibrium,  then 
the  necessary  and  sufficient  condition  is,  that  the  forces  which  act  upon  the 
body  shall  constitute  a  wrench  on  a  screw  of  the  screw  system  of  the  fifth 
order,  which  is  reciprocal  to  the  screw  which  defines  the  freedom.  We  thus 
see  that  every  straight  line  in  space  may  be  the  residence  of  a  screw,  a 
wrench  on  which  is  consistent  with  the  equilibrium  of  the  body. 

If  two  wrenches  act  upon  the  body,  then  the  condition  of  equilibrium  is, 
that,  when  the  two  wrenches  are  compounded  by  the  aid  of  a  cylindroid, 
the  single  wrench  which  replaces  them  shall  lie  upon  that  one  screw  of  the 
cylindroid,  which  is  reciprocal  to  a  (§  26). 

We  can  express  with  great  facility,  by  the  aid  of  screw  co-ordinates,  the 
condition  that  wrenches  of  intensities  0",  <f>\  on  two  screws  0,  <^,  shall 
equilibrate,  when  applied  to  a  body  only  free  to  twist  about  a. 

Adopting  any  six  co-reciprocals  as  screws  of  reference,  and  resolving  each 
of  the  wrenches  on  0  and  <f>  into  its  six  components  on  the  six  screws  of 
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reference,  we  nhall  have  for  the  intensity  of  the  component  of  the  resultaiit 
wrench  on  w^ — 

Hence  the  co-ordinates  of  the  resultant  wrench  are  proportional  to 

u0i  +  ^'  ^, . . .  0'ug  +  ^  '^. 
For  ec{uilibriuni  this  screw  must  be  reciprocal  to  a,  whence  we  have 
/ha,  {0"e,  +  f '^)  +  . . .  +  p^  {0"0.  +  *"^)  -  U, 

or,  ff'ma  +  ^"v.4  =  0. 

This  equation  merely  expresses  that  the  sum  of  the  workii  done  in  a 
small  twist  about  a  against  the  wrenches  on  0  and  ^  is  zero. 

We  also  perceive  that  a  given  wrench  may  be  always  replaced  by  a 
wrench  of  appropriate  intensity  on  any  other  screw,  in  so  fiu*  as  the  effect 
on  a  body  only  free  to  twist  about  a  is  concerned. 

It  may  not  be  out  of  place  to  notice  the  analog}'  which  the  equation  just 
written  bears  to  the  simple  problem  of  the  determination  of  the  conditiuti 
that  two  forces  should  be  unable  to  disturb  the  e<|uilibrium  of  a  partick 
only  free  to  move  on  a  straight  line.  If  P,  Q  be  the  two  forces,  and  if  /.  w 
be  the  angles  which  the  forces  make  with  the  direction  in  which  the  pariicit* 
can  move,  then  the  condition  is — 

P  cos  1  +  Q  cos  in  =  0. 

This  suggests  an  analogy  between  the  virtual  co-efficient  of  two  screwN 
and  the  cosine  of  the  angle  between  two  lines. 

112.  Particiilar  Oaae. 

If  a  Ixxly  having  freedom  of  the  first  order  be  in  iH|uilibrinm  under  tin* 
action  of  gravity,  then  the  vertical  through  the  centre  of  inertia  must  lit? 
in  the  plane  of  reciprocal  screws  of  zero  pitch,  drawn  through  the  centre 
of  inertia. 

113.  ImpolsiTe  Foro«t. 

If  an  impulsive  wrench  of  intensity  tj'"  act  on  the  screw  ^,  while  the 
body  is  only  pennitted  to  twist  about  a,  then  we  have  seen  in  §  90  how  the 
twist  velocity  pru<luced  can  be  found  We  shall  now  determine  the  impuba%*r 
rtMiction  of  the  ctmstraints.  This  reaction  must  be  an  impulsive  wrench  ul 
intensity  X'"  on  a  screw  \,  which  is  reciprocal  to  a.  The  determiuatiuo  of  X 
may  be  effecte<l  jjeometrically  in  the  following  manner: — Let  /a  be  the  sct^w, 
an  impulsive  wn^ich  on  which  would,  if  the  Ixxly  were  perfectly  ftee^  cmuac 
an  instantaniMMis  twi.sting  motion  about  a  (§  80).     Draw  the  cylindroid  (^,  ^i 
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Then  X  must  be  that  screw  on  the  cylindroid  which  is  reciprocal  to  a,  for  a 
wrench  on  \,  and  the  given  wrench  on  17,  must  compound  into  a  wrench  on  fi, 
whence  the  three  screws  must  be  co-cylindroidal*;  also  \  must  be  recipi*ocal 
to  a,  so  that  its  position  on  the  cylindroid  is  known  (§  2G).  Finally,  as  the 
impulsive  intensity  tf*"  is  giveu,  and  as  the  three  screws  rj,  \  fi  are  all 
known,  the  impulsive  intensity  X'"  becomes  determined  (§  14). 

114.    Small  Oicillationi. 

We  shall  now  suppose  that  a  rigid  body  which  has  freedom  of  the  first 
order  occupies  a  position  of  stable  equilibrium  under  the  influence  of  a 
system  of  forces.  If  the  body  be  displaced  by  a  small  twist  about  the  screw 
a  which  prescribes  the  freedom,  and  if  it  further  receive  a  small  initial  twist 
velocity  about  the  same  screw,  the  body  will  continue  to  perform  small 
twist  oscillations  about  the  screw  a.  We  propose  to  determine  the  time 
of  an  oscillation. 

The  kinetic  energy  of  the  body,  when  animated  by  a  twist  velocity  -j 

is  MuJ  (-»T  )  (§  S9)'     The  potential  energy  due  to  the  position  attained  by 

giving  the  body  a  twist  of  amplitude  a'  away  from  its  position  of  equili- 
brium, is  Fvja!^  (§  102).  But  the  sum  of  the  potential  and  kinetic  energies 
must  be  constant,  whence 

Differentiating  we  have 
Integrating  this  equation  we  have 


2ir 


where  A  and  B  are  arbitrary  constants.     The  time  of  one  oscillation  is 

therefore 

u.     /M 

V.V  F' 

Regarding  the  rigid  body  and  the  forces  as  given,  and  comparing 
inter  se  the  periods  about  diff*erent  screws  a,  on  which  the  body  might  have 
been  constrained  to  twist,  we  see  from  the  result  just  arrived  at  that  the 

time  for  each  screw  a  is  proportional  to    *. 

*  We  shall  often  for  eonvenienoe  speak  of  three  screws  on  the  same  cylindroid  as  co'CyUndroidal, 
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116.    Property  of  Harmonio  8or«wt. 

Aja  the  time  of  vibration  ia  aflfcctcd  by  the  ponition  of  the  screw  Ui  which 
the  motion  is  limited,  it  becomes  of  interest  to  consider  how  a  screw  is  u» 
be  chosen  so  that  the  time  of  vibration  shall  be  a  maximum  or  minimum. 
With  slightly  increased  generality  we  may  state  the  problem  as  follows: 

Given  the  potential  for  every  position  in  the  neighbourhood  of  a  poMtuiti 
of  stable  equilibrium,  it  is  re({uired  to  select  from  a  given  screw  sy-sU^m 
the  screw  or  screws  on  which,  if  the  body  be  constrained  to  twist,  the  tinu^ 
of  vibration  will  be  a  maximum  or  minimum,  relatively  to  the  time  of 
vibration  on  the  neighbouring  screws  of  the  same  screw  system. 

Take  the  n  principal  screws  of  inertia  belonging  to  the  screw  it}*ici<*m. 
as  screws  of  reference,  then  we  have  to  determine  the  n  co-onlinates  of  a 

screw  a  by  the  condition  that  the  function        shall  be  a  maximum  or  a 

minimum. 

Introducing  the  value  of  a,  (§  97),  and  of  r,  (§  102),  in  terms  of  the 
oo-4mlinates,  we  have  to  detennine  the  maximum  and  minimum  of  ibt- 
function 

^,ia,*-f  ...  -f  AnnCLn  "f  2/1 ,3^,0, -f" i^lua.a, -f  ...  ^ 

tt,'a,-  +  . . .  -f  M^'ou'  ^ 

Multiplying  this  ei{uation  by  the  denominator  of  the  lefl-bmnd  sidt\ 
differentiating  with  res])t*ct  to  each  co-ordinate  successively,  and  observing 
that  the  differential  coefficients  of  x  must  be  zero,  we  have  the  n  equations: — 

&c.,  &c. 
il«,a,  +  A,^, ...  4  (^H»  -  'U'x)  a„  =  0. 

We  hence  see  that  there  are  n  screws  belonging  to  each  screw  of  iht* 
nth  order  on  which  the  time  of  vibration  is  a  maximum  or  minimum,  and  by 
comparison  with  §  104  we  deduce  the  interesting  result  that  these  fi  screwm 
are  also  the  harmonic  screws. 

Taking  the  screw  system  of  the  sixth  onler,  which  of  course  incliKk» 
every  screw  in  space,  we  tuva  that  if  the  lio<ly  U*  penuitted  to  twist  abuQl^ 
one  of  the  six  harmonic  screws  the  time  of  vibration  will  be  a  uiaximi 
or  minimum,  as  compared  with  the  time  of  vibration  on  any  adjacent  scnrw. 

If  the  six  hannonic  screws  were  taken  as  the  screws  of  reference, 
II.'  and  9/  would  each  consist  of  the  sum  of  six  scpiare  tenns  (§|  89,  102X     W  € 
the  coefficients  in  these  two  expn*ssions  were  projiortional,  so  that  ««*  ^mft^r 
differed  from  r«*  by  a  numerical  factor,  we  should  then  find  that  every  screv 
in  s|iare  was  an  harmonic  screw,  and  that  the  times   of  vibratioos  abu«l 
all  these  screws  were  t*<|ual. 
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116.  The  Screw  Syitem  of  the  Second  Order. 

When  a  rigid  body  is  capable  of  being  twisted  about  two  screws  0  and 
^,  it  is  capable  of  being  twisted  about  every  screw  on  the  cylindroid  {0,  <f>) 
(§  14).  If  it  also  appear  that  the  body  cannot  be  twisted  about  any  screw 
which  does  not  lie  on  the  cylindroid,  then  as  we  know  the  body  has  freedom 
of  the  second  order,  and  the  cylindroid  is  the  screw  system  of  the  second 
order  by  which  the  freedom  is  defined  (§  219). 

Eight  numerical  data  are  required  for  determination  of  a  cylindroid  (§  75). 
We  must  have  four  for  the  specification  of  the  nodal  line,  two  more  are 
required  to  define  the  extreme  points  in  which  the  surface  cuts  the  nodal 
line,  one  to  assign  the  direction  of  one  generator,  and  one  to  give  the  pitch 
of  one  screw,  or  the  eccentricity  of  the  pitch  conic. 

Although  only  eight  constants  are  reqiiired  to  define  the  cylindroid,  yet 
ten  constants  must  be  used  in  defining  two  screws  0,  <f>,  from  which  the 
cylindroid  could  be  constructed.  The  ten  constants  not  only  define  the 
cylindroid,  but  also  point  out  two  special  screws  upon  the  surfieuK)  (§  77). 

117.  Applicatiom  of  Screw  Co-ordinatei. 

We  have  shown  (§  40)  that  if  a,  13  be  the  two  screws  of  a  cylindroid, 
which  intersect  at  right  angles,  then  the  co-ordinates  of  any  screw  0,  which 
makes  an  angle  I  with  the  screw  a,  are : 

a,  cos  i  +  ^j  sin  /, . . .  a«  cos  /  -f-  A  sin  /, 

reference  being  made  as  usual  to  any  set  of  six  co-reciprocals. 

In  addition  to  the  examples  of  the  use  of  these  co-ordinates  already 
given  (§  40),  we  may  apply  them  to  the  determination  of  that  single  screw 
0  upon  the  cylindroid  (a,  ^),  which  is  reciprocal  to  a  given  screw  i;. 
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From  the  conditiou  of  reciprocity  we  must  have : 

p,i7,  (tti  cos  {  +  /9i  tfin  /)  +  ...  +  jOgiyg  (a«  cos  /  +  /9.  siii  /) «  0. 
or,  v.,  cos  I  •¥  v^,  sin  {  »  0. 

F*roni  this  tau  I  is  deduced,  oiid  therefore  the  screw  0  becomes  known 
(§20). 

In  general  if  v^  be  the  virtual  coefiicient  of  antf  screw  17  and  a  Mrr^w  $ 
on  the  cylindn)id,  we  have 

m^  =»  m^  C08  /  +  v^  sin  I ; 

whence  if  on  each  screw  0  a  distance  be  set  oflf  from  the  nodal  line  ei|ual  i4» 
the  virtual  coefficient  between  17  and  0,  the  (>oints  thus  found  will  lie  on 
a  right  circular  cylinder,  of  which  the  equation  is; 

a:"  +  y*  =  tar^x  +  tar^. 

Thus  the  screw  which  has  the  gi*eatcst  virtual  coefficient  with  ^  t^  at 
right  angles  to  the  scrrew  reciprociil  to  1;,  and  in  general  two  screws  can  W 
found  upon  the  cylindroid  which  have  a  given  virtual  coefficient  with  any 
given  external  screw. 

118.  Relation  between  Two  Oylindroids. 

We  may  here  notice  a  curious  reciprocal  relation  between  two  cylindronl^. 
which  is  manifested  when  one  condition  is  satisfied.  If  a  screw  can  be  lotind 
on  one  cylindroid,  which  is  reciprocal  to  a  second  cylindroid,  then  convermfly 
a  screw  can  be  found  on  the  latter,  which  is  reciprocal  to  the  former.  Let 
the  cylindroids  be  (a,  /9),  and  ( X,  /i).  If  a  screw  can  be  found  on  the  former, 
which  is  reciprocal  to  the  latter,  then  we  have : 

p,X, (a,  cos  /  4-  A  sin  /)  -»-  ...  4- /)»X«(aM  cos  i  +  /S^  sin  t) «  0. 
/H/i, («,  COS  /  +  /9|  sin  0  +  ...  +  Pn^ni^n  COS  /  +  /9,» sin  () « <^. 
Whence  eliminating  I,  we  find : — 

As  this  relation  is  synimethciil  with  regard  to  the  two  cylindmids,  tibe 
theorem  has  been  proved. 

119.  Oo^ordinatee  of  Three  Screws  on  a  Oylindrold. 

Thi»  co-onlinat4»s  of  thret*  screws  u|M»n  a  cylintln>id  an»  c«»nnect«*<i  b}  ^>ar 
inde|M»ndent  n^lations.  In  fact,  two  screws  dt^fine  the  cylimlruid,  awl  tk* 
thinl  sc*n*w  niiutt  then  satisfy  four  e<|uationH  of  the  form  (|  SOV  Tbew 
relatitins  (tin  U?  expn«m*d  most  symmetrically  in  the  form  of  tax  ei|iu(ioii». 
which  alfio  involvi*  three  other  (|uantities. 
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Let  X,  /[A,  1/  be  three  screws  upon  a  cylindroid,  and  let  A,  J5,  C  denote  the 
angles  between  fi  v,  between  v  X,  and  between  \  fi,  respectively.  If  wrenches 
of  intensities  X",  fi\  p\  on  X,  /i,  v,  respectively,  are  in  equilibrium,  we  must 
have  (§  14): — 


sin  A     sin  B     sin  C 

But  we  have  also  as  a  necessary  condition  that  if  each  wrench  be  resolved 
into  six  component  wrenches  on  six  screws  of  reference,  the  sum  of  the 
intensities  of  the  three  components  on  each  screw  of  reference  is  zero; 
whence 

Xi  sin  ^  +  /ii  sin  £  +  Vx  sin  (7  =  0, 


X«  sin  il  +  /ig  sin  -B  +  v^  sin  (7=0. 

From  these  equations  we  deduce  the  following  corollaries : — 

The  screw  of  which  the  co-ordinates  are  proportional  to  aXi  +  6/ii,... 
aX«  +  fc/Ag,  lies  on  the  cylindroid  (X,  /Lt),  and  makes  angles  with  the  screws 
X,  /A,  of  which  the  sines  are  inversely  proportional  to  a  and  6. 

The  two  screws,  of  which  the  co-ordinates  are  proportional  to 

aXi  ±  6/ii, ...  aXe  ±  6/i8, 

and  the  two  screws  X,  ^i  are  respectively  parallel  to  the  four  rays  of  a  plane 
harmonic  pencil. 

120.    8or«wt  on  One  Line. 

There  is  one  case  in  which  a  body  has  freedom  of  the  second  order  that 
demands  special  attention.  Suppose  the  two  given  screws  0,  ^,  about  which 
the  body  can  be  twisted,  happen  to  lie  on  the  same  straight  line,  then  the 
cylindroid  becomes  illusory.  If  the  amplitudes  of  the  two  twists  be  ff,  if/, 
then  the  body  will  have  received  a  rotation  0"  +  (f>\  accompanied  by  a  trans- 
lation 0'p$  +  ^'p^.  This  movement  is  really  identical  with  a  twist  on  a 
screw  of  which  the  pitch  is : 

^  +  0'     • 

Since  O',  if/  may  have  any  ratio,  we  see  that,  under  these  circumstances,  the 
screw  system  which  defines  the  freedom  consists  of  all  the  screws  with 
pitches  ranging  from  —  oo  to  +  oo ,  which  lie  along  the  given  line.  It 
follows  (§  47),  that  the  co-ordinates  of  all  the  screws  about  which  the 
body  can  be  twisted  are  to  be  found  by  giving  x  all  the  values  from 
-  QO  to  +  00  in  the  expressions : 

^       X  dR       ^       X  dR 
in  which  R  =  i0,  +  0,y  +  (d,  +  0,y  +  (0,  +  0,y. 
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m.    Displao«m«nt  of  a  Point. 

Let  P  bo  a  point,  and  let  a,  ff  he  any  two  screwH  upon  a  cylindroid.  If 
a  body  to  which  P  i»  attache<l  receive  a  Hmall  twi»t  about  a,  the  point  P  wtll 
b(*  moved  to  I**.  If  the  btniy  receive  a  Htnall  twist  about  /9.  tht*  point  /* 
would  be  moved  to  P".  Then  whatever  be  the  nerew  y  on  the  cyiimina*! 
about  which  the  body  hi*  twisted,  the  point  P  will  ntill  be  dinplarcHl  in  tht* 
plane  PFP^, 

For  the  twist  about  7  can  be  resolvinl  into  two  twistii  about  a  and  /},  aii«l 
then*f(ire  every  displacement  of  P  must  be  capable  of  hiiiuf^  res4>lve«l  along 
PP'  and  Pr\ 

ThuA  through  every  point  P  in  space  a  plane  can  be  drawn  to  which  the 
small  movements  (»f  P,  arising  from  twists  about  the  scn*w9  on  a  given 
cylindroid  an>  conftniHl  The  simplest  construction  for  this  plane  is  as 
fi>llows: — Draw  through  the  point  P  two  planes,  eaf*li  containing  one  of  the 
screws  of  sEcro  pitch;  the  intersection  of  these  planes  is  noniial  Ui  the 
required  plane  through  P. 


The  construction  just  given  would  fiiil  if  P  lay  upon  one  of  the 
of  zero  pitch.  The  movements  of  P  must  then  be  limited,  not  to  a  plane, 
but  to  a  line.  The  line  is  found  by  drawing  a  nonnal  to  the  plane  pansini^ 
through  P,  and  through  the  other  screw  of  asero  pitch. 

Wo  thus  have  the  following  curious  property  due  to  M.  Mannheim*,  tijl, 
that  a  point  in  the  rigid  body  on  the  lino  of  zero  pitch  will  commence  to 
move  in  the  same  direction  whatever  bo  the  screw  on  the  cylindroid  about 
which  the  twist  is  imparted. 

This  easily  appears  otherwise.  Appropriate  twists  about  any  two  iicrevi^ 
or  and  0,  can  compound  into  a  twist  about  the  screw  of  zero  pitch  X,  but  the 
twist  about  X  cannot  disturb  a  point  on  X.  Then>forc  a  twist  about  fi  must 
be  capable  of  moving  a  point  originally  on  X  back  to  its  pomtion  beibrr  it 
was  disturbed  by  a.  Therefore  the  twists  about  fi  and  or  must  move  tkr 
point  in  the  same  dinn^tion. 

122.    Propwti—  of  tho  PItoli  Ctoaio. 

Since  the  pitch  of  a  scn*w  on  a  cylindroid  is  propoKional  to  the  invtimr 
M|uare  of  the  parallel  dianietiT  of  the  pitch  conic  (§  18).  the  asymptctii'* 
must  be  pandlel  U>  the  screws  of  zero  pitch ;  also  since*  a  pair  of  reciprocal 
scn*ws  an»  |iarallel  to  a  pair  of  conjugate  diameters  (§40),  it  follows  that 
the  two  iirn*ws  of  zero  pitch,  an<i  any  pair  of  reciprocal  scrt^ws,  are  pandlel 
t4i  tht*  rays  of  an  hannonic  [M>ncil.     If  the  pitch  conic  bi*  an  ellipse,  thrrt 
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are  do  real  screws  of  zero  pitch.  If  the  pitch  conic  be  a  parabola,  there  is 
but  one  screw  of  zero  pitch,  and  this  must  be  one  of  the  two  screws  which 
intersect  at  right  angles. 

123.     Equilibrium  of  a  Body  with  Freedom  of  the  Second  Order. 

We  shall  now  consider  more  fully  the  conditions  under  which  a  body 
which  has  freedom  of  the  second  order  is  in  equilibrium.  The  necessary 
and  sufficient  condition  is,  that  the  forces  which  act  upon  the  body  shall 
constitute  a  wrench  upon  a  screw  which  is  reciprocal  to  the  cylindroid  which 
defines  the  freedom  of  the  body. 

It  has  been  shown  (§  23),  that  the  screws  which  are  reciprocal  to  a  cylin- 
droid exist  in  such  profusion,  that  through  every  point  in  space  a  cone  of 
the  second  order  can  be  drawn,  of  which  the  entire  superficies  is  made  up  of 
such  screws.  We  shall  now  examine  the  distribution  of  pitch  upon  such  a 
cone. 

The  pitch  of  each  reciprocal  screw  is  equal  in  magnitude,  and  opposite  in 
sign,  to  the  pitches  of  the  two  screws  of  equal  pitch,  in  which  it  intersects  the 
cylindroid  (§  22).  Now,  the  greatest  and  least  pitches  of  the  screws  on  the 
cylindroid  are  pa  and  p^  (§  18).  For  the  quantity  p.  cos'Z  +p^  sin'  I  is  always 
intermediate  between  p.cos'Z +/)«8in'Z  and  p^  cos'Z  4-|>^sin'Z.  Hence  it 
follows  that  the  generators  of  the  cone  which  meet  the  cylindroid  in  three 
real  points  must  have  pitches  intermediate  between  p«  and  p^.  It  is  also 
to  be  observed  that,  as  only  one  line  can  be  drawn  through  the  vertex  of 
the  cone  to  intersect  any  two  given  screws  on  the  cylindroid,  so  only  one 
screw  of  any  given  pitch  can  be  found  on  the  reciprocal  cone. 

One  screw  can  be  found  upon  the  reciprocal  cone  of  every  pitch  from 
—  00  to  +  00 .  The  line  drawn  through  the  vertex  parallel  to  the  nodal  line 
is  a  generator  of  the  cone  to  which  infinite  pitch  must  be  assigned.  Setting 
out  from  this  line  around  the  cone  the  pitch  gradually  decreases  to  zero, 
then  becomes  negative,  and  increases  to  negative  infinity,  when  we  reach 
the  line  from  which  we  started.  We  may  here  notice  that  when  a  screw 
has  infinite  pitch,  we  may  regard  the  infinity  as  either  +  or  —  indifferently. 
If  we  conceive  distances  marked  upon  each  generator  of  the  cone  from  the 
vertex,  equal  to  the  pitch  of  that  generator,  then  the  parallel  to  the  nodal 
line  drawn  from  the  vertex  forms  an  asymptote  to  the  curve  so  traced  upon 
the  cone.  It  is  manifest  that  we  must  admit  the  cylindroid  to  possess 
imaginary  screws,  whose  pitch  is  nevertheless  real. 

The  reciprocal  cone  drawn  from  a  point  to  a  cylindroid,  is  decomposed 
into  two  planes,  when  the  point  lies  upon  the  cylindroid.  The  first  plane 
is  normal  to  the  generator  passing  through  the  point.  Every  line  in  this 
plane  must,  when  it  receives  the  proper  pitch,  be  a  reciprocal  screw.    The 
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Kecoml  plane  is  that  drawn  through  the  point,  and  through  the  other  nctvw 
on  the  cylindroid,  of  equal  pitch  to  that  which  pasMcs  through  the  point. 

We  have,  therefore,  solved  in  the  most  general  manner  the  problem  of 
the  e4]uilibrium  of  a  rigid  body  with  two  degrees  of  freedom.  We  hare 
shown  that  the  neccMsary  and  sufficient  condition  is,  that  the  remilUuii 
wrench  be  about  a  screw  reciprocal  to  the  cylindroid  expn»$«ing  the  fn?t?«lom. 
and  we  have  seen  the  manner  in  which  the  reciprocal  screws  are  di.Htnbute«i 
through  space.     We  now  add  a  few  particular  cases. 

124.    Partioalar  Oases. 

A  body  which  has  two  degrees  of  freedom  is  in  equilibrium  umler  the 
action  of  a  force,  whenever  the  line  of  action  of  the  force  intemectn  both 
the  screws  of  zero  pitch  upon  the  cylindroid. 

If  a  body  acted  upon  by  gravity  have  free<lom  of  the  second  order,  the 
necessary  and  sufficient  condition  of  equilibrium  is,  that  the  vertical  throagh 
the  centre  of  inertia  shall  intersect  both  of  the  screws  of  zero  pitcb. 

A  body  which  has  freedom  of  the  second  order  will  lie  in  ec}uilibrinm. 
notwithstanding  the  action  of  a  couple,  provided  the  axis  of  the  couple  be 
parallel  to  the  nodal  line  of  the  cylindroid. 

A  body  which  has  freedom  of  the  second  order  will  remain  in  equilibrium, 
notwithstanding  the  action  of  a  wrench  about  a  screw  of  any  pitch  on  the 
nodal  line  of  the  cylindroid. 

126.  Ths  ImpnlslTS  Cylindroid  and  ths  Instantaneous  Cylin- 
droid* 

A  rigid  body  if  is  at  rest  in  a  position  P,  from  which  it  is  either  partially 
or  entirely  free  to  move.  If  M  receive  an  impulsive  wrench  about  a  screw 
JTi,  it  will  commence  to  twist  about  an  instantaneous  screw  il,,  if,  hoverer, 
the  impulsive  wrench  had  been  about  X,  or  X,  (if  being  in  either  case  at 
rest  in  the  position  P)  the  instantaneous  screw  would  have  been  A^^or  A^. 
Then  we  have  the  following  theorem: — 


If  JTi,  Xt,  Xt  lie  upon  a  cylindroid  8  (which  we  may  call  the  impalsiTe 
cylindroid),  then  i4|,  il,,  A^  lie  on  a  cylindroid  8'  (which  we  may  ctM  the 
instantaneous  cylindroid). 

For  if  the  three  wrenches  have  suitable  intensities  they  may  eqailibtmie, 
since  they  are  co-cylindroidal ;  when  this  is  the  case  the  three  insiantaneoas 
twist  velocities  must,  of  course,  neutralise;  but  this  is  only  powible  if  tht 
instantaneous  screws  be  co-cylindn>idal  (§  93). 
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If  we  draw  a  pencil  of  four  lines  through  a  point  parallel  to  four  gene- 
rators of  a  cylindroid,  the  lines  forming  the  pencil  will  lie  in  a  plane.  We 
niay  define  the  anharmonic  ratio  of  four  generators  on  a  cylindroid  to  be 
the  anharmonic  ratio  of  the  parallel  pencil.  We  shall  now  prove  the  follow- 
ing theorem : — 

The  anharmonic  ratio  of  four  screws  on  the  impulsive  cylindroid  is  equal 
to  the  anharmonic  ratio  of  the  four  corresponding  screws  on  the  instantaneous 
cylindroid. 

Before  commencing  the  proof  we  remark  that, 

If  an  impulsive  wrench  of  intensity  F  acting  on  the  screw  X  be  capable 
of  producing  the  unit  of  twist  velocity  about  A^  then  an  impulsive  wrench 
of  intensity  Fto  on  X  will  produce  a  twist  velocity  w  about  A, 

Let  Xi,  Xj,  Xs,  X4  be  four  screws  on  the  impulsive  cylindroid,  the 
intensities  of  the  wrenches  appropriate  to  which  are  -f\«i,  -?*«<»«,  -f'jw,,  F^to^, 
Let  the  four  corresponding  instantaneous  screws  be  A^,  A^,  A^,  A^,  and  the 
twist  velocities  be  Wi,  «„  Wj,  w*.  Let  <f>m  be  the  angle  on  the  impulsive 
cylindroid  defining  X,»,  and  let  0^  be  the  angle  on  the  instantaneous 
cylindroid  defining  A^' 

If  three  impulsive  wrenches  equilibrate,  the  corresponding  twist  velocities 
neutralize  by  the  second  law  of  motion :  hence  (§  14)  certain  values  of 
«i,  «j,  <»j»  ®4  must  satisfy  the  following  equations : — 

Wi  a>,  a>3 


whence 


sin  {0,  -  0,)  "  sin  (0,  -  0^)     sin  (0,  -  0,) ' 

FiiOi F^o^ FjfOs 

sin  (<^  -  <^) ""  sin  (<^  -  <^) ""  sin  (4>,  -  4>i) ' 

aij  _  ©J tt>4 

sin(«,  -  ^4)"  sin  (0,  -  0,)"  sm{0,  -  0,y 

F^tD^       _       -P,»> F^tOj 

sin  (<^  -  ^4)  ~  sin  (^4  -  <l>t)     sin  (^a  -  ^,) ' 

sin  (g,  -  0^)  sin  (0^  -  0^)  _  sin  (^  -  ^)  sin  (<^  -  ^4) 
sin  (tf,  -  (?,)  sin  (^4  -  0^)  "  sin  {<fh  -  ^1)  sin  (^4  -  4^) ' 


which  proves  the  theorem. 

If  we  are  given  three  screws  on  the  impulsive  cylindroid,  and  the 
corresponding  three  screws  on  the  instantaneous  cylindroid,  the  connexion 
between  every  other  corresponding  pair  is,  therefore,  geometrically  deter- 
mined. 
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196.    B«motion  of  Ctonstraints. 

Whatever  the  con8traint8  may  be,  their  reaction  produces  an  impabtiTe 
wrench  A,  upon  the  body  at  the  moment  of  action  of  the  impuliiive  wrench 
JT,.  The  two  wrencheii  Xi  and  /J,  compound  into  a  third  wrench  K,.  If 
the  body  were  free.  F,  i«  the  impuimve  wrench  to  which  the  inAtantaoeim^ 
Bcrew  Ai  would  corre8|)ond.  Since  JT,,  JT,,  JT,  are  co-cylindruidal,  A^,  A^,  A, 
muHt  be  co-cylindroidal,  and  therefore  also  muHt  be  I',,  }*,,  l\.  The  nim^ 
wrenches  JT,,  JT,,  A',,  /i„  /i,,  /i,,  -  1^  —  F,,  —  F,  must  equilibrate;  but  if 
X,,  X^,  Xi  e(|uilibrate,  then  the  twint  velocitien  about  Ai,  A,,  A,  mui^t 
neutralize,  and  therefore  the  wrenchcfl  about  F,,  Ft,  \\  must  equilibraU*. 
Hence  A,,  iZ,,  /Z,  equilibrate,  and  are  therefore  co-cylindroidal. 

Following  the  same  line  of  proof  used  in  the  la.st  section,  we  can  »bow 
that 

1/  impuUive  wrenches  on  any  fimr  co-cylindroidal  screws  ad  npan  a 
partially  free  riffid  body,  the  four  correspondinrj  inituil  reactions  of  the 
eonsiritints  also  constitute  ^trrenches  about  four  co-cylindroidal  screws;  amd, 
further  ^  the  anharmonic  ratios  oftlie  two  ff  roups  of  four  scretvs  are  equal, 

127.    Principal  Screws  of  Inertia. 

If  a  quiescent  body  with  freedom  of  the  si»cond  onler  receive  im[mUiv<* 
wronche«  on  three  screws  Xi,  X^,  JT,  on  the  cylindroid  which  exprefl»es  the 
freedom,  and  if  the  corresponding  instantaneous  screws  on  the  same  cylin- 
droid be  ill,  «^«.  -4,,  then  the  relation  between  any  other  impulsive  screw  X 
on  the  cylindroid  and  the  oorre^|>oiiding  instantnn(H>us  screw  A  is  compleiely 
d<*(ined  by  the  condition  that  the  anharmonic  ratio  of  X,  JTi,  JT,.  JT,  i»  equal 
to  the  anharmonic  ratio  of  A,  A^,  A^,  Aj. 

If  three  rays  parallel  to  JT,,  X^,  JT,  be  drawn  from  a  point,  and  frnm  the 
same  point  three  rays  parallel  to  il,,  A^,  A^,  then,  all  six  raj's  beii^^  in  tlie 
same  plane,  it  is  well  known  that  the  problem  to  determine  a  ray  E  socb 
that  the  anhannonic  ratio  of  J7,  A^,  A^,  A^  is  equal  to  that  of  E,  Xt,  JT,,  JTi. 
admits  of  two  solutions.  There  are,  then*fort*,  two  screws  on  a  cylindniid 
such  that  an  impulsive  wrench  on  one  of  these  screws  will  cause  the 
body  to  commence  to  t^dst  about  the  same  screw. 

We  have  thus  arrived  by  a  special  process  at  the  two  principal  screws  of 
inertia  pomesHcd  by  a  body  which  has  freedom  of  the  second  onler.  This  is, 
of  course,  a  particular  case*  of  the  general  theon^m  of  §  7H.  We  shall  shtm 
in  the  m^xt  siHition  how  thetie  screws  can  be  determined  in  another  manner. 

ISa    The  Bllipee  of  Inertia. 

We  have  si*en  (§  89)  that  a  linear  parameter  u^  may  be  conceived  appo- 
priate  to  any  screw  a  of  a  s}*Btem,  so  that  when  the  body  is  twisting  aboat 
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the  screw  a  with  the  unit  of  twist  velocity,  the  kinetic  energy  is  found  by 
multiplying  the  mass  of  the  body  into  the  square  of  the  line  tia- 

We  are  now  going  to  consider  the  distribution  of  this  magnitude  u^  on 
the  screws  of  a  cylindroid.  If  we  denote  by  i^,  Wg  the  values  of  ?«.  for  any 
pair  of  conjugate  screws  of  inertia  on  the  cylindroid  (§81),  and  if  by  a^,  a^ 
we  denote  the  intensities  of  the  components  on  the  two  conjugate  screws  of 
a  wrench  of  unit  intensity  on  a,  we  have  (§  97) — 

From  the  centre  of  the  cylindroid  dmw  two  straight  lines  parallel  to  the 
pair  of  conjugate  screws  of  inertia,  and  with  these  lines  as  axes  of  w  and  y 
construct  the  ellipse  of  which  the  equation  is 

where  H  is  any  constant.     If  r  be  the  radius  vector  in  this  ellipse,  we  have 
(§35) 

-  =  ai  and  l  =  a^; 
r  r 

whence  by  substitution  we  deduce 

H 

which  proves  the  following  theorem: — 

The  linear  parameter  u^  on  any  screw  of  the  cylindroid  is  inversely 
proportional  to  the  parallel  diameter  of  a  certain  ellipse,  and  a  pair  of 
conjugate  screws  of  inertia  on  the  cylindroid  are  parallel  to  a  pair  of 
conjugate  diameters  of  the  same  ellipse.  This  ellipse  may  be  called  the 
ellipse  of  inertia. 

The  major  and  minor  axes  of  the  ellipse  of  inertia  are  parallel  to  screws 
upon  the  cylindroid,  which  for  a  given  twist  velocity  correspond  respectively  to 
a  maximum  and  minimum  kinetic  energy. 

An  impulsive  wrench  on  a  screw  17  acts  upon  a  quiescent  rigid  body 
which  has  freedom  of  the  second  order.  It  is  required  to  determine  the 
screw  0  on  the  cylindroid  expressing  the  freedom  about  which  the  body 
will  commence  to  twist. 

The  ellipse  of  inertia  enables  us  to  solve  this  problem  with  great  facility. 
Determine  that  one  screw  ^  on  the  cylindroid  which  is  reciprocal  to  17  (§  26). 
Draw  a  diameter  D  of  the  ellipse  of  inertia  parallel  to  ^.  Then  the  required 
screw  6  is  simply  that  screw  on  the  cylindroid  which  is  parallel  to  the 
diameter  conjugate  to  D  in  the  ellipse  of  inertia. 

The  converse  problem,  viz.,  to  determine  the  screw  17,  an  impulsive  wrench 

8—2 


w«  = 
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on  which  would  make  the  body  commence  to  twiMt  about  0,  ih  in<ieU*rminai«*. 
Any  Ncrew  in  space  which  in  reciproaJ  to  ^  would  fulfil  the  re<]uire<l  conditiini 
(§136). 

We  have  mH*u  in  §  96  that  an  impulsive  wrench  on  any  ficrew  in  nfme^  mav 
^nerally  be  replaeinl  by  a  precisely  erjuivalent  wrt»nch  upon  the  cyiiodftmi 
which  expn»ss4»M  the  fr«*edom.  We  an*  now  going  to  detennine  the  snvw  % 
on  the  cylindrt>id  of  fnH»dom.  an  impulsive  wrench  on  which  would  make  th«* 
bcidy  twist  about  a  /ytnen  scn?w  0  tm  the  same  cylindroid.  This  can  be  ea^ilT 
determined  with  the  help  of  the  pitch  conic;  fc»r  wo  have  seen  (§40)  thai  m 
|iair  of  riH^ipnx^l  screws  on  the  cylindroid  of  freedom  are  parallel  Wi  a  pair 
of  conjugate  diameters  of  the  pitch  ccmic.  The  amstniction  is  therefi»i>*  jip 
follows: — FimI  the  diameter  A  which  is  conjugate,  with  rt^pfct  t«  the  eUifme 
of  inertia,  to  the  diamet(»r  parallel  to  the  given  scn»w  A  Next  find  lh«* 
diameter  li  which  is  conjugate  to  the  diameter  A  with  respect  U)  the  pUek 
conic  The  scr(»w  on  the  cylindroid  parallel  to  the  line  B  thus  determine*! 
is  the  required  screw  17. 

Two  concentric  ellipses  have  one  pair  of  common  conjugate  diameterv 
In  fact,  the  four  points  of  intenu'ction  form  a  {Mirallelogram,  to  the  akle^  of 
which  the  pair  of  common  conjugate  diameters  an?  parallel.     We  can  now 
interpret  physically  the  common  conjugate  diamet4»rs  of  the  pitch  conic, 
the  ellipse  of  inertia.     The  two  screws  on  the  cylindroid  parallel  to 
diameters  are  conjugate  screws  of  inertia,  and  they  are  alsi>  reciprocal ;  the^-  ^y 
are,  therefore,  the  ftrincipal  screws  of  inertia,  to  which  we  have  been  already  Jif 
conducted  (§1 27  X 

If  the  distribution  of  the  material  of  the  body  bear  certain  relatiooi  flHSo 
tho  arrangement  of  the  constraints,  we  can  easily  conceive  that  the  pttcr— 4 
conic  and  the  ellipse  of  inertia  might  be  both  similar  and  mmilarly  mtiiaterW 
Under  these  exceptional  circumstances  it  ap|>ears  that  every  screw  of  tfcr 
cylindroid  would  possess  the  property  of  a  principal  screw  of  inertia. 

129.    Th«  BUipM  of  \h%  Potential. 

We  arc  now  to  consider  another  ellipse,  which,  though  possessing  nuuit 
useful  mathematical  analogies  to  the  ellipse  of  inertia,  is  yet  widely  difRtmt 
from  a  physical  point  of  view.  We  have  introduced  (§  102)  the  coocepua 
of  the  linear  magnitude  r«,  the  square  of  which  is  prr>poriional  to  tlie  work 
done  in  effecting  a  twist  of  given  amplitude  about  a  screw  a  from  a  po«lios 
of  stable  equilibrium  under  the  influence  of  a  system  of  forces.  We  nov 
propose  to  consider  the  distribution  of  the  parameter  cu  upon  the  matemt  o/ 
a  cylindroid.  It  ap|ieani  from  §  102  that  if  v,,  r,  denote  the  values  of  tk 
(|uantity  r.  for  each  of  two  conjugate  screws  of  the  potential,  and  if  s^, 
denote  thi*  intensitii*s  of  the  com]M»netits  on  the  two  conjugate  screw*  vi 
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wrench  of  unit  intensity  on  a  screw  a,  which  also  lies  upon  the  cylindroid, 
then — 

From  the  centre  of  the  cylindroid  draw  two  straight  lines  parallel  to  the 
pair  of  conjugate  screws  of  the  potential,  and  with  these  lines  as  axes  of  x 
and  y  construct  the  ellipse,  of  which  the  equation  is — 

where  H  is  any  constant.    If  r  be  the  radius  vector  in  this  ellipse,  we  have — 

-  =  ttj  and  -  =  Oa ; 
r  r 

whence  by  substitution  we  deduce — 

which  proves  the  following  theorem : — 

The  linear  parameter  v^  on  any  screw  of  the  cylindroid  is  inversely  pro- 
portional to  the  parallel  diameter  of  a  certain  ellipse,  and  a  pair  of  conjugate 
screws  of  the  potential  are  parallel  to  a  pair  of  conjugate  diameters  of  the 
same  ellipse. 

This  ellipse  may  be  called  the  ellipse  of  the  potential. 

The  major  and  minor  axes  of  the  ellipse  of  the  potential  are  parallel  to 
screws  upon  the  cylindroid,  which,  for  a  twist  of  given  amplitude,  correspond 
to  a  maximum  and  minimum  potential  energy. 

When  the  body  has  to  relinquish  its  original  position  of  equilibrium  by 
the  addition  of  a  wrench  on  a  screw  17  to  the  forces  previously  in  operation, 
the  twist  by  which  the  body  may  proceed  to  its  new  position  of  equilibrium 
is  about  a  screw  d,  which  can  be  constructed  by  the  ellipse  of  the  potential. 
Determine  the  screw  ^  (on  the  cylindroid  of  freedom)  which  is  reciprocal  to 
1;  (§  26),  then  ^,  and  the  reiiuired  screw  6,  are  parallel  to  a  pair  of  conjugate 
diameters  of  the  ellipse  of  the  potential. 

The  common  conjugate  diameters  of  the  pitch  conic,  and  the  ellipse  of 
the  potential,  are  parallel  to  the  two  screws  on  the  cylindroid,  which  we 
have  designated  the  principal  screws  of  the  potential  (§  101). 

When  a  body  is  disturbed  from  its  position  of  equilibrium  by  a  small 
wrench  upon  a  principal  screw  of  the  potential,  then  the  b<Kly  could  be  moved 
U}  the  new  position  of  equilibrium  required  in  its  altered  circumstances  by  a 
{^niall  twist  about  the  same  screw. 
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ISO.    Harmonio  Screws. 

The  common  conjugate  diamcioni  of  the  ellipKj  of  inertia,  and  the  ellipn' 
of  the  potential,  arc  parallel  to  the  two  harmonic  Hcrews  on  the  cyliodnml 
(§  104).  ThiD  IB  evident,  becautic  the  pair  of  screws  thus  detcmniiied  w 
conjugate  Hcrcws  both  of  inertia  and  of  the  potential. 

If  the  body  be  displaced  by  a  twist  about  one  of  the  harmonic  savv^ 
and  bo  then  abandone<l  to  the  influence  of  the  forces,  the  body  will  contiDor 
to  perform  twist  ot»cillations  about  that  screw. 

If  the  ellipse  of  inertia,  and  the  elli))se  of  the  potential,  be  simiUr 
and  similarly  situated,  it  follows  that  every  screw  on  the  cylindmid  vill 
be  a  harmonic  screw. 

131.    Bzoeptional  Case. 

We  have  now  to  consider  the  inoditicatioiis  which  the  results  we  tuve 
arrived  at  undergo  when  the  cylindroid  becomes  illusory  in  the  case  cmi- 
sidered  (§  120). 

Suppose  that  f  and  ^  were  a  pair  of  conjugate  screws  of  inertia  uo  tbr 
straight  line  about  which  the  boily  vfix»  free  to  rotate  and  slide  indeiK^wleotlT 
Then  taking  the  six  absoluU'  princiiml  screws  of  inertia  as  screws  of  rvfen-oc* 
we  must  have  (§  97) — 

where  f|  denotes  the  screw  of  zero  pitch  on  the  same  straight  line. 
Expanding  this  ec}uation,  and  reducing,  we  find 

This  result  can  be  much  simplified.  By  introilucing  the  coodiliuo  UuU 
as  in  §  120— 

H  =  (^1  +  V^  -^  (v.  +  ViY  +  (i?»  -^  I?.)*, 
we  (»btain 

Hence  we  can  prove  (§  VM)  that  in  this  cam'  thf  product  of  the  pitcheti  *4 
two  ninjugate  scn^ws  of  inertia  is  e<|ual  t^)  minus  the  m\uarv  of  the  radium  ul 
gyration  about  the  common  axis  of  the  screws. 
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132.    Reaction  of  Oonstraints. 

We  shall  now  consider  the  following  problem : — A  body  which  is  free  to 
twist  about  all  the  screws  of  a  cylindroid  C  receives  an  impulsive  wrench  on 
a  certain  screw  17.  It  is  required  to  find  the  screw  X,  a  wrench  on  which 
constitutes  the  impulsive  reaction  of  the  constraints.  Let  C  represent  the 
cylindroid  which,  if  the  body  were  perfectly  free,  would  form  the  locus  of 
those  screws,  impulsive  wrenches  on  which  correspond  to  all  the  screws  of  C 
as  instantaneous  screws.  Since  a  wrench  on  17,  and  one  on  X,  make  the  body 
twist  about  some  screw  on  C,  it  follows  that  the  cylindroid  (17,  X)  must  have 
a  screw  p  in  common  with  C\  The  wrench  on  X  might  be  resolved  into  two, 
one  on  17,  and  the  other  on  p,  and  the  latter  might  be  again  resolved  into 
two  wrenches  on  any  two  screws  of  C.  It  therefore  follows  that  X  must 
belong  to  the  screw  system  of  the  third  order,  which  may  be  defined  by  17, 
and  by  any  two  screws  from  C.  Take  any  three  screws  reciprocal  to  this 
system,  and  any  two  screws  on  C  We  have  then  five  screws  to  which  X  is 
reciprocal,  and  it  is  therefore  geometrically  determined  (§  26). 

When  X  is  found,  the  cylindroid  (17,  X)  can  be  drawn,  and  thus  p  is  deter- 
mined. The  position  of  p  on  C  will  point  out  the  screw  on  C,  about  which 
the  body  will  commence  to  twist,  while  the  position  of  p  on  (77,  X),  and  the 
known  intensity  of  the  wrench  on  17,  will  determine  the  intensity  of  the 
wrench  on  X. 


CHAPTER  XII. 

FLANK    REPRESENTATION    OF    DYNAMICAL     PROBLKMS    CONCERNING     A     BODT 

WITH   TWO   DEGREES  OF   FREEDOM*. 

133.    Th«  Kinetic  Bnwfy. 

If  a  rigid  body  of  masH  M  twutt  about  a  hcivw  $,  with  the  twiMt  vt^kirity 
0,  then  the  kiuetic  energy  of  the  body  may  be  written  in  the  form 

where  ii«  is  a  linear  magnitude  ajipropriate  to  the  screw  0  (|  89)l 

The  function  m«'  is  the  arithmetic  mean  between  the  square  of  the  nMiiii> 
of  gyration  and  the  8(|uare  of  the  pitch,  for  the  kinetic  energy  of  the  b^xiy 
when  twisting  about  $  is  the  sum  of  two  ))arts :  one,  the  kinetic  energy  <»f 
the  rotation;  the  other,  of  the  translation.  The  energy  of  the  rotation 
is  simply 

this  being  in  aceonlance  with  the  definition  of  the  radius  of  g}'rmtion  p^. 
The  kinetic  energy  due  to  the  translation  is,  of  course, 

whence  the  total  kinetic  energy  is 
and  therefon; 

131    Body  with  two  DofroM  of  Froodom. 

The  movements  an*  under  these  circumstances  ri'stricti'd  to  twii»t»  abi*tit 
the  screws  of  ii  (*ylindniid,  and  we  shall  now  examine  the  law  of  diiflrilMiliiici 

*  ilifftd  tri$k  .iMilrMy.  Cmmmufkitm  JI/rMoirt,  No.  4.  |k  10  (IS86);  SM  ftbo  i*f9etfdimp»  9$  liW 
Htf^l  !ri§k  Actuiem^,  tnd  Herttti.  Vol.  iv.  p.  iti  (IHKS). 
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of  tt«  upon  the  several  screws  of  the  cylindroid  (§  128).  The  representative 
circle  (§  50)  will  give  a  convenient  geometrical  construction. 

Let  01  and  0^  be  the  two  co-ordinates  of  0  relatively  to  any  two  screws 
of  reference  on  the  cylindroid.  Then  the  components  of  the  twist  velocity 
will  be  d0i  and  00^,  The  actual  velocity  of  any  point  of  the  body  will 
necessarily  be  a  linear  function  of  these  components.  The  square  of  the 
velocity  will  contain  terms  in  which  6^  is  multiplied  into  0i*,  010^,  0^,  respec- 
tively.    If,  then,  by  integration  we  obtain  the  total  kinetic  energy,  it  must 

assume  the  form 

if^  (Xdi«  +  iiiSA  +  v0^% 

whence,  from  the  definition  of  u^, 

u^^  =  \0,^  +  2fi0,0^  +  P0t^, 

The  three  constants,  X,  fi,  v,  are  the  same  for  all  screws  on  the  cylindroid. 
They  are  determined  by  the  material  disposition  of  the  body  relatively  to 
the  cylindroid. 

We  have  taken  the  two  screws  of  reference  arbitrarily,  but  this  equation 
can  ivceive  a  remarkable  simplification  when  the  two  screws  of  reference 
have  been  chosen  with  special  appropriateness. 


Fig.  is. 

L#et  the  lengths  AX  and  BX  (fig.  18)  be  denoted  by  p^  and  p^,  and  if  e 
be  the  angle  subtended  by  AB,  we  have  from  §  57, 

Xpi'  +  2fipiP^  +  ^Pi^  -  V  (Pi^  -  2piP2  cos  €  +  p,0  =  0. 

Let  us  now  transform  this  equation  from  the  screws  of  reference  A,  B 
to  another  pair  of  screws  A\  B.  Let  /j/,  p^  be  the  distances  of  X  from 
A\  ZT,  respectively;  then,  from  Ptolemy's  theorem,  we  have  the  following 
equations : — 

p,.a'B^p^,aa'''p,'.ab:, 

p^ ,  A'B ^  p2  .  A'B  —  pi  .  BH. 
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We  thus  tiee  that  ^  and  f^  are  linear  functions  of  f>,'  and  f>,\  the  ttcvend 
coefficicntH  A*lf,  A'B,  &a,  in  tbeno  two  equationif  being  constant.  Tbt* 
ec|uation  for  ti^*  i8  thuH  to  be  trunNformed  by  a  linear  mibtftitution  for  p,  ami 
p^.  Of  course  ti^ ,  being  dependent  only  upon  the  position  of  JT,  i»  (|niti* 
unaflTected  by  the  change  of  the  screwN  of  reference.  We  can  therefore* 
apply  the  well-known  principle  that  the  invariant  of  thiH  binary  cjuantic 
can  only  differ  by  a  constant  factor  from  the  transformed  value.  Thi- 
invariant  is 

(X  -  V)  (v  -  "•*)  -  (a*  +  "•'  cos  €)». 

This  must  be  true  for  every  point  X,  and  therefore  for  all  values  i»f  n^' 
It  is  necessary  that  the  coefficients  of  the  terms  in  the  expression 

t//  sin'  e  —  m/  (X  -f  1^  +  2/A  cos  c)  -f-  Xi^  —  /a' 

shall  be  severally  proportional  to  those  in  the  transformed  expression 

m/  »in»  €  -  M/  (X'  +  ir'  +  2fi'  cos  e)  -f  XV  -  ^\ 

We  thus  obtain  the  two  equations  of  condition, 

sin' «  __  X  +  i;  -I-  2/A  cos  €      X 1/  —  /A ' 
sin'  €        X  +  1^  +  2/A  cos  e        \v  —  fi*  ' 

The  four  quantities,  X',  /a',  v\  e',  may  now  be  chosen  arbitrarily,  subject  to 
these  two  et^uations,  which  are  the  necessary  as  well  as  the  sufficient 
conditions.  Indeetl  it  is  obvious  that  there  must  be  but  two  independent 
quantities  corresponding  to  the  two  positions  of  A*  and  If, 

We  may  impose  two  conditions  on  the  four  quantities,  and  for  our  |>n*t»ent 

purpose  we  shall  make 

X'=i;';         /a'»0. 

The  equations  of  X'  and  e'  are  then 

sin'c'^  2V_        ^      X'« 

sin*  €      X  -f  2/A  cos  e  -^  p     Xy  —  /a'  * 

and  we  obtain 

^,^      2(Xi.-/A') 
X  +  2/A  cos  €  -^  p' 

(X  +  2/A  cos  «  +  ir)» ' 

X'  is  thus  uniquely  determined,  and  the  expression  for  tnn'c'  gives  for  c'  four 
values  of  the  type  t  c',  1  (ir  —  e'Y  The  negative  values  are  roeaiiingleaii,  and 
the  two  others  are  coincident,  because  the  arc  which  subtends  c'  on  one  skle 
subtends  w  —  c'  on  the  other. 

There  is  thus  a  single  pair  of  screws  of  reference  which   permii  tlir 
expn^Hsion  for  u/  to  bt*  exhibiUnl  in  the  canonical  form 
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We  are  now  led  to  a  simple  geometrical  representation  for  V.     Let  A,  B 
(fig.  19)  be  the  two  canonical  screws  of  reference.     Bisect  AB  in  0\  then 

=  2ZO'.rO'  +  2ZO^ 
=  2Zy.Z0'. 


It  is  obvious  that  the  point  0'  must  have  a  critical  importance  in  the 
kinetic  theory,  and  its  fundamental  property,  which  has  just  been  proved,  is 
expressed  in  the  following  theorem : — 

If  a  rigid  body  be  twisting  urith  the  unit  of  twist  velocity  about  any  screw 
X  on  the  cylindroid,  then  its  kinetic  energy  is  proportional  to  the  rectangle 
Xiy .  XY^  where  0'  is  a  fixed  point. 

We  are  at  once  reminded  of  the  theorem  of  §  59,  in  which  a  similar 
law  is  found  for  the  distribution  of  pitch,  only  in  this  case  another  point, 
0,  is  used  instead  of  the  point  (X.  Both  points,  0  and  (/,  are  of  much 
significance  in  the  representative  circle.  We  can  easily  prove  the  following 
theorem,  in  which  we  call  the  polar  of  0'  the  aacis  of  inertia : — 

If  a  rigid  body  be  twisting  with  the  unit  of  twist  velocity  about  X,  then 
its  kinetic  energy  is  proportional  to  the  perpendicular  distance  from  X  to  the 
axis  of  inertia. 

The  geometrical  construction  for  the  pitch  given  in  §  51  can  also  be 
applied  to  determine  u^'.  This  quantity  is  therefore  proportional  to  the 
perpendicular  from  (/  on  the  tangent  at  X.  It  thus  appeal's  that  the 
representative  circle  gives  a  graphic  illustration  of  the  law  of  distribu- 
tion of  Uf^  around  the  screws  on  a  cylindroid. 

The  axis  of  inertia  cannot  cut  the  representative  circle  in  real  points,  for 
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otherwiHo  we  nhould  have  at  either  intersection  a  twittt  velticity  with«Mit  any 
kinetic  energy.  There  in  no  mmilar  restriction  to  the  axin  of  pitch.  We  thoA 
see  that  Cf  must  always  He  inside  the  circle,  but  that  0  may  be  in  any 
part  of  the  plane. 

136.    Ck>i^iifmt«  Scrvws  of  Inertia. 


»»«* 


We  have  already  made  much  use  of  the  conception  of  Conjugate  Scrv< 
of  Inertia.     We  shall  here  approach  the  subject  in  a  manner  different  fhicu 
that  previously  employed. 

Let  a  be  a  screw  about  which  a  rigid  body  is  twisting  with  a  twUi 
velocity  d ;  let  the  body  be  simultaneously  animated  by  a  twist  velocity  ^ 
about  a  screw  /9.  These  two  will  compound  into  a  twist  velocity  6  about 
some  screw  6,  If  the  body  only  had  the  first  twist  velocity,  its  kinetic 
energy  would  be  M%»^.     If  it  only  had  the  second,  the  energy  would  be 

Mn^l^.  When  it  has  both  twist  velocities  together,  the  kinetic  energy  is 
Mii^,  Oenerally  it  will  not  be  tnie  that  the  resulting  kinetic  energy  i» 
equal  to  the  sum  of  the  components ;  but,  under  a  special  relation  between 
or  and  /9,  we  can  have  this  e(|uality ;  and  as  shown  in  §  88  under  these  cir- 
cumstances  a  and  /9  are  conjugate  screws  of  inertia.  The  necessary  condition 
is  thus  expressed  : — 

We  have  now  to  prove  the  following  important  theorem  : — 

Ah^  chord  through  the  pole  of  the  axis  of  inertia  intersects  the  represetUa- 
titfe  circle  in  a  pair  of  conjugate  screws  of  ittertia. 

For  we  have 

but  \{  AH  passes  through  the  pole  of  the  axis  of  inertiii,  then  the  centra  v( 
gravity  of  masses  -  AB*  at  X,  -^  BX'  at  A,  and  -f  ^ A''  at  B,  will  lie  oo  the 
axis  of  inertia ;  and,  aoconlingly, 

A  B^u^'  =  BXhu'  -f.  A  X'H^' ; 
whence 

which  pri»v<»M  the  tlieonMu. 

Or  we  might  have  pr<MX»eded  thus: — From  Pt^ilemy's  theon»m  (fig.  IU>. 

AB.X  y  =  AX  .  «K-h  AV.BX  : 
multiplying  by  AB  .  X(J\ 

A  IP  XY.  XO'^AX  AB.  BY,  A'(/>  A  Y.  Xir ,  BX .  AB, 
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but,  from  the  property  of  the  circle, 

BY,X&  =  AX.BO'\    AY.XO'  =  BX.AO'] 

whence 

AB'.Xr.XO'^AX^AB.BO'^BXKAB.AO^ 

from  which  we  obtain,  as  before, 

136.     Impuliive  Screws  and  InstantaneouB  Screws. 

A  rigid  body  having  two  degrees  of  freedom  lies  initially  at  rest.  It  is 
suddenly  acted  upon  by  an  impulsive  wrench  of  large  intensity  acting  for  a 
short  time.  The  body  will,  in  general,  commence  to  move  by  twisting  about 
some  screw  on  the  cylindroid,  and  the  kinetic  problem  now  to  be  studied  is 
the  following : — Given  the  impulsive  screw,  and  the  intensity  of  the  impul- 
sive wrench,  find  the  instantaneous  screw  and  the  acquired  twist  velocity. 

The  problem  will  be  rendered  more  concise  by  the  conception  of  the 
reduced  wrench  (§  96).  It  is  to  be  remembered,  that  as  the  body  is  only 
partially  free,  there  are  an  infinite  number  of  screws  on  which  wrenches 
would  make  the  body  commence  to  twist  about  a  given  screw  on  the  cylin- 
droid. For,  let  0  be  an  impulsive  screw  situated  anywhere,  and  let  an 
impulsive  wrench  on  0  cause  the  body  to  commence  to  move  by  twisting 
about  some  screw,  a,  on  the  cylindroid.  Let  X,  fi,  p,  p  he  any  four  screws 
reciprocal  to  the  cylindroid.  Then  any  wrench  on  a  screw  belonging  to  the 
system  defined  by  these  five  screws  will  make  the  body  commence  to  move 
by  twisting  about  a.  Let  e  be  that  one  screw  on  the  cylindroid  which  is 
reciprocal  to  0,  then  e  is  reciprocal  to  the  whole  system  defined  by  X,  /a,  i/,  p, 
0,  and,  conversely,  each  screw  of  this  system  will  be  reciprocal  to  e.  We 
thus  see  that  any  screw,  wherever  situated,  provided  only  that  it  is 
reciprocal  to  e,  will  be  an  impulsive  screw  corresponding  to  a  as  an  instan- 
taneous screw.  Any  one  of  this  system  may,  with  perfect  generality,  be 
chosen  as  the  impulsive  screw.  Among  them  there  is  one  which  has  a 
special  feature.  It  is  that  screw,  ^,  on  the  cylindroid  which  is  reciprocal  to 
17 ;  and  hence  we  have  the  following  theorem  (§  128) : — 

Given  any  screw,  a,  on  the  cylindroid,  then  there  is  in  general  another  screw, 
if>,  also  on  the  cylindroid,  such  that  an  impulsive  wrench  administered  on  if> 
wUl  make  the  body  twist  about  a. 

This  correspondence  of  the  two  systems  of  screws  must  be  of  the  one-to- 
one  type ;  for,  suppose  that  two  impulsive  screws  on  the  cylindroid  had  the 
same  instantaneous  screw,  it  would  then  be  possible  for  two  impulsive 
wrenches,  of  properly  chosen  intensities  on  two  different  screws,  to  produce 


.  l: 
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ec]ual  and  opiMiAite  twmt  vel(x;iticfl  on  the  common  inAtantan4*ouii  am^w. 
The  bocly  would  then  not  move,  and  therefore  the  two  impiiUive  wft*nrh«*» 
niUAt  C4{uilibrate.  But  thin  in  im|)OH8ible,  if  they  are  on  two  difTi^n^nt 
Hcn»ws, 

137.    Two  Homographio  Sjitemfl. 

From  what  has  been  shown  it  might  be  ex|>ecte<l  that  the  |Mnnts  com- 
sponding  to  the  instantaneous  screws  and  those  corresponding  in  tht- 
impulsive  screws  should,  on  the  representative  circle,  form  two  homogni|»hic 
8j*«tems.     That  this  Is  so  we  shall  now  prove. 


Let  A,  B  (fig.  20)  be  a  pair  of  impulsive  screws,  and  let  A\  B  be  rfwpccs 
tively  the  corresponding  ])air  of  instantaneous  screws,  i^.  an  impuhave 
wrench  on  A  will  make  the  body  commence  to  twist  about  A\  and  simiUriy 
ff>r  B  and  B.  Let  an  impulsive  wrench  on  il,  of  unit  intensity,  generate  a 
twist  velocity,  dl,  about  A\  and  let  ^  be  the  similar  quantity  for  B  and  B. 

Let  X  be  any  other  screw  on  which  an  impulsive  wrench  is  to  be  applied 
to  the  body  supposed  quiescent.  The  body  will  commence  to  twist  abnut 
some  other  screw,  X\  with  a  certain  twist  velocity  m.  We  can  determine 
m  in  the  following  manner: — The  unit  impulsive  wrench  on  X  can  be 
replaced  by  two  com|)onent  wrenches  on  A  and  By  the  intensities  of  thene 
being 

BX      AX 

AB'    AB' 
ri*spe(*  tively. 

These  impulsive  wrenches  will  generate  about  A\  B  twist  vekicsti€>» 
n*«ipt*ctively  c«]aal  to 

BX      ^AX 
"^AB'    ^  AB 
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these  compoaenU  must,  when  compounded,  produce  the  twist  velocity  it  about 
X',  And,  accordinfifly,  we  have 

.  bx    .  rx'    ^  ax    .  a'x' 
"ab^'^TW-  ^aB^'-'a'b-- 

Retaining  A,  B,  A',  R,as  before,  let  as  dow  introduce  a  second  pair  of  points, 
r  and  1",  instead  of  X  and  Jf ',  and  writing  a  instead  of  a,  we  have 
.BT_  ..BT      aAY_  ..at 
°AB~''  A'B'    ^ AB^'^  A'W' 
whence,  eliminating  d,  0,  A,  ia\  we  have 

BX     BY     ffX'    BY' 
AX  '■  AY"  A'X'-  A-Y'- 

As  the  length  of  a  chord  ia  proportional  to  the  sine  of  the  subtended 
angle,  we  see  that  the  anharmonic  ratio  of  the  pencil,  subtended  by  the  four 
points  A,  B,  X,  Y  at  a  point  on  the  circumference,  is  equal  to  that  subtended 
by  their  four  correspondents,  A',  B,  X',  Y'.  We  thus  learn  the  following 
important  theorem : — 

A  system  of  points  on  the  representative  circle,  regarded  as  impulsive 
screws,  and  the  corresponding  system  of  instantaneous  screws,  form  two  homo- 
graphic  systems. 

138.    The  Homograpblo  Axii. 

Let  A,  B,  C,  D  (fig.  21)  represent  four  impulsive  screws,  and  let  A',  B!, 
(T,  jy  be  the  four  corresponding  instantaneous  screws.     Then,  by  the  well- 


koown  homographic  properties  of  the  circle,  the  three  points,  L,  M,  N,  will 
be  collinear,  and  we  have  the  following  theorem  i— 
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If  A  and  B  be  any  two  impuUive  ttcrewa,  and  if  A'  and  B  he  the  cvrrt- 
tponding  inMUinUineous  Hcrews,  then  the  chorda  AB  and  BA'  will  alwajfa 
interaed  ujxm  the  fixed  right  line  XY. 

ThiH  right  line  is  called  the  homographic  axin.  It  iiitersectH  the  cirrh^  m 
two  pointA,  X  and  Y,  which  are  the  double  pointH  of  the  homographic  Hyiit4*iiia 
Thc'sc*  ])oint8  enjoy  a  Bpccial  dynamical  significance.  They  an*  the  two 
Principal  Screws  of  Inertia,  and  hence — 

The  honioffraphic  axis  intersects  the  circle  in  two  paints,  each  of  which 
possesses  the  property,  that  an  impulsive  wrench  administered  on  that  screw  will 
make  the  body  commence  to  move  by  ttaisting  about  the  same  screw. 

The  method  by  which  we  have  been  conducted  to  the  Principal  Scrfu* 
of  Inertia  Khow8  how  there  are  in- general  two,  and  only  two,  of  the*«c*  ?«m'W«4 
on  the  cylindroid.  The  homogra|)hic  axis  is  the  Pascal  line,  for  iht> 
Hexagon  AA'BB'CC,  and  thus  we  have  a  dynamical  significaoct*  fi»r 
Pascal's  theorem. 

139.  Determination  of  the  Homographic  Aide. 

The  two  princiiMil  screws  of  inertia  must  be  reciprocal,  and  must  also  bt* 
ccmjugate  screws  of  inertia  (§  84).  The  homographic  axis  must  thenffttrL- 
comply  with  the  conditions  thus  prescribed.  We  have  already  shown  (|  5H> 
the  condititm  that  two  screws  be  reciprocal,  and  (§  135)  the  cunditioo  thai 
two  screws  be*  conjugate  screws  of  inertia,  and,  accordingly,  we  sec — 

r.     That  the  homographic  axis  must  ]ias8  thn>ugh  0,  the  pole  of  ih«* 
axis  of  pitch. 

Y.     That  the  homographic  axis  must  pass  through  0",  the  pole  of  Uh* 
axis  of  inertia. 

The  points  0  and  0'  having  been  already  determined  we  have  accordingly, 
as  the  simplest  construction  for  the  homographic  axis,  the  chonl  joining  O 
and  (y, 

140.  Ctonetmotion  fbr  Inetantaneone  Borewe. 

The  points  0  and  (/  aflbrd  a  simple  construction  for  the  instanUmeoun 
screw,  oirrufiponding  to  a  given  impulsive  screw.  The  construction  ck*peiids 
upon  the  following  theorem  (§  81): — 

If  two  conjugate  screws  of  inertia  be  regarded  as  instantaneous  screws,  thtm 
the  impuUive  screw  correspondiftg  to  either  is  reciprocal  to  the  other. 

L«*t  il  be  an  impulsive  screw  (fig.  22);  if  we  join  ilO  we  oblaiD  H,  tW 
screw  reciprocal  Ut  A  ;  and  if  we  join  //(/  we  obtain  A',  the  oonjngaie 
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of  inertia  to  H,  But,  as  il  is  the  only  screw  reciprocal  to  H,  it  is  necessary, 
by  the  theorem  just  given,  that  an  impulsive  wrench  on  A  must  make  the 
body  commence  to  move  by  twisting  about  A', 


Fig.  32. 

As  0  and  (f  are  fixed,  it  follows  from  a  well-known  theorem,  that  as 
otherwise  proved  in  §  137,  A  and  A'  form  two  homographic  systems. 

141.  Twist  Velocity  acquired  by  an  Impulse. 

We  can  obtain  a  geometrical  expression  for  the  twist  velocity  acquired 
about  A'  by  a  unit  impulsive  wrench  on  A  (Fig.  22). 

It  appears,  from  §  90  (see  also  §  147),  that  the  twist  velocity  acquired 
on  a  by  an  impulsive  wrench  on  17,  is  proportional  to 

The  numerator  being  the  virtual  coeflBcient  is  proportional  to  AO,A'H 
(§  63),  and  as  w,'  is  proportional  to  A'O'.A'H  (§  134),  we  see  that  the 
required  ratio  varies  as  -40  ^  A'O'  which  itself  varies  as 

HO' 
HO' 

hence  we  obtain  the  following  theorem : — 

The  impulsive  wrench  on  A  ^  of  intensity  proportional  to  HO,  generates  a 
tunst  motion  about  A\  with  velocity  proportional  to  HO, 

The  geometrical  representation  of  the  effect  of  impulsive  forces  is  thus 
completely  determined  both  as  regards  the  instantaneous  screw,  and  the 
instantaneous  twist  velocity  acquired. 

142.  Another  Construction  for  the  Twist  Velocity. 

A  still  more  concise  method  of  determining  the  instantaneous  screw  can 
be  obtained  if  we  discard  the  points  0  and  0',  and  introduce  a  new  fixed 
point,  n,  also  on  the  homographic  axis. 

B.  9 


130 


THE  THEORY   OF  SCREWS. 


[142- 


Let  X,  Y  (Fig.  23)  be  the  two  principal  screws  of  inertia.     Let  A  be 
an  impulsive  screw,  and  A'  the  corresponding  instantaneous  screw.     Draw 


Fi«.  38. 

through'  A  the  line  AH  parallel  to  XF.  Join  HA',  and  prodooe  it  to 
meet  the  homographic  axis  at  O.  Let  a  be  the  twist  velocity  generated  bjr 
an  impulsive  wrench  of  unit  intensity  at  X,  and  let  y9  be  the  oorrespondii^ 
quantity  for  F. 

It  may  be  easily  shown  that  the  triangle  AA'X  \b  similar  to  YA'Q,  and 
that  the  triangle  ilil'F  is  similar  to  XA'Sl ;  whence  we  obtain 

A'X     ft£'     A-Y    nA' 
AX  "flF'    ay' SIX' 

The  unit  wrench  on  A  can  be  decomposed  into  componenta  on  X  and  F  «t 

respective  intensities 

AY     AX 

XY'    XY' 


These  will  generate  twist  velocities 

AY 


fi 


AX 


XY'    "  XY 

Let  «*  be  the  resulting  twist  velocity  on  A',  then  the  components  on  X  and  T 
must  be  equal  to  the  <]uanlities  just  written  ;  whence 

A'Y        AY 
"TY'^^XY' 


AX        AX 
XY"^  XY' 


and  we  obtain 


nA' 
nX' 


/9 


nA' 
siY' 


or, 


a  :  fi  ::  SIY  :  nX ; 


we  thus  see  that  1)  is  a  fixed  point  wherever  A  and  A'  may  be. 
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It  also  follows  that 

mil  A' 

is  constant ;  whence  we  have  the  following  theorem  : — 

Draw  through  the  impulsive  screw  A  a  ray  AH  parallel  to  the  homographic 
ojcis,  then  the  ray  from  H  to  a  fixed  point  SI  on  the  homographic  aads  will 
cut  the  circle  in  the  instantaneous  screw  A\  and  the  acquired  twist  velocity  vrill 
be  inversely  proportional  to  £IA\ 

If  the  twist  velocity  to  be  acquired  by  A'  from  a  unit  impulsive  wrench 
on  ^  be  assigned,  then  ilA'  is  determined :  there  will  be  two  screws  A',  and 
two  corresponding  impulsive  screws,  either  of  which  will  solve  the  problem. 
The  diameter  through  XI  indicates  the  two  screws  about  which  the  body  will 
acquire  the  greatest  and  the  least  velocities  respectively  with  a  given 
intensity  for  the  impulsive  wrench. 

143.  Twist  Velocitiei  on  the  Principal  Screws. 

The  quantities  a  and  /9,  which  are  the  twist  velocities  acquired  by  unit 
impulsive  wrenches  on  the  principal  screws,  can  be  expressed  geometrically 
as  follows  (Fig.  22)  :— 

Let  a>  be  the  twist  velocity  acquired  on  A'  by  the  wrench  on  A,  then,  by 

the  last  article, 

oAY^cjA'Y, 

fiAX=  <oA'X ; 

,  ^       AT     AY 

whence  a  :  p  ::    -j-r^  :  -j-^ . 

AX     AX 

This  ratio  is  the  anharmonic  ratio  of  the  four  points  X,  F,  A,  A\  that  is,  of 
Z,  Y^O^(y  \  whence,  finally, 

^       O'Y     OY 

144.  Another  Investigation  of  the  Twist  Velocity  acquired  by 
an  Impulse. 

We  have  just  seen  that 

aAY^a>A'Y, 

PAX^<oA'X\ 

whence  afiAX  .AY=  ta'A'X .  A'  Y. 

Let  fall  perpendiculars  AP,  A'P*,  HQ  on  the  homographic  axis  (Fig.  24). 
Then,  by  the  properties  of  the  circle, 

AX. AY  :  A'X.A'Y  ::  AP  :  A'P) 

so  that  afiAP^t^A'F. 

9—2 
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whence 


or,  as  before  (§  141), 


a>' 


Fig.  S4. 


OA  ,(rH     OTH^ 


m  X 


(TH 
OH' 


It  will  be  notice<l  that,  for  this  investigation,  U  niay  have  been  cb««en 
arbitrarily  on  the  circle.  We  thus  see  that,  besides  the  two  points  O  and  (/. 
there  will  be  a  system  of  pairs  of  points  of  which  any  one  may  be  employed  fo€ 
finding  the  instantaneous  screw,  and  for  determining  the  iiistantaneoiisi  twiifi-t 
velocity. 

If  we  choose  any  two  points  (Fig.  25),  fl  and  il\  so  that 

(A'nnT)  =  (jroo'r); 


Fi«.  U. 

th<*n  A  bt'ing  given.  Ail  determines  //,  and  Hit'  deU^rmines  A\  whiW  tkr 
twist  velotnty  is  proixirtional  to  (17/  -r-  ilH,     We  can  suppose  O  al  infitiity. 
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and  thus  obtain  the  construction  used  in  §  142.    A  similar  construction  is 
obtained  when  il'  is  at  infinity. 

The  two  points,  A  and  A\  will  divide  the  arc  cut  oflf  by  XF  in  a  constant 
anharmonic  ratio,  for  the  pencil  H  (Xilil'T)  always  preserves  the  same 
anharmonic  ratio  as  H  moves  round  the  circle. 

146.    A  Special  Case. 

If  17  be  an  impulsive  screw,  and  if  a  be  the  corresponding  instantaneous 
screw,  it  will  not  usually  happen  that  when  a  is  the  impulsive  screw  17  is  the 
corresponding  instantaneous  screw.  If,  however,  in  even  a  single  case,  it  be 
true  that  the  impulsive  screw  and  the  instantaneous  screw  are  interchange- 
able, then  the  relation  will  be  universally  true. 

Let  n  and  ft'  (Fig.  26)  be  a  pair  of  points  belonging  to  the  system 
described  in  §  144.     Then  A  being  given.  A'  is  found.     If  A'  is  similarly  to 


Pig.  26. 

determine  A,  then  the  figure  shows  that  ft  must  lie  on  the  polar  of  ft', 
and,  consequently,  ft  and  ft'  are  conjugate  points  with  respect  to  the  circle ; 
or,  what  comes  to  the  same  thing,  they  divide  XY  harmonically.  The  same 
must  be  true  of  each  pair  of  points  ft  and  ft',  and  therefore  of  0  and  0\  and 
we  have  the  following  theorem  : — 

If  the  points  0  and  (/  be  harmonic  conjugates  of  the  points  where  the  homo- 
graphic  axis  intersects  the  circle^  then  every  pair  of  instantaneous  and  impulsive 
screws  on  the  cylindroid  are  interchangeable. 

We  might,  perhaps,  speak  of  this  condition  of  the  system  as  one  of 
dynamical  involution.  In  this  remarkable  case  an  impulsive  wrench  of  unit 
intensity  applied  to  one  of  the  principal  screws  of  inertia  will  generate  a 
velocity  equal  and  opposite  to  that  which  would  have  been  produced  if  the 
wrench  had  been  applied  to  the  other  principal  screw.     The  construction 
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for  the  pairs  of  related  screws  becomes  still  more  simplified  by  the  Iheorem. 
that — 

When  the  system  is  one  of  dynamuxU  involution,  the  chard  jmmimy  am 
impulsive  screto  with  its  instafUaneous  screw  passes  through  the  pole  of 
the  homoffrtiphic  axis. 

Wo  may  take  the  opportunity  of  remarking,  that  dynamical  invoiuti**ii 
is  not  confined  to  the  nystem  of  the  second  order.  It  may  be  exWniK**!  U>  m 
rigid  body  with  any  number  of  degrees  of  freedom,  or  even  to  any  sy>iU*m  of 
rigid  bodies.  Whenever  it  hap]>ens  that  the  relation  of  impulsive  screw  and 
instantaneous  screw  is  interchangeable  in  one  case,  it  is  interchangeable  in 
every  cage. 

For,  let  ^, , . . .  ^n  be  the  co-ordinates  of  an  instantaneous  screw,  then  (§  97 ) 
the  corres]K)nding  impulsive  screw  has  for  co-ordinates, 


M.«  ^  u  « 


--  r,, ...  ■-      Cfn, 

Pi  Pn 

and  if  this  latter  were  regarded  as  an  instantaneous  screw,  then  its  impulaive 
screw  would  be 


but  as  this  is  to  be  only 


we  must  have 


Pi  Pn 


0\t  ...  On* 


/>l'       ;>/        * "  Pn    ' 

which  shows  that  if  the  theorem  be  true  for  one  pair,  it  is  true  for  alL  The 
conditions,  of  course,  are,  that  any  one  of  the  following  systems  of  ei{uattoo> 
be  satisfied : — 

/>!  p.  Pn 

146.  Another  Conitractioii  fbr  the  Twist  Velocttj  aoq:alre4 
by  an  Impnlae. 

Reverting  to  the  general  case,  we  find  that  the  chord  A  A'  (Pig.  17)  is  cut 
by  the  homographic  axis  at  T,  so  that  the  S()uare  of  the  acquired  Iwist 
velocity  is  pn)iK)rtional  to  the  ratio  of  TA  to  TA\ 

For,  with  the  construction  in  §  142,  draw  UQ  parallel  lo  AT\  lbeii« 

liq  :  AT ::  Htl  :  A'tl, 

AT     //n        1 

at"  Atl"^  AfV' 
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but  we  showed,  in  the  article  referred  to,  that  A'il  varies  inversely  as  the 
acquired  twist  velocity,  whence  the  theorem  is  proved. 


Fig.  27. 

This  is,  in  one  respect,  the  simplest  construction,  for  it  only  involves  the 
chord  A  A'  and  the  homographic  axis. 

The  chord  A  A'  must  envelop  a  conic  having  double  contact  with  the 
circle  (Fig.  28),  for  this  is  a  general  property  of  the  chord  uniting  two  corre- 
sponding points,  A  and  A\  of  two  homographic  systems.    Let  /  be  the 


Fig.  28. 

p>int  of  contact  of  the  chord  and  conic  (Fig.  28).  Then  A  A'  is  divided 
harmonically  in  I  and  T;  for,  if  XF  be  projected  to  infinity,  the  two  conies 
become  concentric  circles,  and  the  tangent  to  one  meets  it  at  the  middle 
point  of  the  chord  in  the  other ;  the  ratio  is  therefore  harmonic,  and  must 
be  so  in  every  projection;  whence, 

AI  _AT 

A'l^A'r 

but  the  last  varies  as  the  square  of  the  twist  velocity  acquired,  and  hence  we 
see  that — 
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The  chord  joining  any  impuUive  scrmv  A  to  the  correeponding  inHamianeous 
screw  A'  envelope  a  conic,  and  the  point  of  coni€Ui,  /,  divides  the  chard  imio 
seffnienU,  eo  thcU  the  ratio  of  AI  to  A' I  is  proportioned  to  the  square  of  the 
twist  velocity  acquired  <ibout  A'  by  the  unit  impulsive  wrench  on  A, 

147.    Constrained  Motion. 

Wo  can  now  givo  another  demonstration  of  the  theorem  in  §  90,  which  ti^ 
thus  stated : — 

If  a  body,  constrained  to  twist  about  the  screw  a,  be  acted  upon  by  an 
impulsive  wrench  on  the  screw  rj,  then  the  twist  velocity  acquired  variei  as 

The  numerator  in  this  expression  is  the  virtual  coefficient  of  the  two 
screws,  and  the  denominator  is  the  function  of  §  134,  which  is  proportiooal 
to  the  kinetic  energy  of  the  body  when  twisting  about  a  with  the  onit  of 
twist  velocity. 

Let  a  and  17  be  represented  by  A'  and  /  respectively  (Fig.  29),  and  lei  A 


Fig.  29. 

be  the  impulsive  screw  which  would  correspond  to  A'  if  the  body  had  been 
free  to  twist  about  any  screw  whatever  on  the  cylindroid  defined  by  A  and 
A'.     Let  K  be  recifrnxal  to  A\ 

The  impulsive  wrench  on  /  is  decomposed  into  components  on  K  and  A. 
The  former  is  neutralized  by  the  constraints ;  the  latter  has  the  inteoaiiy 

KI 
KA' 

whence  the  twist  velocity  «,  ac«)uired  by  J',  is  (§  141)  proporiional  to 

KI     H(/ 

KA  no  • 


148] 
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but,  by  geometry, 


KA  =  q2'i  •  ^-^j 


whence,  §  63, 


<o  X 


X 


KI.Ha.OA' 
HO.HA'.OA' 

KIOA' 
O'A'.HA" 


tj 


«n 


u. 


which  is  the  required  result. 


148.    Energy  acquired  by  an  Impulse. 

The  kinetic  energy  acquired  by  a  given  impulse,  using  the  same  notation 
as  before,  is  (§  91)  proportional  to 

Let  A  be  the  impulsive  screw,  and  A'  the  screw  about  which  the  body 
is  constrained  to  twist.    Draw  the  chord  A  OH  (Fig.  30),  then,  as  A'  varies. 


Fig.  80. 

while  A  is  fixed,  the  virtual  coefficient  of  A  and  A'  varies  as  A'H  (§63). 
The  square  of  this  is  proportional  to  A'T,  the  length  of  the  perpendicular 
from  A'  on  the  tangent  at  H.  If  PQ  be  the  axis  of  inertia,  the  value  of  ti^* 
is  proportional  to  the  perpendicular  A'Q,  and,  accordingly,  the  kinetic  energy 
acquired  is  proportional  to 

A'T 

A'Q' 
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Any  ray  through  P,  the  intersection  of  the  axis  of  inertia  with  the  tangent 
at  //,  cuts  the  cin'le  in  two  points,  yl' and  ^",  either  of  which  will  rvceive  th«' 
same  kinetic  energy  from  the  given  impulse. 

149.    Knler'a  Tli#or«iii. 

If  the  body  be  permitted  to  select  the  screw  about  which  it  will 
commeniu*  to  twist,  then,  as  already  mentioned,  §  94,  Euler*s  thiMin*ni  ^tilt« -^ 
that  the  bixly  will  commence  to  move  with  a  greater  kinetic  energy  than  if 
it  be  restricted  to  some  other  screw.  By  drawing  the  tangent  from  P  (not. 
however,  shown  in  the  figure)  we  obtain  the  point  of  contact  B,  where  it  U 
obvious  that  the  ratio  of  the  perpendiculars  on  PH  and  PQ  is  a  maximum, 
and,  conset|uently,  the  kinetic  energy  is  great<»st.  It  follows  from  Euler  f» 
theorem  that  B  will  be  the  instantaneous  screw  corresponding  to  il  as  tht* 
impulsive  screw.  The  line  BH  is  the  polar  of  P,  and,  conse<juently.  BH 
must  contain  0\  the  pole  of  the  axis  of  inertia.  We  an»  thus  again  led 
to  the  construction  (§  140)  for  the  instantaneous  screw  B;  that  is,  draw 
AOH,  and  then  HOB. 

160.  To  determine  a  Screw  that  will  acquire  a  given  Twiet 
Velocity  under  a  given  Impulse. 

The  impulsive  screw  being  given,  and  the  intensity  of  the  impulsive 
wrench  being  one  unit,  the  acquired  twist  velocity  (§  147)  will  vary  a> 
(Fig.  80), 

AH 
A'Q' 

If,  therefore,  the  twist  velocity  be  given,  this  ratio  is  given.  A'  must  then  lie 
on  a  given  ellipse,  with  /fas  the  focus  and  the  axis  of  inertia  as  the  directrix. 
This  ellipse  will  intersect  the  circle  in  /our  points,  any  one  of  which  gives  a 
screw  which  fulfils  the  condition  proposed  in  the  probleuL 

The  relation  between  the  intensity  of  the  impulsive  wrench  and  the  twi^i 
velocity  generated  can  be  also  investigated  as  follows: 

I^*t  i^  Q,  R,  S  be  points  on  the  circle  (Fig.  31)  corresponding  to  foar  im- 
pulsive screws,  and  let  P\  (/,  R,  S'  be  the  four  corresponding  instantaneous 
screws  dinluced  by  the  a)nstniction  ulre^uiy  given.  Let  p,  q,  r,  «  denote  the 
intensities  of  the  impulsive  wrenches  on  P,  Q,  R,  S,  which  will  give  the  unit* 
of  twist  vt*locity  on  P\  Qf^  R,  S'.  Sup|x)sing  that  impulsive  wrenches  i«o 
P,  Q,  R  UfUtnilize,  then  the  ctim^ponding  twist  velocities  generated  on 
P\  (/,  R  must  neutniliz4*  also.  In  the  former  cast*,  the  intensitii*s  must  b^» 
pn>|M>rtiotml   to  the  hides  of  the  triangle  PQR  :    in  the  latter,  the  t«ii»l 
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velocities    must    be    propurtional    to   the    sides    of   the    triangle    P'Q'R. 
iDtroducing  another  quantity  d,  we  have 

rP-Q^^dPQ, 
qFR=dPR, 
pQfB'^dQR. 


Fig.  81. 

The  three  other  groups  of  equations  are  similarly  obtained 

rQ^S'  =  aQS.         qFS'  =  cPS,         rP-S'  =  bPS. 

qR8'  =  aRS,        pQ^S'  =  cQS,        pR'S  =  bRS. 

sKQ!  =  aRQ.        sQ^P'  =  cQP.        aRP'  =  bRP. 

Whence  we  easily  deduce 

ap=bq~cr  =  ds  =  kpqrs, 
where  A  is  a  new  quantity.     We  hence  obtain  from  the  first  equation 

P'Q'I'PQm- 
As  this  18  absolutely  independent  of  R  and  S,  it  follows  that  k  must  be  inde- 
pendent of  the  special  points  chosen,  and  that  consequently  for  any  two 
points  on  the  circle  P  and  Q,  with  their  corresponding  points  P'  and  Q",  we 
must  have 

P-Qf 
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lu  the  limit  we  allow  P  and  Q  to  coalesce,  in  which  case,  of  counM>,  F'  and 
Q[  coalesce,  and  p  and  q  become  coincident ;  but  obviously  we  have  then 

PQ  :  ML  ::  PX   :  LX, 

P'Q  :  ML  ::  P'V  :  LV ; 


whence 


PV     P'Y     LX 
PQ  *  PZ  °  LY  ' 


and  as  P'Yoc  j  y  a»d  PX  «  r  y . 

we  have  finally  p  x  ^  y. 

The  result  is,  of  course,  the  same  as  that  of  §  141.  Being  given  the 
impulsive  screw  corresponding  to  P,  we  find  P'  by  drawing  PA''//  and  LTP'; 
and  then  to  produce  a  unit  twist  velocity  on  P\  the  intensity  of  the  impal- 
sive  wrench  on  P  must  be  proportional  to  LX  -i-  LY,  It  is  obvious  that  by 
a  proper  adjustment  of  the  units  of  length,  force  and  twist  velocity,  LX 
may  be  the  intensity  of  the  impulsive  wrench,  and  LY  the  acquired  twist 
velocity. 

15L    PrinoiiMd  Screws  of  the  Potential. 

Let  us  suppose  that  a  body  having  two  degrees  of  freedom  is  in  a  ponUoo 
of  stable  equilibrium  under  the  influence  of  a  conservative  system  of  ibroea. 
If  the  body  be  displaced  by  a  small  twist,  it  will  no  longer  be  in  a  position  of 
equilibrium,  and  a  wrench  has  commenced  to  act  upon  it  This  wrench  can 
always,  by  suitable  composition  with  the  reactions  of  the  constraints,  be 
replaced  by  an  equivalent  wrench  on  a  screw  of  the  cylindroid  (see  §  96X 

For  every  point  J7,  corresponding  to  a  displacement  screw,  we  have  a 
related  point,  H\  corresponding  to  the  screw  about  which  the  wrench  is  evoked. 
The  relation  is  of  the  one-to-one  type,  and  it  will  now  be  proved  that  the 
system  of  screws  U  is  homographic  with  the  corresponding  system  H\  The 
proof  is  obtained  in  the  same  manner  as  that  already  given  in  §  1S7,  for 
impulsive  and  instantaneous  screws. 

Let  i?  be  a  displacement  screw  about  which  a  twist  of  unit  magnilnde 
evokes  a  wrench  of  intensity  e  on  E' ;  let  /  be  the  similar  quantity  for 
another  |»air  of  screws,  F  and  F'. 

A  twist  of  unit  amplitude  about  H  may  be  decomposed  into  components^ 

HF     HE 
EF'    EF' 

about  E  and  A*.  rc»|x?ctively. 
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These  will  evoke  wrenches  on  E'  and  F'  of  the  intensities 

HF       HE 
^ EF'  '  EF' 

respectively.  But  this  pair  of  wrenches  are  to  compound  into  a  wrench  of 
intensity  h  on  H\  and  consequently  we  have 

^  H'F'  _    HF 
"^  E'F'"^  EF* 

WE'     .HE, 
^  E'F'  "^  EF  ' 

HF    H'F'    .   .. 
wnence  Tfip  *  fj'tP*  '''J  * 

If  we  take  another  pair  of  points,  K  and  K',  we  have 

HF   KF    H'F'   irr; 

HE  '  KE  ""  H'E'  ''  K'E' 
whence  (HKFE)  =  (H'K'F'E'). 

Thus,  the  anharmonic  ratio  of  any  four  points  in  one  system  is  equal  to  that  of 
their  correspondents,  and  the  two  systems  are  homographic. 

The  homographic  axis  intersects  the  circle  in  two  points,  which  are  the 
principal  screws  of  the  potential,  %,e.  a  twist  about  either  evokes  a  wrench 
on  the  same  screw.  Of  course  this  homographic  axis  is  distinct  from  that 
in  §  139.  fiut  this  homographic  axis,  like  the  former  one,  passes  through  the 
pole  of  the  axis  of  pitch  because  the  principal  screws  of  the  potential  are 
reciprocal 

152.    Work  done  by  a  Twist. 

Suppose  that  the  body,  when  in  equilibrium  under  the  system  of  forces, 
receives  a  twist  of  small  amplitude  a'  about  any  screw  a,  a  quantity  of  work 
is  expended,  which  we  shall  denote  by 

Fv^^a'\ 

In  this,  jP  is  a  constant,  whose  dimensions  are  a  mass  divided  by  the  square 
of  a  time,  and  v.  is  a  linear  magnitude  specially  appropriate  to  the  screw  a, 
and  depending  also  upon  the  system  of  forces  (§  102).  We  may  compare 
and  contrast  the  three  quantities,  p^,  ti«,  v.:  each  is  a  linear  magnitude 
specially  correlated  to  the  screw  a.  The  first  and  simplest,  p^,  is  the  pitch 
of  the  screw,  and  depends  on  the  geometrical  nature  of  the  constraints ;  u. 
involves  also  the  mass  of  the  body,  and  the  distribution  of  the  mass  relatively 
to  a;  Vti,  still  more  complicated,  depends  also  on  the  system  of  forces. 
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IBS.     Law  of  Distribution  of  v«. 

Ah  wc  follow  the  screw  a  around  the  circle,  it  becomes  of  xnlereiK  to  ^ath 
the  corresponding  variations  of  the  linear  nuagnitude  ».-  ^^  fca»«  Mitr^ 
found  a  very  concise  representation  of  p^  and  ii«  by  the  axis  of  fitek  mA  \kt 
axis  of  inertia,  respectively.  We  shall  now  obtain  a  similar  r^prearataika 
of  r«  by  the  aid  of  the  tucis  of  potential. 

It  is  shown  (§  102)  that  t;J  must  be  a  quadratic  functioD  of  the  ov 
onlinates;  we  may  therefore  apply  to  this  function  the  same  r^aiijoiii];  » 
we  applied  to  u.'  (§  1.34).  We  learn  that  vj  is  at  each  point  proportiuittl  vi 
the  perpendicular  on  a  ray,  which  is  the  axis  of  potential 

Thus,  if  ^  (Fig.  32)  be  the  screw,  the  value  of  vj  is  proportiooal  u>  AP. 
the  perpendicular  on  PT\  if  (/'  be  the  pole  of  the  axis  of  poleotiat  ikfiL 
as  in  §  59,  we  can  also  Represent  the  value  of  v.*  by  the  product  ACT.  A  A'. 
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lij  f(<'fii'nd  th<*  energy  exiK^ndcHl  by  a  small  twist  from  a  pcMtitiii  <if 
« 'I *ii ) I br J II ffi  ritn  \h*  nrpri'sentiMl  by  a  quadratic  function  of  the  oo-ordiiiaU'!^ 
'//  tlii'  ttf-mw.  If,  moreover,  the  two  scn»ws  of  reference  form  what  an* 
'mII«^I  rj,ftjtiyaUi  Mcrewn  of  potential  (§100),  then  the  energy  is  aimpiy  tkt* 
•iifij  «/f  two  w|iiAr«*  t4*nns.  The  ncKH'ssary  and  sufficient  conditi«>n  that  tlie 
i*o  0#'r«'WM  nhall  U*  H«i  H'lated  is,  that  their  chonl  shall  pass  through  (/*. 

KutAku-r  \tni\n*rty  of  two  conjugate  scn'ws  of  poU*ntial  is  also  analoguu* 
Ut  iUtki  ifl  two  ronjugaU*  screws  of  inertia.  If  A  and  A'  be  two  coojugaie 
Mfifwn  of  |K;t4'ntial.  th<*n  tho  wreiieh  cvokiHl  by  a  twist  round  A  is  rt*dipi\wml 
t««  A\  niid  th<*  wr«*n(*h  evoke<l  by  a  twist  arouml  A'  is  reciprocal  to  A. 
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155.    Determination  of  the  Wrench  evoked  by  a  Twist. 

The  theorem  just  enunciated  provides  a  simple  means  of  discovering  the 
wrench  which  would  be  evoked  by  a  small  twist  which  removes  the  body 
from  a  position  of  equilibrium. 

Let  A  (Fig.  33)  be  the  given  screw;  join  A(y\  and  find  H;  then  the 
required  screw  A'  must  be  reciprocal  to  H,  and  is,  accordingly,  found  by 
drawing  the  chord  HA'  through  0. 


Fig.  88. 

The  axis  00"  is  of  course  the  homographic  axis  of  §  151.  We  need  not 
here  repeat  the  demonstration  of  §  141,  which  will  apply,  mutatis  rmUandis^ 
to  the  present  problem.  We  see  that  the  ratio  of  the  intensity  of  the 
wrench  to  the  amplitude  of  the  twist  is  proportional  to 

HO 
Ha" 

The  other  constructions  of  a  like  character  can  also  be  applied  to  this  case. 

166.    Harmonic  Bcrewe. 

If  after  displacement  the  rigid  body  be  released,  and  small  oscillations 
result,  the  present  geometrical  method  permits  us  to  study  the  resulting 
movements. 

It  has  been  shown  (§  130)  that  there  are  two  special  screws  on  the  surface, 
each  of  which  possesses  the  property  of  being  a  harmonic  screw.  If  a  body 
be  displaced  from  rest  by  a  small  twist  about  a  harmonic  screw,  and  if  it 
also  receive  any  small  initial  twist  velocity  about  the  same  screw,  then  the 
body  will  continue  for  ever  to  perform  harmonic  twist  oscillations  about  the 
same  screw. 

The  two  harmonic  screws  are  X  and  F,  where  the  circle  is  intersected 
by  the  axis  passing  through  the  pole  of  the  axis  of  inertia  0\  and  the  pole 
of  the  axis  of  potential  0"  (Fig.  34). 
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For,  suppose  the  body  receives  a  small  initial  displacement  about  A",  this 
will  evoke  a  wrench  on  H,  found  by  drawing  XCyy  and  YOH  (5  155)l    But  the 


Fig.  84. 

effect  of  a  wrench  on  H  will  be  to  produce  twist  velocity  about  a  screw  found 
by  drawing  HOY  and  YO'X,  i.e.  X  itself  (§  140).  Hence  the  wrench  evoked 
can  only  make  the  body  still  continue  to  twist  about  X,  and  harmonic 
vibration  on  X  will  be  the  result.  Similar  reasoning,  of  course,  applies 
to  Y. 

157.    Small  Otcillatioiia  in  general. 

The  initial  displacement,  and  the  initial  twist  velocity  of  the  body,  can 
always  be  decomposed  into  their  respective  components  on  X  and  F.  The 
resulting  small  oscillations  can  thus  be  produced  by  compounding  simple 
harmonic  twist  oscillations  about  X  and  Y. 

If  it  should  happen  that  0'  and  0"  become  coincident,  then  every  scrt^w 
would  be  a  harmonic  screw. 

If  0  and  (y  coincided,  then  every  screw  would  be  a  principal  screw  of 
inertia  (§  86). 

If  0  and  (y  coincided,  then  every  screw  would  be  a  principal  scrvw  of 
potential. 

15&    Oonohaslon. 

The  object  proposed  in  this  Chapter  has  now  been  completed.  It  has 
been  demonstrated  that  the  representative  circle  affords  a  concise  method 
of  exhibiting  many  problems  in  the  Dynamics  of  a  Rigid  S}*stem  with  two 
degrees  of  freedom,  so  long  as  the  body  remains  near  its  initial  positioii. 
The  geometrical  interest  of  the  enquiry  is  found  mainly  to  depend  on  th^ 
completely  general  nature  of  the  amstraints.  If  the  constraints  be  specialiwd 
to  those  with  which  mechanical  problems  have  made   us  fiuniliar,  it   will 
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frequently  be  found  that  the  geometrical  theory  assumes  some  extreme  and 
unmtei*esting  type.  For  instance,  a  case  often  quoted  as  an  illustration  of 
two  degrees  of  freedom,  is  that  of  a  body  free  to  rotate  around  an  axis, 
and  to  slide  along  it.  The  representative  circle  has  then  an  infinite 
radius,  and  the  finite  portion  thereof  is  merely  a  ray  perpendicular  to  the 
axis  of  pitch.  The  geometrical  theory  then  retains  merely  a  vestige  of 
its  interest. 


10 


CHAPTER  XIII. 


THE  OEOMKTRY   OF  THE   CYLINDROID. 


159.    Another  inTeitigation  of  the  Oylindroid. 

The  laws  of  the  composition  of  twists  and  wrenchcfl  are  of  such  fuoda- 
niental  importance  in  the  present  subject  that  the  following  method*  of 
investigating  the  cylindmid  seems  worthy  of  attention.  This  method  is  ihiC, 
however,  presented  as  a  substitute  for  that  alremly  given  (Chap.  II.)  which  is 
certainly  both  m^re  simple  and  more  direct. 

Let  a  and  /9  be  any  two  screws,  then  if  a  body  receives  a  twist  about  c, 
followed  by  another  twist  about  /9,  the  position  arrived  at  could  have  been 
reached  by  a  single  twist  about  a  third  screw  7.  If  the  amplitudes  of  the 
twists  about  a  and  fi  are  given,  then  the  position  of  7,  as  well  as  the  ampli- 
tude of  the  resultant  twist  thereon,  are,  of  course,  both  determined.  IC 
however,  the  amplitudes  of  the  twists  on  a  and  0  are  made  to  vary  while 
the  screws  a  and  0  themselves  remain  fixed,  then  the  position  of  7,  no  Vern^ 
than  the  amplitude  of  the  resultant  twist,  must  both  vary.  It  has  howterer 
been  shown  in  §  9  that  the  position  and  pitch  of  7  remain  constant  so  long  an 
the  ratio  of  the  amplitudes  of  the  twists  about  a  and  /9  remains  unchanged. 
As  this  ratio  varies,  the  position  of  7  will  vary,  so  that  this  positioo  is  a 
function  of  a  single  parameter;  and,  accordingly,  7  must  be  restricted  to  be 
one  of  the  generators  of  a  certain  ruled  surface  S,  which  includes  e  and  fi  sp 
extreme  cam*s  in  which  the  ratio  is  zero  and  infinity  respectively. 

Let  ^,  be  a  screw  which  is  reciprocal  both  to  a  and  0,  then  B^  must  also 
be  recipnical  to  every  screw  7  on  8.  Let  0^,  ^,,  0^  be  three  other  screws  abo 
recipniciil  to  N.  Since  a  screw  is  defined  by  five  conditions,  it  is  plain  that  a 
screw  which  fulfils  the  four  conditions  of  being  reciprocal  to  0,,  $^,  0^.  0^  mH] 
have  one  dispcjsable  parameter,  and  must,  therefort\  be  generally  confined  to 
a  certain  ruled  surface.  This  surface  must  include  S,  inasmuch  as  all  the 
scn*ws  on  S  are  rt^riprocal  to  0i,  6,,  0,,  0^\  but  further,  it  cannot  include  any 

*  i^ocetdimpt  of  the  Ho^mi  iHtk  Academy,  ttiA  8er.,  Vul.  nr.  p.  61S  (ISSS). 
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screw  €  not  on  S;  for  as  €  and  any  screw  yonS  are  reciprocal  to  0i,  0^,  d,,  ^4, 
it  will  follow  that  any  screw  on  the  surface  made  from  €  and  %  just  as  iSf  is 
made  from  a  and  )9,  must  also  be  reciprocal  to  ^i,  0^,  ^,,  64.  As  7  may  be 
selected  arbitrarily  on  S,  we  should  thus  find  that  the  screws  reciprocal  to 
0ii  6%t  0$9  O4  were  not  limited  to  one  surface,  but  constituted  a  whole  group  of 
sur&ces,  which  is  contrary  to  what  has  been  already  shown.  It  is  therefore 
the  same  thing  to  say  that  a  screw  lies  on  S,  as  to  say  that  it  is  reciprocal  to 
0u  0,.  ^.,  0,  (§  24). 

Since  the  condition  of  reciprocity  involves  the  pitches  of  the  two  screws 
in  an  expression  containing  only  their  sum,  it  follows  that  if  all  the  pitches 
on  01,  0,,  ^„  04  be  diminished  by  any  constant  m,  and  all  those  on  S  be 
increased  by  wi,  the  reciprocity  will  be  undisturbed.  Hence,  if  the  pitches 
of  all  the  screws  on  S  be  increased  by  +  w,  the  surface  so  modified  will  still 
retain  the  property,  that  twists  about  any  three  screws  will  neutralize  each 
other  if  the  amplitudes  be  properly  chosen. 

We  can  now  show  that  there  cannot  be  more  than  two  screws  of  equal 
pitch  on  S;  for  suppose  there  were  three  screws  of  pitch  m,  apply  the 
constant  —  m  to  all,  thus  producing  on  S  three  screws  of  zero  pitch.  It  must 
therefore  follow  that  three /orce»  on  S  can  be  made  to  neutralize ;  but  this  is 
obviously  impossible,  unless  these  forces  intersect  in  a  point  and  lie  on  a 
plane.  In  this  case  the  whole  surface  degrades  to  a  plane,  and  the  case  is  a 
special  one  devoid  of  interest  for  our  present  purpose.  It  will,  however,  be 
seen  that  in  general  S  does  possess  two  screws  of  any  given  pitch.  We  can 
easily  show  that  a  wrench  can  always  be  decomposed  into  two  forces  in  such 
a  way  that  the  line  of  action  of  one  of  these  forces  is  arbitrary.  Suppose 
that  8  only  possessed  one  screw  X  of  pitch  m.  Reduce  this  pitch  to  zero ; 
then  any  other  wrench  must  be  capable  of  decomposition  into  a  force  on  X 
(Le.  a  wrench  of  pitch  zero),  and  a  force  on  some  other  line  which  must  lie 
on  flf;  therefore  in  its  transformed  character  there  must  be  a  second  screw 
of  zero  pitch  on  £>,  and,  therefore,  in  its  original  form  there  must  have  been 
two  screws  of  the  given  pitch  m. 

Intersecting  screws  are  reciprocal  if  they  are  rectangular,  or  if  their 
pitches  be  equal  and  opposite ;  hence  it  follows  that  a  screw  0  reciprocal  to 
S  must  intersect  S  in  certain  points,  the  screws  through  which  are  either  at 
right  angles  to  ^  or  have  an  equal  and  opposite  pitch  thereto. 

From  this  we  can  readily  show  that  S  must  be  of  a  higher  degree  than 
the  second ;  for  suppose  it  were  a  hyperboloid  and  that  the  screws  lay  on 
the  generators  of  one  species  A,  a  screw  0  which  intersected  two  screws 
of  equal  pitch  m  must,  when  it  receives  the  pitch  —  m,  be  reciprocal  to  the 
entire  system  A.  We  can  take  for  0  one  of  the  generators  on  the  hyper- 
boloid belonging  to  the  species  B ;  0  will  then  intersect  every  screw  of  the 

10—2 
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mil-face ;  it  must  also  be  reciprocal  to  all  these ;  and,  a»  there  are  onljr  two 
screws  of  the  given  pitch,  it  will  follow  that  0  must  cut  at  right  angles  every 
generator  of  the  species  A.  The  same  would  have  to  be  true  for  any  other 
reciprocal  screw  ^  similarly  chosen ;  but  it  is  obvious  that  two  lines  0  and  ^ 
cannot  be  found  which  will  cut  all  the  generators  at  right  angles,  onlei«« 
indeed,  in  the  extreme  case  when  all  these  are  coplanar  and  parallel.  In  the 
general  case  it  would  require  two  common  perpendiculars  to  two  rays,  which 
is,  of  course,  impossible.  We  hence  see  that  8  cannot  be  a  surfince  of  the 
second  degree. 

We  have  thus  demonstrated  that  S  must  be  at  least  of  the  third  degree — 
in  other  words,  that  a  line  which  pierces  the  surface  in  two  points  will  pierce 
it  in  at  least  one  more.  Let  a  and  ff  be  two  screws  on  S  of  equal  pitch  m, 
and  let  ^  be  a  screw  of  pitch  —  m  which  intersects  a  and  /9.  It  follows  tlial 
0  is  reciprocal  both  to  a  and  /9,  and  therefore  it  must  be  reciprocal  to 
every  screw  of  S.  Let  0  cut  ;S»  in  a  third  point  through  which  the  screw  j  is 
to  be  drawn,  then  0  and  y  are  reciprocal ;  but  they  cannot  have  eqoal  and 
opposite  pitches,  because  then  the  pitch  of  7  should  be  equal  to  that  of  a 
and  0,  We  should  thus  have  three  screws  on  the  surface  of  the  same  pitch, 
which  is  impossible  It  is  therefore  necessary  that  0  shall  always  intenect  7 
at  right  angles.  From  this  it  will  be  easily  seen  that  S  must  be  of  the 
third  degree;  for  suppose  that  0  intersected  5  in  a  fourth  point,  thrcmgh 
which  a  screw  i  passed,  then  0  would  have  to  be  reciprocal  to  S,  because  it  is 
reciprocal  to  all  the  screws  of  S;  and  it  would  thus  be  necessary  for  tf  to  be 
at  right  angles  to  &  Take  then  the  four  rays  a,  /9,  7,  B,  and  draw  acnm 
them  the  two  common  transversals  0  and  ^.  We  can  show,  in  like  manner, 
that  ^  is  at  right  angles  to  7  and  8.  We  should  thus  have  0  and  ^  as  two 
common  perpendiculars  to  the  two  rays  7  and  £.  This  is  impossible,  onleos 
7  and  S  were  in  the  same  plane,  and  were  parallel.  If,  however,  7  and  2  be 
so  circumstanced,  then  twists  about  them  can  only  produce  a  resultant  twiat 
also  parallel  to  7  and  8,  and  in  the  same  plane.  The  entire  surfiice  S  woald 
thus  degenerate  into  a  plane. 


We  are  thus  conducted  to  the  result  that  S  must  be  a  ruled 
of  the  third  degree,  and  we  can  ascertain  its  complete  character.  Since  any 
transversal  0  across  a,  fi,  and  7  must  be  a  reciprocal  screw,  if  its  pitch  be 
equal  and  opposite  to  those  of  a  and  fi,  it  will  follow  that  each  soch  tffmn»> 
versal  must  be  at  right  angles  to  7.  This  will  restrict  the  situation  of  7. 
for  unless  it  be  specially  placed  with  respect  to  a  and  /9,  the  transrenal  0 
will  not  always  fulfil  this  condition.  Imagine  a  plane  perpendicular  to  7. 
then  this  plane  contains  a  line  /  at  infinity,  and  the  ray  0  must  interact  /  as 
the  nocesiQLry  condition  that  it  cuts  7  at  right  angles.  As  6  changes  its 
position,  it  traces  out  a  quadric  surface,  and  as  /  is  one  of  the  generators  of 
that  ({uadric,  it  must  be  a  hyperbolic  paraboloid.     The  three  rays  a,  fi^  7, 
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belonging  to  the  other  system  on  the  paraboloid  must  also  be  parallel  to  a 
plane,  being  that  defined  by  the  other  generator  /',  in  which  the  plane  at 
infinity  cuts  the  quadric. 

Let  PQ  be  a  common  perpendicular  to  a  and  7,  then  since  it  intersects 
7  at  right  angles,  it  must  also  intersect  /;  and  since  PQ  cuts  the  three 
generators  of  the  paraboloid  a,  7  and  /,  it  must  be  itself  a  generator,  and 
therefore  intersects  0.  But  a,  )8,  7  are  all  parallel  to  the  same  plane,  and 
hence  the  common  perpendicular  to  a  and  7  must  be  also  perpendicular  to  13. 
We  hence  deduce  the  important  result,  that  all  the  screws  on  the  surface  S 
must  intersect  the  common  perpendicular  to  a  and  fi,  and  be  at  right  angles 
thereto. 

The  geometrical  construction  of  S  is  then  as  follows: — Draw  two  rays  a  and 
/3,  and  also  their  common  perpendicular  X.  Draw  any  third  ray  0,  subject 
only  to  the  condition  that  it  shall  intersect  both  a  and  13.  Then  the  common 
perpendicular  p  to  both  0  and  \  will  be  one  of  the  requii*ed  generators, 
and  as  0  varies  this  perpendicular  will  trace  out  the  surface.  It  might 
at  first  appear  that  there  should  be  a  doubly  infinite  series  of  common 
perpendiculars  p  to  X.  and  to  0.  Were  this  so,  of  course  8  would  not  be 
a  surfaca  The  difficulty  is  removed  by  the  consideration  that  every  trans- 
versal across  p,  a,  fi  is  perpendicular  to  p.  Each  p  thus  corresponds  to  a 
singly  infinite  number  of  screws  0,  and  all  the  rays  p  form  only  a  singly 
infinite  series,  i.e.  a  surface. 

A  simple  geometrical  relation  can  now  be  proved.  Let  the  perpendicular 
distance  between  p  and  ahe  di,  and  the  angle  between  p  and  a  be  ^1 ;  let  cf, 
and  A^  be  the  similar  quantities  for  p  and  fi,  then  it  will  be  obvious  that 

di'.  d^::  tan  Ai  :  tan  A^ ; 

or  (i,  +  da :  cii  —  da : :  sin  (Ai  +  -4,)  :  sin  ( 4^  —  A^X 

if  ^  be  the  distance  of  p  from  the  central  point  of  the  perpendicular  h 
between  a  and  0 ;  and  if  6  be  the  angle  between  a  and  0,  and  0  be  the 
angle  made  by  p  with  a  parallel  to  the  bisector  of  the  angle  6,  then  we  have 
from  the  above 

z  :  h  ::  sin  2(f>  :  sin 26. 

The  equation  of  the  surface  8  is  now  deduced  for 

tan  6  =  -  ; 

y 

whence  we  obtain  the  equation  of  the  cylindroid  in  the  well-known  form 

^(^■^y>=^irr2;^y- 
The  law  of  the  distribution  of  pitch  upon  the  cylindroid  can  also  be  deduced 
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from  tho  same  principlea  If  a  and  fi  are  screws  of  sero  pitch,  then  any 
reciprocal  transversal  0  will  be  also  of  sero  pitch;  and  as  p  tniist  be  reciprucal 
to  0,  it  will  follow  that  the  pitch  of  p  must  be  equal  to  the  product  of  the 
shortest  perpendicular  distance  between  p  and  0,  and  the  tangent  of  the 
angle  between  the  two  lines.  In  short,  the  pitch  of  p  must  simply  be  equal 
to  what  is  sometimes  called  the  moment  between  p  and  0. 

We  are  also  led  to  the  following  construction  for  the  cylindroid. 

Draw  a  plane  pencil  of  rays  and  another  ray  Z,  tUuaied  onyiofciriL  Them 
the  common  perpendiculars  to  L  and  the  several  rays  of  the  pemjU  troes  tnU 
the  cylindroifL 

I  have  already  mentioned  (p.  20)  that  the  first  moAei  of  the  cjHiidfuid 
was  made  by  Pliicker  in  illustration  of  his  Neue  Oeometrie  des  Bammes.  The 
model  of  the  sur&ce  which  is  represented  in  the  Frontispieoe  was  auKle  froa 
my  design  by  Sir  Howard  Grubb,  the  cost  being  defrayed  bj  a  gnuit  from 
the  Scientific  Fund  of  the  Royal  Irish  Academy.  A  hollow  eyUadet  was 
mounted  on  a  dividing  engine  and  holes  were  drilled  at  the  calwilaled  poinUL 
Silver  wires  were  then  stretched  across  in  the  pomtioDS  of  Ilia  gOMtmton 
and  a  beautiful  model  is  the  result 

The  equation  to  the  tangent  cone  drawn  from  the  poinl  si^  }f^  d  U> 
the  surface, 

is  of  the  fourth  degree  and  is  given  by  equating  to  sero  the  diacrimiiiant 
of  the  following  function  in  «, 

This  cone  has  three  cuspidal  edges,  and  accordingly  the  model  eskifaita 
in  every  aspect  a  renuu*kable  tricuspid  arrangement. 

I  here  give  the  details  of  the  construction  of  the  much  simpicr  model  of 
the  cylindruid  figured  in  Plate  II.*  A  boxwood  cylinder,  0^15  long  and 
0*^5  in  diameter,  is  chucked  to  the  mandril  of  a  lathe  fumiahed  with  a 
dividing  plate.  A  drill  is  mounted  on  the  slide  rest,  and  driven  by  overhead 
gear.  The  parameter  p^—ps  (in  the  present  case  0**066)  is  divided  into 
one  hundred  parts.  By  the  screw,  which  moves  the  slide  rest  parallel  to  the 
bed  of  the  lathe,  the  drill  can  be  moved  to  any  number  s  of  these  paru 
from  its  original  position  at  the  centre  of  the  length  of  the  cylinder.  Fuur 
holes  are  to  be  drilled  for  each  value  of  i.  These  consist  of  two  pain 
of  diametriciilly  opposite  holes.     The  directions  of  the  holes  intersect  the 

*  8m  TuinmctumM  of  Hapai  IruH  AeiuUmp,  Vol.  kit.  p.  ilO  (1871) ;  and  tdao  Pkii.  Mm$.  ToL 
lUI.  p.  ISI  (1S7I);  aI«>  B.  a.  Report,  Kdimbmr^k,  1S71. 
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axis  of  the  cylinder  at  right  angles.     The  following  table  will  enable  the 
work  to  be  executed  with  fistcility.     I  is  the  angle  of  §  13 : — 


z 

I 

90-Z 

180  +  Z 

270 -Z 

0-0 

0 

90 

180 

270 

17-4 

5 

85 

185 

265 

34*2 

10 

80 

190 

260 

50-0 

15 

75 

195 

255 

64-3 

20 

70 

200 

250 

76-5 

25 

65 

205 

245 

86-6 

30 

60 

210 

240 

94-0 

35 

55 

215 

235 

98-5 

40 

50 

220 

230 

100-0 

45 

45 

225 

225 

For  example,  when  the  slide  has  been  moved  34*2  parts  from  the  centre 
of  the  cylinder,  the  dividing  plate  is  to  be  set  successively  to  10°,  80^  190°, 
260"",  and  a  hole  is  to  be  drilled  in  at  each  of  these  positions.  The  slide  rest  is 
then  to  be  moved  on  to  50  parts,  and  holes  are  to  be  drilled  in  at  15°,  75°, 
195°,  255°.  Steel  wires,  each  about  O^S  long,  are  to  be  forced  into  the  holes 
thus  made,  and  half  the  surface  is  formed.  The  remaining  half  can  be 
similarly  constructed :  a  length  of  0"*'066  cos  21  is  to  be  coloured  upon  each 
wire  to  show  the  pitch.  The  sign  of  the  pitch  is  indicated  by  using  one 
colour  for  positive,  and  another  colour  for  negative  pitches. 

Among  the  various  other  representations  of  the  cylindroid  I  can  now  do 

no  more  than  refer  to  an  ingenious  plan  described  by  Goebel  in  his  Neueren 

^taiik,  by  which  a  model  of  this  surface  in  card-board  can  be  made  with 

facility.     There  is  also  a  model  in  the  collection  of  the  Cavendish  Laboratory 

at  Cambridge,  and  another  belonging  to  the  Mathematical  Society  of  London, 

which,  like  that  figured  in  Plate  II.,  was  made  by  myself.    Sir  Howard  Grubb 

H^s  also  made  a  second  model  with  the  same  dimensions  as  that  figured 

irk   the   frontispiece  but  mounted   in   a  different   manner.     This   exquisite 

^3chibition  of  a  ruled  surface  is  the  property  of  Mr  G.  L.  Cathcart,  Fellow  of 

"Tjinity  College,  Dublin. 

A  suggestive   construction   for  the   cylindroid  has  been  also  given  by 
I^rofessor  G.  Minchin  in  his  well-known  book  on  Statics,  and  we  have  already 
entioned  (note  to  §  50)  the  construction  given  by  Mr  Lewis. 
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§  160.    Bqaatioii  to  piano  Mction  of  Oylindroid. 

Each  generator  of  the  cylindroid  is  the  abode  of  a  certain  Dcrew,  and 
accordingly  each  point  in  a  plane  section  will  lie  on  one  screw,  and  genermllj 
on  only  one.  We  may,  accordingly,  regard  the  several  points  of  the  cubic  a» 
in  correspondence  with  the  several  screws  on  the  cylindroid.  It  will  often  be 
convenient  to  speak  of  the  points  on  the  section  as  synonymoos  with  thr 
screws  themselves  which  pass  through  those  points. 

We  must  first  investigate  the  e<)uation*  to  the  cubic  curve  produofd  br 
cutting  the  cylindroid  by  a  plane  situated  in  any  arbitrar}*  position. 


Fig.  S5. 

Let  OX  and  OF  (Fig.  35)  be  the  two  princiiMl  screws  of  the  cylindnnd  uTl 
which  on  is  the  nodal  line.  Let  X  YD,  be  the  arbitrary  plane  of  tiectioii.^ 
The  position  of  this  plane  is  defined  by  the  magnitudes  A,  a,  fi,  whereof  km 
is  the  length  of  the  perpendicular  from  0  on  JT  K.  a  is  the  angle  between  (/AS 
and  OX,  and  fi  is  the  angle  ORil,  or  the  inclination  of  the  plane  of  aecikioa 
to  the  principal  plane  of  the  cylindroid. 

Draw  thruugh  fl  the  line  Illf  parallel  to  XY;  then  we  shall  adopt  (Iff 

as  the  new  axis  of  x  and  HA  as  the  new  axis  of  y,  so  that  if  P  be  any  poii^ 

on  the  surface,  we  have  PN  ^  y  and  nJV  =  «.     The  dotted  letters,*',/.. 

rt»fer  to  the  original  axes  of  the  cylindroid.     Let  fjtll  PT  p(*rpendicular  i: : 

the  plane  of  OX  K.  and  TM  perpendicular  to  XY,     Then  we  have  MXm 

whence 

y +  i'cosec/9«  A  sec/8  (i 

*   Trmmmtticm  of  the  Itofal  Irhk  Aeadetmff,  Vol.  ixii.  p.  1  (1S87). 
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while,  if  ^  be  the  angle  XOT,  and  OT  be  denoted  by  r,  we  have 

a?  =  r  sin  (^  -  a), 
or  a?  =  y'co8a  — a?'sin  a    (ii); 

but,  obviously, 

OiJ  =  rcos(d-a)4-Afr; 

Mrhence  h  =  a?' cos  a  4- y' sin  a  4-^'cot  ^  (iii). 

Solving  the  equations  (i),  (ii),  (iii),  we  obtain 

of  ^  —  X  sin  a  4-  y  cos  fi  cos  a, 

'if  zs-^-  X  cos  a  +  y  cos  P  sin  a, 

^r'  =     h  tan  ^  —  y  sin  ^. 

ppears  from  these  that 

a-'a  +  y  •  =  ic«  +  y«  COS'  )8, 

a?'y'  =  a:y  cos  ^  COS  2a  +  (y*  cos'/8  —  a;*)  sin  a  cos  a, 

equation  of  the  cylindroid  gives 

^  («?'•  +  y'O  =  27na?'y' ; 

<2nce  we  deduce,  as  the  required  equation  of  the  section, 

(A  tan /8  -  y  sin  )8)  (a;*  +  y' COS*  )8) 

=  27?ujy  cos  ^  cos  2a  +  2wi  sin  a  cos  a  (y»  cos'  /9  —  a-*) ; 

arranging  the  terms, 

sin  /8  cos'  /Sy*  +  sin  Pya?  —  (m  sin  2a  4-  A  tan  /8)  a;*  +  29na^  cos  )8  cos  2a 

+  {m  sin  2a  cos'  /8  —  A  sin  ^  cos  /8)  y-*  =  0. 

It  is  often  convenient  to  use  the  expressions 

a?  =  A  tan  (^  —  a)  —  ?n  sin  2^  cot  ^  tan  {0  —  a), 
y^hsecfi  —  m  sin  20  cosec  /9, 

^'^'^i    which,  if  ^  be  eliminated,  the  same  equation  for  the  cubic  is  obtained  ; 
^»  still  more  concisely,  we  may  write 

x^y  cos  /9  tan  (0  —  a), 
y  =  A  sec  ^  —  m  sin  2  ^  cosec  /8. 
*I^liis  cubic  has  one  real  asymptote,  the  equation  of  which  is 

y  sin  ^  =  m  sin  2a  +  A  tan  jS, 
^^   the  asymptote  cuts  the  curve  in  the  finite  point  for  which 

a?  =  —  tan  2a  (A  4-  w  sin  2a  cot  /3). 
*^  He  value  of  0  at  this  point  is  —  a. 
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Fig.  86. 

EiPUijfATioN  or  Fiu.  36. 

Gcnerml  Section  of  the  Cylindroid,  ibowing— 
(1)  Cobie  with  th«  double  point  <>. 

(3)  AiTrnptota  of  the  enbio. 

(8)  The  parabola,  which  is  the  envelope  of  the  chords  Joining  ecrews  of  equal  pilch. 

(4)  Hyperbola  having  triple  contact  with  the  cubic,  being  envelope  of  reciprocal  choc^ 
(6)  Section  of  the  principal  plana.    It  is  a  tangent  to  the  hTpcrbola. 

(6)  A  tangent  to  the  parabola,  showing  two  screws,  P  and  Q,  of  equal  pitch. 

(7)  Common  tangents  to  the  parabola  and  the  cubic,  touching  the  latter  at 
principal  screws. 

(H)  Any  tangent  to  the  hyperbola  intersects  the  cubic  in  three  points,  two  of  which 
to  reciprocal  screws  (not  shown). 

A'fiMlioiu  of  Cyihic,  K^uaiion  of  Parahttla,  K^mntumt  of  ilfper^nim, 

x-i^tan(#-a6  ).  (&4.'V  x^l-6A«l-6secf  fc  47itan^ 

y  -ao    66sin2#.  ^""  \       16/  *  y  -  -  12  H  +  StHscc^ 
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In  Fig.  36  will  be  found  a  drawing  of  this  curve.    The  following  are  the 
values  of  the  constants  adopted : 

a  =  25°;    i8=:26";    A  =  18;    m  =  28-9; 

with  which  the  equations  become 

X  =  -Qy  tan  (0  -  25**), 

y  =  20-66sin2tf. 

The  curve  was  plotted  down  on  "  papier  millim^trique,"  and  has  been  copied 
in  reduced  size  in  the  figure.  The  constants  were  selected  after  several 
trials,  in  order  to  give  a  curve  that  should  be  at  once  characteristic,  and 
of  manageable  dimensions. 

The  distribution  of  pitch  upon  the  screws  of  the  cylindroid  is  of 
fundamental  importance  in  the  theory,  so  that  we  must  express  the  pitches 
appropriate  to  the  several  points  on  the  cubic. 

Let  J)  denote  the  pitch ;  then,  fi-om  the  known  property  of  the  cylindroid, 

psjPo  +  mcos29, 

where  j^o  ^  ^  constant.  Transforming  this  result  into  the  co-ordinates  of 
the  point  on  the  cubic,  we  have 

(a;»  —  y»  cos*  /8)  cos  2a  +  %xy  cos  /8  sin  2a 


p=^P9  —  m 


iB"4-y*cos*/8 


161.    Chord  Joining  Two  Screwi  of  Equal  Pitch. 

As  the  pitches  of  the  two  screws,  defined  hy  +0  and  —  0,  are  equal,  the 
chord  in  question  is  found  by  drawing  the  line  through  the  points  a/,  xf  and 
af\  jf\  respectively,  where 

x'  ^y'coa/3  tan  (0  —  a), 
y'  =h  sec  /S  —  m  cosec  ff  sin  20, 
«"  =  /'cos/8tan(-tf-a), 
y"  =  h  sec  fi-k-m  cosec  fi  sin  20. 
After  a  few  reductions,  the  required  equation  is  found  to  be 
xm  (cos  26  +  cos  2a)  +  y  (A  sin  )3  +  m  cos  fi  sin  2a) 

-A»  tan  )8  +  m«cot)8sin»  2^  =  0. 

If  this  chord  passes  through  the  origin,  then 

-A»tan«/8  +  m»  sin*  2^  =  0; 

or,  h  tan /9±m  sin  2^  =  0. 

But  this  is  obviously  necessary ;  for  firom  the  geometry  of  the  cylindroid  it  is 
plain  that  d  must  then  fulfil  the  required  condition. 
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We  can  alao  determine  the  chord  in  a  Homewhat  different  manner,  which 
has  the  advantage  of  giving  certain  other  exprcsnionii  that  maj  be  of 
service. 

Let  6"^  B  0  be  the  cubic  curve. 

Let  Ka  0  be  the  equation  of  the  two  straight  lines  from  the  origin  to  the 
points  of  intersection  with  the  two  equal  pitch  screws  ±  0. 

Let  Z  ■>  0  be  the  chord  joining  the  two  intersections  of  U  and  V,  diiitifici 
from  the  origin :  this  is,  of  course,  the  chord  now  sought  for.  Then  we  mui4 
have  an  identity  of  the  type 

where  c  is  some  constant.  For  the  conditions  L^O  and  K«  0  imply  IT  «  0,  ami 
L  cuts  U  in  three  points,  two  of  which  lie  on  F,  and  the  third  point,  calkd  /, 
must  lie  on  X.  The  line  A*  is  otherwise  arbitrary,  and  we  may,  for  oon- 
venienoe,  take  it  to  be  the  line  n/  from  the  origin  to  /.  The  product  VX 
thus  contains  only  terms  of  the  third  degree,  and  accordingly  the  termn  of 
the  second  degree  in  U  must  be  sought  in  LY, 

Let  ir«BU,<f  II,  where  u,  and  t/,  are  of  the  third  and  second  dt^gr^^vv 
respectively,  then  cu,  must  be  the  quadratic  part  of  the  product  LY.  A»  L 
does  not  pass  through  the  origin,  it  must  have  an  absolute  term,  oom^e- 
quently  Y  must  not  contain  either  an  absolute  term  or  a  term  of  the  firat 
degree.  If,  therefore,  c  be  the  absolute  term  in  L,  it  is  plain  that  Y  initjfl 
be  simply  u,,  and  we  have  accordingly, 

where  L'  denotes  the  value  of  L  without  the  absolute  term :  we  bare  ctm- 
8ec]uently  the  identity 

cu,^VX  +  L'u,. 

In  this  equation  we  know  u,,  u,,  K,  and  the  other  quantities  have  to  be  futiod. 

If  we  substitute 

«  ■»  —  y  cos  fi  tan  (a  ±  0\ 

we  make  V  vanish,  and  representing  L'  hyXx-^  ^y,  we  find 

an<l  after  a  few  steeps 

X  m  cos  2a  <f  m  cos  20 

c  ""-^'Un/S+rn'oot/Ssin'^tf* 

/i        A  sin  /9  +  m  cos  /9  sin  2^ 
c"^«tan^  +  m«cot^«in«2S' 
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We  can  also  obtain  X ;  for  let  it  be  Px  +  Qy,  then  severally  identifying  the 
coefficients  of  a?  and  y*,  we  have, 

P  =  m  sin  2a  +  A  tan  /8, 

Q  =  —  m  cos  )8  (cos  2a  +  cos  20) ; 

finally,  resuming  the  various  results,  we  obtain  the  identity 

cU^VX  +  LY\ 
wherein, 

c  =  -A*tani8  +  m*cot/8sin«2tf, 

IT  =  sin /8  cos*  ^Sy*  +  sin  ^Syaj", 

—  (m  sin  2a  +  A  tan  fi)a^  +  2mxy  cos  /8  cos  2a 

+  (m  sin  2a  cos*  /8  —  A  sin  /8  cos  /8)  y". 
V = fiuc"  (cos  2a  +  cos  26)  +  2mxy  sin  2a  cos  /8  +  my*  cos*  /8  (cos  20  —  cos  2a), 
X  =  a:  (w  sin  2a  +  A  tan  ff)  —  my  cos  /9  (cos  2a  +  cos  2^), 

Z  =  ma?  (cos  2a  +  cos  20)  +  y  (A  sin  /8  +  m  cos  )8  sin  2a) 

-  A*  tan /8  +  m«  cot  )8  sin«  2^, 

F  =  a;"  (—  m  sin  2a  —  A  tan  /8)  +  2ma:y  cos  /8  cos  2a 

+  y*(msin  2acos')8-- Asin/9cos/8). 

162.    Parabola. 

The  screws  reciprocal  to  a  cylindroid  intersect  two  screws  of  equal  pitch 
on  the  surface.  Any  chord  in  the  section  which  cuts  the  cubic  in  two  points 
of  equal  pitch  must  thus  be  the  residence  of  a  screw  reciprocal  to  the  surface; 
accordingly  the  chord 

mx  (cos  2a  +  cos  20)  +  y  (A  sin  )3  +  m  cos  /8  sin  2a) 

-  A*  tan  /8  +  m*  cot /8  sin*  2^  =  0, 
when  it  receives  a  pitch  equal  to 

formfi  a  screw  reciprocal  to  the  cylindroid. 

It  is  easily  shown  that  the  envelope  of  this  chord  is  a  parabola ;  differ- 
entiating with  respect  to  9  we  have 

a;  =  2m  cot  /8  cos  26, 

Eliminating  0  we  obtain 

a^  -f  4ma;  cot /9  cos  2a+  4y  (A  cos/8  +  m  cos  )8  cot  /8  sin  2a)  —  4A*  +  4m' cot*  /8  =  0. 

The  vertex  of  the  parabola  is  at  the  point 

a?  =  —  2m  cot  fi  cos  2a ;    y  =  A  sec  fi  —  m  cosec  fi  sin  2^, 
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The  iatus  rectum  U 

4  cos  8  (h-^m  cot  /3  sin  2a). 

The  valaes  of  the  two  equal  pitches  (p)  on  the  pair  of  screws  are  thou 
expressed  in  terms  of  the  abscissa  x  of  the  point  in  which  the  choni  touches 
the  envelope  by  means  of  the  equation 

From  any  point  P,  on  the  cubic,  two  tangents  can  be  drawn  to  thit 
parabola  Each  of  these  tangents  must  intersect  the  cubic  in  a  pair  of  Krewm 
of  equal  pitch.  One  tangent  will  contain  the  other  screw  whose  pitch  is  equal 
to  that  of  P.  The  second  tangent  passes  through  two  screws  of  equal  pitch 
in  the  two  other  points  which,  with  P,  make  up  the  three  interBeciions  with 
the  cubic.  As  the  principal  screws  of  the  cylindroid  are  those  of  maximnm 
and  minimum  pitch  respectively,  it  follows  that  the  tangents  at  these  pointa 
will  also  touch  the  parabola.  These  common  tangents  are  shown  in  the 
figure. 

This  parabola  is  drawn  to  scale  in  Fig.  36.     The  equation  employed  wbip 

y  =  -31-(5+-^)'. 

When  the  figure  was  complete,  it  was  obvious  that  the  parabola  touched 
the  cubic,  and  thus  the  following  theorem  was  suggested : — 

The  parabola,  which  is  the  enveU^  of  chords  joining  screws  of  squal  piiek, 
iouohss  the  cMc  in  three  points. 

The  demonstration  is  as  follows: — To  seek  the  intersections  of  the 
parabola  with  the  cubic,  we  substitute,  in  the  equation  of  the  parabola,  the 
values 

a;«Atan(0-a)-mcot)3sin20tan(0-a), 

y^h sec /3  —  m cosec P sin  td. 

This  would,  in  general,  give  an  equation  of  the  sixth  degree  for  Xmn  B,  It 
will,  however,  be  found  in  this  case  that  the  expression  reduces  to  a  periDct 
square.  The  six  points  in  which  the  parabola  meets  the  cubic  moat  thus 
coalesce  into  three,  of  which  two  are  imaginary.  The  values  of  6  for  llieae 
three  points  are  given  by  the  equation 

A  tan  (0  -  a)  -  m  cot  )9  (sin  20  tan  (0  -  a)  <f  2  cos  2tf;  «  0. 

We  can  also  prove  geometrically  that  the  parabola  touches  the  cnihie  at 
three  pointa. 


In  general,  a  cHine  of  screws  reciprocal  to  the  cylindroid  can  be  di 
from  any  external  point.     If  the*  point  0  happen  to  lie  on  the  cylindrutd. 
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the  cone  breaks  up  into  two  planes.  The  nature  of  these  planes  is  easily 
seen.  One  of  them,  A,  must  be  the  plane  perpendicular  to  the  generator 
through  0 ;  the  other,  B,  is  the  plane  containing  0,  and  the  screw  of  equal 
pitch  to  that  of  the  screw  through  0.  These  planes  intersect  in  a  ray,  L, 
and  it  must  first  be  shown  that  Z  is  a  tangent  to  the  cylindroid. 

Any  ray  intersecting  one  screw  on  a  cylindroid  at  right  angles  must  cut 
the  surface  again  in  two  screws  of  equal  pitch ;  consequently  L  can  only 
meet  the  surface  in  two  distinct  points,  each  of  which  has  the  pitch  of  the 
generator  through  0.  It  follows  that  L  must  intersect  the  surface  at  two 
coincident  points  0,  i.e.  that  it  is  a  tangent  to  the  cylindroid  at  0. 

Let  any  plane  of  section  be  drawn  through  0.  This  plane  will,  in 
general,  intersect  A  and  B  in  two  distinct  rays :  these  are  the  two  screws 
reciprocal  to  the  cylindroid,  and  they  are  accordingly  the  two  tangents  from 
0  to  the  parabola  we  have  been  discussing.  The  only  case  in  which  these 
two  rays  could  coalesce  would  occur  when  the  plane  of  section  was  drawn 
through  L ;  but  the  two  tangents  to  a  parabola  from  a  point  only  coalesce 
when  that  point  lies  on  the  parabola.  At  a  point  where  the  parabola  meets 
the  cubic,  L  must  needs  be  a  tangent  both  to  the  parabola  and  to  the  cubic, 
which  can  only  be  the  case  if  the  two  curves  are  touching.  We  have  thus 
proved  that  the  parabola  must  have  triple  contact  with  the  cubic. 

There  are  thus  three  points  on  the  cubic  which  have  the  property  that 
the  tangent  intersects  the  curve  again  in  a  point  of  equal  pitch  to  that  of  the 
point  of  contact.  We  thus  learn  that  all  the  screws  of  a  four-system  which 
lie  in  a  plane  touch  a  parabola  having  triple  contact  with  the  reciprocal 
cylindroid. 

From  any  point  P,  on  the  cubic,  two  tangents  can  be  drawn  to  the 
parabola.  Each  of  these  tangents  must  intersect  the  cubic  in  a  pair  of  screws 
of  equal  pitch.  One  tangent  will  contain  the  two  screws  whose  pitch  is  equal 
to  that  of  P.  The  other  tangent  passes  through  two  screws  of  equal  pitch 
in  the  two  other  points,  which,  with  P,  make  up  the  three  intersections 
with  the  cubic. 

As  the  principal  screws  of  the  cylindroid  are  those  of  maximum  and 
minimum  pitch,  respectively,  it  follows  that  the  tangents  at  these  points 
will  also  touch  the  parabola.     These  common  tangents  are  shown  in  Fig.  36. 

From  the  equation  of  the  cylindroid, 

z(a^  +  y*)  =  2mwy, 

it  follows  that  the  plane  at  infinity  cuts  the  surface  in  three  straight  lines 
on  the  planes, 

X  ±xy  =  0. 
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The  line  at  infinity  on  the  plane  of  z  i»  of  courne  intersected  by  all  the  rc^l 
generators  of  the  cylindroid,  inasmuch  as  they  are  parallel  to  g.  The  points 
at  infinity  on  the  planes  ^  ±  ty  »  0  are  each  the  residence  of  an  imaginary 
screw,  also  belonging  to  the  surface.  The  pitches  of  both  these  screv»  an? 
infinite. 

We  may  deduce  the  two  screws  of  infinite  pitch  on  the  surface  in  another 
way.     The  equations  of  a  screw  are 

y  a  X  tan  0, 

X  s  m  sin  2^, 

while  the  pitch  is 

f>,  +  vi  cos  2B, 

If  tan  0  be  either  f  t\  wc  find  both  z  infinite  and  the  pitch  infinite.  We 
thus  see  that  through  the  infinitely  distant  point  /,  on  the  nodal  line  of  the 
cylindroid,  two  screws  belonging  to  the  surface  can  be  drawn,  just  as  at  any 
finite  point.  The  peculiarity  of  the  two  screws  through  /  is,  that  their 
pitches  are  equal,  i.e.  both  infinite,  and  this  is  not  the  case  with  any  other 
pair  of  intersecting  screws. 

It  is  now  obvious  why  the  envelope  just  considered  tnmed  oat  to  be  — 

a  parabola  rather  than  any  other  conic  section.     Every  plane  section  will 

have  the  line  at  infinity  for  a  transversal  cutting  two  screws  of  equal  pitch  = 
the  envelope  of  such  transversals  must  thus  have  the  line  at  infinity  foiHi 
a  tangent,  Le.  must  be  a  parabola. 

163.    Chord  Joining  Two  Points. 

If  0'  and  0"  be  the  angles  by  which  two  points  on  the  cubic  are  definer-rr! 
then  the  equation  to  the  chord  joining  those  points  is 

where  A  «  2mco«(^- a)co8(^'-a)co8(^  +  O, 

B«  A  sin /8 +  mcos /8cos(^+ O  sin  (2a  -  ^  -  ^0 

-mcos/3sin(^  +  r)cos(^-r), 
C- -  tan /9  (A -m  cot /9  sin  2^  (A -m  cot /Sain  SO' 

If  in  those  expresHions  we  make  ^  +  ^' »  0,  we  obtain  the  oquation  for 
chord  joining  screws  of  equal  pitch,  as  already  obtained. 

We  shall  find  that,  in  particular  sections,  these  expressions  become 
siderably  simplifie<l.     Suppose,  for  example,  that  the  plane  of  aedioo  be      ^ 
tangent  plane  to  the  cylindruid.     The  cubic  then  degenerates  to  a  wtnofc^  ^ 
line  and  a  conic     The  condition  for  this  will  be  obvious  from  the  eqnalMi*' 
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of  the  cubic.  If  the  coefficient  of  a?^  become  zero,  the  required  decomposition 
takes  place,  for  y  is  then  a  factor.  The  necessary  and  sufficient  condition 
for  the  plane  of  section  being  a  tangent,  is  therefore 

m  sin  2a  +  A  tan  /8  =  0. 

When  this  is  the  case,  the  three  expressions  o{  A,  B,  C  may  be  divided  by 
a  common  factor, 

2m  cos  (O'  —  a)  cos  (^'  —  a), 
and  we  have 

il=cos(^  +  r), 

5  =  -co8)8sin(^  +  r), 

C  =  -  2m  cot /8  sin  (a  -f  0")  sin  (a  +  O 

If  the  screws  be  of  equal  pitch,  ^  -f  ^'  =  0,  the  coefficient  of  y  disappears, 
and  we  see  that  all  the  chords  are  merely  lines  parallel  to  the  axis  of  y,  which 
is  parallel  to  one  of  the  axes  of  the  ellipse. 

The  equation  to  the  chord  then  becomes 

(cos  2a  +  cos  20)  {x  +  m  cot  /3  (cos  2a  —  cos  2^)}  =  0. 

KoT  a  given  value  of  x  there  are  two  values  of  0  corresponding  to  the  two 
chorda  that  can  be  drawn  through  the  point.  One  of  these  chords  is  parallel 
to  ^,  and  has  a  0  obtained  from  the  equation 

a?  +  7n  cot  fi  (cos  2a  -  cos  20)  =  0. 

The  other  value  of  tf  is  ^  —  a,  from  the  equation 

cos  2a  +  cos  20  =  0. 

-■^his  is  independent  of  x,  as  might  have  been  foreseen  from  the  fact  that 
^^  t^o  screws  of  equal  pitch  are  in  this  case  the  line  in  the  section  and  the 

^^•her  screw  of  equal  pitch.  The  latter  cuts  the  section  in  a  certain  point,  and, 
.  ^^Urse,  all  chords  through  this  point  meet  the  curve  in  two  screws  of  equal 

164.    Reciprocal  Screws. 

A^nother  branch  of  the  subject  must  now  be  considered.     We  shall  first 
^^Btigate  the  following  general  problem  : — 

^rom  any  point,  P,  a  series  of  transversals  is  drawn  across  each  pair 
^"^ciprocal  screws  on  the  cylindroid.     It  is  required  to  determine  the  cone 
^oh  is  the  locus  of  these  transversals.     We  shall  show  that  this  is  a  cone 
tlie  second  degree. 

B.  11 


or 
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Let  a,  /3,  7  be  the  co-ordinates  of  the  point.    Then  the  plane  through 
this  point,  and  the  generator  of  the  cylindroid  defined  by  the  equatioon 

y  s  X  tan  d, 

«  B  m  sin  id, 

is  (y-xtan^)(7-m8in2tf)«09-atan^)(«-m8in2^); 

,  if  we  arrange  in  powers  of  tan  0,  we  obtain 

A  Un«^  +  Btan«^  +  (7tan^+Z)  =  0. 

in  which 

^=af  —  7ar;     D^yy  —  fiz, 

B^ytf  —  fis-¥  inuc  —  2ma  ;     C  =  o«  —  7a:  +  2fnfi  —  2fiiy. 

If  the  same  tranHversal  also  crosses  the  generator  defined  bjr  ^,  then, 

il  tan»^  +  fi tan' ^+ C tan ^  + /)» 0. 

When  the  two  screws  dcfine<l  by  0  and  0"  are  n»ciprocal, 

ton  0U\n0'^  H, 
when  ^  is  a  constant. 

By  eliminating  and  rejecting  the  factor 

ton  tf  -  ton  ^ 

we  obtoin 

-  A^H*  +  ACH^ -  BDH  +  Z>»  =  0. 

And  as  this  is  of  the  second  dcgrcn*  in  x,  y,  r,  the  requiriMl  theorem  has  UNrn 
proved^ 


All  these  cones  must  pass  through  the  C(>ntre  of  the  cylindroid,  ii 
as  the  two  princi[ial  scn^ws  of  the  cylindroid  are  redprocaL  If  a 
be  adde<l  to  the  pitches  of  all  the  screws  on  the  cylindroid,  then  the 
of  reciprocals  altor,  inaHinuch  as  //  alters.  The  cone  changes  aooordingiy. 
and  thus  there  would  l>o  through  each  point  a  fiunily  of  oooeti,  ail  of  which, 
however,  agree  in  having,  as  a  generator,  the  ray  from  the  vertex  lo  llir 
centre  of  the  cylindroid.  Thus,  even  when  the  cylindroid  is  given,  «e  mosl 
further  have  the*  pitch  of  a  stot4.Hl  screw  given  before  the  cone  becnoM* 
definite.  This  state  of  things  may  be  contrasted  with  that  prtamted  by  tlie 
cone  of  reciprocal  screws  which  may  be  drawn  through  a  poiBi.  Tke  laUer 
depemls  only  upon  the  cylindroid  itnelf,  and  is  not  altered  if  all  tlie  pitrlMa 
be  modified  by  a  constont  incn*nient. 
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The  discriminant  of  the  cubic 

is 

A^I>  {A^I> -\- ^  &D  +  ^  AC' ^  ^  B'C* -- i  ABCD). 

Omitting  the  factor  A^D^,  we  have,  for  the  envelope  of  the  system  of  cones, 
the  cone  of  the  fourth  order,  found  by  equating  the  expression  in  the 
bracket  to  zero.  It  may  be  noted  that  the  same  cone  is  the  envelope  of 
the  planes 

AH*±BH^'¥CH±D:=0. 

166.    Application  to  the  Plane  Section. 

We  next  study  the  chord  joining  a  pair  of  reciprocal  points  on  the  cubic 
of  §  160.  Take  any  point  in  the  plane  of  the  section ;  then,  as  we  have  just 
seen,  a  cone  of  screws  can  be  drawn  through  this  point,  each  ray  of  which 
crosses  two  reciprocal  screws.  This  cone  is  cut  by  the  plane  of  section  in 
two  lines,  and,  accordingly,  we  see  that  through  any  point  in  the  plane  of 
section  two  chords  can  be  drawn  through  a  pair  of  reciprocal  points.  The 
actual  situation  of  these  chords  is  found  by  drawing  a  pair  of  tangents  to  a 
certain  hyperbola.     This  will  now  be  proved. 

The  values  of  6  and  O',  which  correspond  to  a  pair  of  reciprocal  points, 
fqlfil  the  condition 

tandtan^=  JST; 

whence 

COS  (tf  -  ^)  =  X  cos  (^  -f  ^) ; 

where,  for  brevity,  we  write  \  instead  of 

1  +  H 

If,  further,  we  make  ^  +  ^  =  '^,  we  shall  find,  for  the  equation  of  the  chord, 

in  which, 

p=^^(X  +  co8  2a)  +  ~8in  2a  sin  2^  +  ^  (X  +  cos  2a)  cos  2i|r, 

Q  =  A8ini8  +  Jco8)88in2a-'^^'^(X  +  co8  2a)sin2Vr 

fit 
+  -3-  cos  /8  sin  2a  cos  2-^, 

iJ  =  - fc«tan /8-^(X«- l)cot /8  + XAm  sin  2i|r-  — (x«- l)cot/8cos 2i|r. 

11-2 
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The  envelope  of  this  chord  is  found  to  be 

+  y*  lim'ooii*/9oofl*2a-Am8ini9co6/3nn2a-A'mn*/3 

+  ^m^Xcoe  2acoe«i8  +  Jm«X«coe^i8. 


m* 


+  «y|-  ^8in2aco62aoofl/3  —  mAcostasiDiS 

—  |m*X8in  Saoofl^  — tiiAXsiii/9, 

-fa;   1  + mA'coe  2a  tan /8  +  Am'X  sin  2a +  mA*X  tan /3, 

-I-  y   I  -  m'A  co6i9  -h  mA'sin  /8  sin  22  -h  2A'8in  ^9  tan  /3  -  m'AX  cmficamfM, 

+      I  m«A*  -  A*  tan« /8. 

Using  the  data  already  assumed  in  §  160,  and,  with  the  additioci  oov 
made  of  taking  X  to  be  —  ^,  the  equation  reduces  to 

122««  -  203y«  -  161  j^(  -  241  Tar  -  oOOSy  +  245436  -  0 ; 
which,  for  convenience  of  calculation,  I  change  into 

a;  s  1'6  +  21*6  sec  ^  f  47*5  tan  ^, 
y  =  -12-8  4-32-88ec^. 

This  hyperbola  has  been  plotted  down  in  Fig.  36.     It  obviously  touches  tb^ 
cubic  at  three  points.     I  had  not  anticipated  this  until  the  curves  were 
fully  drawn ;  but,  when  the  theorem  was  suggested  in  this  manner,  it 
easy  to  provide  the  following  demomftration  : — 

The  cone   of  reciprocal  chords  drawn  through  any  point  P  breaks  u 
into  a  pair  of  planes  when  P  lies  on  the  cylindroid.     (I  use  the  expmiia 
reciprocal  chord,  to  signify  the  transversal  drawn  across  a  pair  of  reciproc 
screws  on  the  cylindroid.     This  is  very  different  from  a  screw  reciprocal 
the  cylindroid)     For,   take   the    screw    reciprocal    to   that    which    pan 
through  P.    Then  the  plane  A',  through  P  and  this  scrow,  is  obviously  < 
part  of  the  locus.     Draw  through  P  any  transversal  acroas  a  pair  of  r 
procals  on  the  cylindroid,  then  the  plane  F,  through  the  centre  and 
transversal,  will  be  the  other  part  of  the  locus.     This    pair  of  planei 
and  K,  intersect  in  a  ray  which  we  shall  call  8. 

A  plane  of  section  through  P  will,  of  course,  usually  cut  the  two  p 
in  two  rays,  and  these  will  be  the  two  reciprocal  chords  through  P. 
suppone  the  plane  of  section  happened  to  pass  through  S,  then  thero  v 
only  one  reciprocal  chord  through  P,  and  this  will,  of  course,  be  S, 
S  must  be  a  tangent  to  the  cylindroid  at  P.     Every  chord  through 
the  plane  of  K,  must  cut  the  surface  again  in  a  pair  of  reciprtx!al  poinf 
this  S  must  be  no  exception,  and  as  it  lies  in  X,  it  internecta  ih< 


165]  THE   GEOMETBY   OF  TUB  CYUNDROID.  165 

reciprocal  to  that  through  P ;  therefore  the  third  intersection  of  S  with  the 
surface  must  coalesce  with  P,  or,  in  other  words,  S  must  be  a  tangent  to  the 
surfieu^e  at  P.  We  have  thus  shown  that  in  the  case  where  two  reciprocal 
chords  through  a  point  on  the  cubic  coalesce  into  one,  that  one  must  be  the 
tangent  to  the  cubic  at  P. 

But  the  two  reciprocal  chords  through  a  point  will  only  coalesce  when 
the  point  lies  on  the  hyperbola,  in  which  case  the  two  chords  unite  into  the 
tangent  to  the  hyperbola.  Consider,  then,  the  case  where  the  hyperbola 
meets  the  cubic  at  a  point  P,  inasmuch  as  P  lies  on  the  hyperbola,  the  two 
chords  coalesce  into  a  tangent  thereto,  but  because  they  do  coalesce,  this  line 
must  needs  be  also  a  tangent  to  the  cubic ;  hence,  whenever  the  hyperbola 
meets  the  cubic  the  two  curves  must  have  a  common  tangent.  Altogether 
the  curves  meet  in  six  points,  which  unite  into  three  pairs,  thus  giving  the 
required  triple  contact  between  the  hjrperbola  and  the  cubic. 

If  a  constant  h  be  added  to  all  the  pitches  of  the  screws  on  a  cylindroid, 
then,  as  is  well  known,  the  screws  so  altered  still  represent  a  possible  cylin- 
droid (§  18).  The  variations  of  h  produce  no  alteration  in  the  cubic  section 
of  the  cylindroid ;  but,  of  course,  the  hyperbola  just  considered  varies  with 
each  change  of  h.  In  every  case,  however,  it  has  the  triple  contact,  and 
there  is  also  a  fixed  tangent  which  must  touch  every  hyperbola.  This  is 
the  chord  joining  the  two  principal  screws  on  the  cylindroid ;  for,  as  these 
are  reciprocal,  notwithstanding  any  augmentation  to  the  pitches,  their  chord 
must  always  touch  the  hyperbola.  The  system  of  h3rperbol8e,  corresponding 
to  the  variations  of  A,  is  thus  concisely  represented ;  they  must  all  touch 
this  fixed  line,  and  have  triple  contact  with  a  fixed  curve :  that  is,  they  must 
^ach  fulfil  four  conditions,  leaving  one  more  disposable  quantity  for  the 
<^inplete  definition  of  a  conic.     See  Appendix,  note  4. 

We  write  the  tangent  to  the  hyperbola  or  the  reciprocal  chord  in  the 
ft>XTn 

L  cos  2i|r  +  ilf  sin  2i|r  +  iV  =  0. 

^^  a  pair  of  values  can  be  found  for  x  and  y,  which  will  simultaneously  satisfy 

jr=0,     if  =  0,     iV=0, 

^Ix^n  every  chord  of  the  type 

i  cos  2^  +  if  sin  2-^  +  iV  =  0 

^^U8t  pass  through  this  point.     The  condition  for  this  is,  that  the  discriminant 
^^^  the  hyperbola  is  zero,  and  we  find  the  discriminant  to  be 

\m%  sin  /8  (X«  -  1)  (A  tan  )8  +  m  sin  2a). 
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There  are  two  critical  caaes  in  which  this  exprestiion  vanishes.     It  does  \ 

h  tan  ^  +  m  sin  2a  =  0 ; 
where  the  plane  of  section  is  tangential  to  the  cylindroid. 

But  we  also  note  that  the  discriminant  will  vanish  if 

i.e.  if  the  plane  of  section  passes  through  the  centre  of  the  cylindmid. 

We  might  have  foreseen  this  from  the  results  of  the  last  article ;  h 
plane  of  K  is  a  central  section,  and  the  hyperbola  has  evidently  dcgvDei 
for  all  the  reciprocal  chords,  instead  of  touching  an  hyperbola,  mervly 
through  the  common  apex  P,  The  case  of  the  central  section  is  ihci 
of  special  interest 

166.    The  Central  Section  of  the  Cylindroid. 

By  this  we  mean  a  section  of  the  surface,  special  in  no  othiT  sense, 
that  it  passes  through  the  centre  of  the  surfiice.  The  equation  to 
central  section  is  (§  160) 

y*  sin  /9  co«*)8  -I-  yx*  sin  y3  —  fikr*  sin  2a  -I-  imxy  cos  )3  cos  2a  +  nig*  sin  2a  cos*/ 

The  chord  joining  points  of  equal  pitch  ±0  ib 

X  (cos  2tf  +  COS  2i)  -I-  y  COS  )8  sin  2a  +  m  cot  /3  sin*  id  =  0. 

The  apex  P  through  which  all  reciprocal  chords  pass  is 

m  (X«  -  1)  cot  i8  (\  +  cos  2a) 


«  = 


1  +  2\  cos  2a  +  X» 


m(X*—  l)cosec/9.8in  2a 

y=  — j-:j72^  ^^  2«r+  V~    * 

and  in  general  the  co-ordinates  of  a  point  on  the  cubic  are 

;r  »  y  cos  /9  tan  (6  —  a). 
y ^^  m cosec  fi sin  2ft 

One  of  these  cur\'es  may   be   conveniently   drawn  to  scali*.   fr\>ui 
equations 

X  =  %  tan  {0  -  25), 

y  »  -  66  sin  2ft 

The  parabola,  which  is  the  envelope  of  e<|ual  pitch-chords,  would  ic 
cas(*  have  as  its  e<|uation 

y  =-.-.]- (6 +,^J. 
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The  principal  screws  on  the  cylindroid  both  pass  through  the  double 
point;  the  two  tangents  to  the  curve  at  this  point  must  therefore  both 
touch  the  parabola. 

The  leading  feature  of  the  central  section  is  expressed  by  the  important 
property  possessed  by  the  chords  joining  reciprocal  screws.  If  we  add  any 
constant  to  the  pitches,  then  we  alter  X,  and,  accordingly,  the  point  P, 
through  which  all  reciprocal  chords  pass,  moves  along  the  curve. 

The  tangent  to  the  cubic  at  P  meets  the  cubic  again  in  the  point 
reciprocal  to  P.  Two  tangents,  real  or  imaginary,  can  be  drawn  from  P 
to  the  cubic  touching  it  in  the  points  T^,  1\,  respectively:  as  these  must 
each  correspond  to  a  screw  reciprocal  to  itself,  it  follows  that  T^  and  Tj 
are  the  screws  of  zero  pitch.  We  hence  see  that  the  two  tangents  from  any 
point  on  the  cubic  touch  the  cubic  in  points  of  equal  pitch. 

Let  a  and  /3  be  two  screws,  and  y  and  S  another  pair  of  screws,  and  let 
the  two  chords,  a/8  and  78,  intersect  again  on  the  cubic.  If  d  and  0  be 
the  perpendicular  distance  and  angle  between  the  first  pair,  and  d*  and  0* 
the  corresponding  quantities  for  the  second  pair,  then  there  must  be  some 
quantity  ©,  which,  if  added  to  all  the  pitches  on  the  cylindroid,  will  make 
tt  and  /3  reciprocal,  and  also  7  and  8  reciprocal.     We  thus  have 

(p«  +Pfi-\-  2ft))  cos  0  —  d  sin  0  =  0, 

iPj  +  P6  +  2ft))  cos  0'-d'Bin  0'  =  O; 

Hrhence,  Pa+p^-  d  tan  0  '='Py  +p«  —  d'  tan  0' ; 

in  other  words,  for  every  pair  of  screws,  a  and  fi,  whose  chords  belong  to  a 
f>encil  diverging  from  a  common  point  on  the  surface,  the  expression 

Pm+Pfi  —  dta,n  0 

i«  a  constant.     The  value  of  this  constant  is  double  the  pitch  of  the  screw 
c^f  either  of  the  points  of  contact  of  the  two  tangents  from  P  to  the  curve. 

167.     Section  Parallel  to  the  Nodal  Line. 

If  the  node  on  the  cubic  be  at  infinity,  the  form  of  equation  to  the  cubic 
Viitherto  employed  will  be  illusory.     The  nature  of  this  section  must  therefore 
studied  in  another  way,  as  follows  : — 


Let  the  plane  cut  the  two  perpendicular  screws  in  A  and  B.  Let  I  be 
^he  perpendicular  OC  from  0  upon  C,  and  let  rj  be  the  inclination  of  this 
X^rpendicular  to  the  axis  of  x.  Then,  taking  OA  as  the  new  axis  of  x,  in 
^vrhich  case  z  will  be  the  new  y,  we  have 

a;'  =  Z  tan  (1;  —  0), 

y'  =  m  sin  20. 
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Eliminating  0,  and  omitting  the  accents,  we  have,  as  the  equation  of  lh« 
cubic, 

y«*  +  imc*  sin  2i7  +  l^y  +  tlmx  cos  £17  -  vU*  sin  2f;  ■*  0. 

The  chord  joining  the  two  points  0  and  0"  has,  as  its  equation, 

m«008(^+ ^)[C08(217  -  d- ^  + C08(tf  -  ^)]  +  ty 

-m/sin(2i7-tf-^)co8(^  +  ^)-m/co8(^-^)sin(d  +  ^)-0. 

If  this  be  the  chord  joining  the  screws  of  e(|ual  pitch,  then 

tf  +  ^-0. 
and  the  c<]uation  reduces  to 

nix  (cos  2iy  +  cos  2^)  -^-ly  —  nd  sin  217 «  0. 

We  thus  see  that  this  chord,  which  in  the  general  section  envelops  a  parabola, 
now  passes  constantly  through  the  fixed  point 

y  ss  +  tn  sin  217. 

This  result  could  have  been  foreseen ;  for,  consider  that  screw  on  the  cjlin- 
droid  (and  there  must  always  be  one)  normal  to  the  plane  which  it  inienecis 
at  a  point  P,  any  ray  in  the  plane  through  P  is  perpendicular  to  this  screw, 
and,  therefore,  by  a  well-known  property  of  the  cylindroid,  must  inteivect 
the  curve  again  in  two  points  of  equal  pitch.  This  point  P  is,  of  ouime, 
the  point  whose  existence  we  have  demonstrated  above. 

168.    Relation  between  Two  Oot^ugate  Sorewa  of  Inertia. 

We  have  found  the  relation  between  a  pair  of  conjugate  screws  of  inertia 
so  important  in  the  d}mamical  part  of  the  theory,  that  it  is  worth  while  to 
investigate  the  properties  of  the  chord  joining  two  such  points  in  the  central 
section.  It  can  readily  be  shown  that  this  chord  must  envelop  a  oddic 
This  ct>nic  and  the  point  P  on  the  cubic  through  which  all  reciprocal  chords* 
will  inisM,  will  enable  the  impulsive  screw,  corresponding  to  any  insUntaoeous 
screw,  to  be  immediately  deti^miined.  For,  draw  through  any  point  S  that 
tangent  to  the  conic  which  gives  S  as  one  of  the  two  conjugate  scivwii  of 
inertia  which  must  lie  upon  it ;  let  S'  be  the  other  conjugate  scn^w ;  tben 
the  chord  PS'  will  cut  the  cubic  again  in  the  required  impulsive  sm^w. 
The  two  principal  screws  of  inertia  are  found  by  drawing  from  P  that 
tangent  to  the  conic  which  has  not  P  as  one  of  the  two  conjugate  ecrewB 
of  inertia.  The  two  intersections  of  this  tangent,  with  the  cubic,  art*  the 
nxjuiretl  princi}>al  screws  of  inertia 

We  can  also  <letermine  thi*  relation  bi*tween  the  impulsive  screw  ami  lb<e 
inHtantant-ouh  ncri'W  with  n»ganl  to  any  set*tioii  whatever.     We  have  hcrv 
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to  consider  two  conies  connected  with  the  cubic,  viz.  the  reciprocal  conic, 
which  is  the  envelope  of  reciprocal  chords,  and  the  inertia  conic,  which  is 
the  envelope  of  chords  of  conjugate  screws  of  inertia.  We  must  provide 
a  means  of  discriminating  the  two  tangents  from  a  point  P  on  the  cubic 
to  either  conic ;  any  ray,  of  course,  cuts  the  cubic  in  three  points,  of  which 
two  possess  the  characteristic  relation.  If  P  be  one  of  these  two,  we  may 
call  this  tangent  the  'odd  tangent.'  The  other  tangent  will  have,  as  its 
significant  points,  the  two  remaining  intersections ;  leaving  out  P,  we  can 
then  proceed,  as  follows,  to  determine  the  impulsive  screw  corresponding  to 
P  as  the  instantaneous  screw : — 

Draw  the  odd  tangent  from  P  to  the  inertia  conic,  and  from  the  con- 
jugate point  thus  found  draw  the  odd  tangent  to  the  reciprocal  conic.  The 
reciprocal  point  Q  thus  found  is  the  impulsive  screw  corresponding  to  P  as 
the  instantaneous  screw. 

In  general  there  are  four  common  tangents  to  the  two  conies.  Of  these 
tangents  there  is  only  one  possessing  the  property,  that  the  same  two  of  its 
three  intersections  with  the  cubic  are  the  correlative  points  with  respect 
to  each  of  the  conies.  These  two  intersections  are  the  principal  screws  of 
inertia. 

To  determine  the  small  oscillations  we  find  the  potential  conic,  the 
tangents  to  which  are  chords  joining  two  conjugate  screws  of  the  potential 
(§  100).  The  two  harmonic  screws  are  then  to  be  found  on  one  of  the  two 
common  tangents  to  the  two  conies.  It  can  be  shown  that  both  the  inertia 
conic  and  the  potential  conic  will,  like  the  reciprocal  conic,  have  triple 
contact  with  the  cubic. 


CHAPTER  XIV. 

FREEDOM   OF  THE  TUIRD  ORDER*. 

169.  Introduction. 

The  dynamics  of  a  ri^d  bixly  which  has  freedom  of  the  third  order, 
pofiHcitties  a  special  claim  to  attention,  for,  included  as  a  particular  cmse,  we 
have  the  celebrated  problem  of  the  rotation  of  a  rigid  body  about  a  6xcd 
point.  In  the  theory  of  screws  the  screw  system  of  the  third  order  is 
characterised  by  the  feature  that  the  reciprocal  screw  system  is  also  of  the 
third  order,  and  this  is  a  fertile  source  of  interesting  theorems. 

We  shall  first  study  the  screw  system  of  the  thinl  order,  and  its  rociprocaL 
We  shall  then  show  how  the  instantaneous  screw,  correspondiug  to  a  given 
impulsive  screw,  can  be  detenuined  for  a  rigid  body  whose  movements  arv 
prescribed  by  any  screw  system  of  the  third  order.  We  shall  alao  point  out 
the  three  principal  screws  of  inertia,  of  which  the  three  principal  axes  an? 
only  special  cases,  and  we  shall  determine  the  kinetic  energy  aoquired  by  a 
given  impulse.  Finally,  we  shall  determine  the  three  harmonic  screirK,  and 
we  shall  apply  these  principles  to  the  discussion  of  the  small  ocicillmiions  of 
a  rigid  b<xly  about  a  fixed  point  under  the  influence  of  gravity. 

A  screw  system  of  the  first  order  consists  of  course  of  one  screw.  A 
screw  system  of  the  second  order  consists  of  all  the  screws  on  a  certain 
ruled  surface  (the  cylindroid).  Ascending  one  step  higher,  we  find  that  in 
a  screw  system  of  the  third  order  the  screws  are  so  numerous  that  a  finite 
number  (three)  can  be  drawn  through  every  point  in  space.  In  the  scivw 
system  of  the  fourth  order  a  cone  of  screws  can  be  drawn  through  everv 
point,  whiK*  U)  a  screw  system  of  the  fifth  order  belongs  a  screw  of  suitabtt* 
pitch  on  every  straight  line  in  space. 

170.  8cr»w  8yst«m  of  the  Third  Ontor. 

Wr  shall  now  amsider  the  c«>llocation  of  tht*  m*n*ws  in  space  which 
conntitut^'  a  screw  syntem  of  the  thinl  onler.     A  free  rigid  body  can  rtJCtuTr 

*   TrttmMettams  o/tkr  iUf^al  Irith  Acttdrmy,  Vol.  iiv.  p.  191  (1S71). 
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six  independent  displacements.  Its  position  is,  therefore,  to  be  specified  by 
six  co-ordinates.  If,  however,  the  body  be  so  constrained  that  its  six  co- 
ordinates must  always  satisfy  three  equations  of  condition,  there  are  then 
only  three  really  independent  co-ordinates,  and  any  position  possible  for  a 
body  so  circumstanced  may  be  attained  by  twists  about  three  fixed  screws, 
provided  that  twists  about  these  screws  are  permitted  by  the  constraints. 

LfCt  J.  be  an  initial  position  of  a  rigid  body  M,  Lict  M  be  moved  from 
^  to  a  closely  adjacent  position,  and  let  x  be  the  screw  by  twisting  about 
which  this  movement  has  been  effected ;  similarly  let  y  and  z  be  the  two 
screws,  twists  about  which  would  have  brought  the  body  from  A  to  two 
other  independent  positions.  We  thus  have  three  screws,  a;,  y,  z,  which  com- 
pletely specify  the  circumstances  of  the  body  so  far  as  its  capacity  for 
movement  is  considered. 

Since  M  can  be  twisted  about  each  and  all  of  x,  y,  z^  it  must  be  capable 
of  twisting  about  a  doubly  infinite  number  of  other  screws.  For  suppose 
that  by  twists  of  amplitude  a!,  y\  y,  the  final  position  V  is  attained.  This 
position  could  have  been  reached  by  twisting  about  some  screw  t;,  so  as  to 
come  fix)m  -4.  to  F  by  a  single  twist.  As  the  ratios  of  x'  to  y',  and  2f,  are 
arbitrary,  and  as  a  change  in  either  of  these  ratios  changes  v,  the  number 
of  V  screws  is  doubly  infinite. 

All  the  screws  of  which  t;  is  a  type  form  what  we  call  a  screw  system  of 
the  third  order.     We  may  denote  this  screw  system  by  the  symbol  8, 

171.  The  Reciprocal  Bcrew  System. 

A  wrench  which  acts  on  a  screw  rj  will  not  be  able  to  disturb  the  equili- 

\>rium  of  M,  provided  rj  be  reciprocal  to  x,  y,  z.     If  i;  be  reciprocal  to  three 

independent  screws  of  the  system  /S>,  it  will  be  reciprocal  to  every  screw  of  S, 

Since  II  has  thus  only  three  conditions  to  satisfy  in  order  that  it  may  be 

>~eciprocal  to  £>,  and  since  five  quantities  determine  a  screw,  it  follows  that  i; 

xnay  be  any  one  of  a  doubly  infinite  number  of  screws  which  we  may  term 

the  reciprocal  screw  system  S\      Remembering  the  property  of  reciprocal 

«arews  (§  20)  we  have  the  following  theorem  (§  73). 

A  body  only  free  to  twist  about  all  the  screws  of  S  cannot  be  disturbed 
by  a  wrench  on  any  screw  of  S';  and,  conversely,  a  body  only  free  to  twist 
about  the  screws  of  S'  cannot  be  disturbed  by  a  wrench  on  any  screw  of  S. 

The  reaction  of  the  constraints  by  which  the  freedom  is  prescribed 
constitutes  a  wrench  on  a  screw  of  S\ 

172.  Diitribution  of  the  Screwi. 

To  present  a  clear  picture  of  all   the   movements   which   the   body  is 
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coropcteDt  to  execute,  it  will  be  necessary  to  examine  the  mutual  connexioD 
of  the  doubly  infinite  number  of  screws  which  form  the  screw  system.  It 
will  be  most  convenient  in  the  first  place  to  classify  the  screws  in  the 
system  according  to  their  pitches;  the  first  theorem  to  be  proved  is  as 
follows : — 

All  the  8crew8  of  given  pitch  +  k  in  a  three-aystem  lie  upon  a  hyperhohid 
of  which  they  form  one  system  of  generators,  while  the  other  system  of  ffeme- 
rotors  with  the  pitch  —  k  belong  to  the  reciprocal  screw  system. 

This,  is  proved  as  follows: — Draw  three  screws,  p,  q,  r,  of  pitch  -ft 
belonging  to  S,  Draw  three  screws,  I,  m,  n,  each  of  which  intersects  tbe 
three  screws  p,  q,  r,  and  attribute  to  each  of  /,  ?n,  n,  a  pitch  —  A.  Since  two 
intersecting  screws  of  e4|ual  and  opposite  pitches  are  reciprocal,  it  follows 
that  p,  </,  r,  must  all  be  reciprocal  to  I,  m,  n.  Hence,  since  the  former 
belong  to  S,  the  latter  must  belong  to  S\  Every  other  screw  of  pitch  4-  k 
intersecting  I,  m,  n,  must  be  reciprocal  to  S\  and  must  therefore  belong  to  ^. 

But  the  locus  of  a  straight  line  which  intersects  three  given  sUmighi 
lines  is  a  hyperboloid  of  one  sheet,  and  hence  the  re<|uired  theorem  has 
been  proved. 

17a    The  Pitch  Quadric. 

One  member  of  the  family  of  hyperboloids  obtained  by  varying  k  presenUi 
exceptional  interest.  It  is  tA^  locus  of  the  scretvs  of  zero  pitch  belonging 
to  the  screw  complex.  As  this  quadric  has  an  important  property  (§  176) 
besides  that  of  being  the  locus  of  the  screws  of  zero  pitch,  it  is  desirable 
to  denote  it  by  the  special  phrase  pitch  quadric. 

We  shall  now  determine  the  equation  of  the  pitch  quadric.  Let  one  of 
the  principal  axes  of  the  pitch  quadric  be  denoted  by  x,  this  will  interwct 
the  sur&ce  in  two  points  through  each  of  which  a  pair  of  genermtora  cmo  be 
drawn«  One  generator  of  each  pair  will  belong  to  S,  and  the  other  to  ^'. 
Each  pair  of  generators  will  be  parallel  to  the  asymptotes  of  the  aectioo  of 
the  pitch  quadric  by  the  plane  containing  the  remaining  principal  axes 
y  and  i.  Let  /i,  v  be  the  two  generators  belonging  to  S^  then  lines  bisecting 
internally  and  externally  the  angle  between  two  lines  in  the  plane  of  y  and 
1,  parallel  to  /i,  y  will  be  two  of  the  principal  axes  of  the  pitch  quadric 
Draw  the  cylindroid  {jjlv).  The  two  screws  of  zero  pitch  on  the  cylindmsd 
are  ei|uidistant  from  the  centre  of  the  cylindroid,  and  the  two  rectangular 
screws  of  the  cylindroid  bisect  internally  and  externally  the  angle  beiwem 
the  lines  |iarallel  to  the  screws  nf  zero  pitch.  Hence  it  follows  that  the  two 
rectangular  screws  ul  the  cylindroid  (/ii^)  must  be  on  the  axes  of  y  and  i 
of  the  pitch  quadric.     We  shall  denote  these  screws  by  0  and  y,  and  their 
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pitches  by  p^  and  py.  From  the  properties  of  the  cylindroid  it  appears 
that  a,  the  semiaxis  of  the  pitch  quadric,  must  be  determined  from  the 
equations 

a  =  (pfi  —py)  sin  I  cos  I, 

Pfi  cos'Z  +py  sin'Z  =  0  ; 
whence  eliminating  I,  we  deduce 

with  of  course  similar  vahies  of  6  and  c.  Substituting  these  values  in  the 
equation  of  the  quadric 

fl5"       ti"       2« 

a*     0*     c* 
we  deduce  the  important  result  which  may  be  thus  stated : — 

The  three  principal  axes  of  the  pitch  quadric,  when  furnished  with  suitable 
pitches  Pm,Pfi,Pyf  constitute  screws  belonging  to  the  screw  system  of  the  third 
order,  and  the  equation  of  the  pitch  quadric  hus  the  form 

We  can  also  show  conversely  that  every  screw  0  of  zero  pitch,  which 
belongs  to  the  screw  system  of  the  third  order,  must  be  one  of  the  generators 
of  the  pitch  quadria  For  0  must  be  reciprocal  to  all  the  screws  of  zero 
pitch  on  the  reciprocal  system  of  generators  of  the  pitch  quadric ;  and 
since  two  screws  of  zero  pitch  cannot  be  reciprocal  unless  they  intersect 
either  at  a  finite  or  infinite  distance,  it  follows  that  0  must  intersect  the 
pitch  quadric  in  an  infinite  number  of  points,  and  must  therefore  be  entirely 
contained  thereon. 

174.    The  Family  of  Quadrici. 

It  has  been  shown  that  all  the  screws  of  given  pitch  belonging  to  a 
system  of  the  third  order  are  the  generators  of  a  certain  hyperboloid. 
There  is  of  course  a  different  h3rperboloid  for  each  pitch.  We  have  now 
to  show  that  all  these  hyperboloids  are  concentric. 

Take  any  two  screws  whatever  belonging  to  the  system  and  draw  the 
cylindroid  which  passes  through  those  screws.  This  cylindroid  contains 
two  screws  of  every  pitch.  It  must  therefore  have  two  generators  in 
common  with  every  hyperboloid  of  the  family.  But  from  the  known  sym- 
metrical arrangement  of  the  screws  of  equal  pitch  on  a  cylindroid,  it  follows 
that  the  centre  of  that  surface  must  lie  at  the  middle  point  of  the  shortest 
distance  between  each  two  screws  of  equal  pitch.  The  centres  of  the  hjrper- 
boloids  for  all  possible  pitches  must  therefore  lie  in  the  principal  plane  of 
any  cylindroid  of  the  system.    Take  any  three  cylindroids  of  the  system. 
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The  oentres  of  all  the  hypcrboloidfl  coincido  with  the  inteniection  of  ihe 
three  principal  planes  of  the  cylindroidB.  It  will  be  coDvenient  to  call  thi» 
point  the  centre  of  the  three-syetem. 

We  hence  sec  that  whenever  three  screws  of  a  three-sj'steni  are  given, 
the  centre  of  the  system  is  determined  as  the  intersection  of  the  principal 
planes  of  the  three  cylindroids  defined  by  each  pair  of  screws  taken  sue- 

cessively. 

We  may  also  show  that  not  only  are  the  &mily  of  hyperboloids  conoentric. 
but  that  they  have  also  their  three  principal  axes  coincident  in  dirccUoo  and 
situation  with  the  principal  axes  of  the  pitch  quadric. 

Draw  any  principal  axis  z  of  the  pitch  quadric  Two  screws  of  aen> 
pitch  belonging  to  the  system  will  be  intersected  by  i  and  we  draw  tlie 
cylindroid  through  these  two  screws.  Let  Li  and  A,  be  the  two  acrewii  of 
equal  pitch  p  on  this  cylindroid.  Let  0  be  the  centre  of  the  cylindn>id,  ihia 
same  point  being  also  the  centre  of  the  pitch  quadric,  and  therefore  as 
shown  above  of  every  p-pitch  hyperboloid  Sp.  As  the  centre  bisects  every 
diameter,  it  follows  that  the  plane  OL,  cuts  the  hyperboloid  S^  again  in  a 
ray  Li'  which  is  perpendicular  to  z  and  crosses  Li  at  its  intersection  with  s. 
The  plane  containing  £,  and  X/  is  therefore  a  tangent  to  Sp  at  the  point 
where  the  plane  is  cut  by  z.  As  z  is  perpendicular  to  this  plane  it  follows 
that  the  diameter  is  perpendicular  to  its  conjugate  plane.  Hence  «  is  a 
principal  axis  of  Sp,  and  the  required  theorem  is  proved. 

Let  now  8  denote  a  screw  system  of  the  third  order,  where  ^  fi,y  art^ 
the  three  screws  of  the  system  on  the  principal  axes  of  the  pitch  qtiadrir. 
Diminish  the  pitches  of  all  the  screws  of  S  by  any  magnitude  k.  Then  the 
({uadric 

must  be  the  locus  of  screws  of  zero  pitch  in  the  altere<l  system,  ami  therefore 
of  pitch  -f  k  in  the  original  system  (§110). 


Rc^garding  i;  as  a  variable  parameter,  the  equation  just  written 
ihe  family  o/qwidriez  which  constitute  the  screw  sj'stem  8  and  the  reciprocal 
screw  system  S\  Thus  all  the  generators  of  one  system  on  each  quadrk; 
with  pitch  4-  k,  constitute  screws  about  which  the  body,  with  three  dcgnewa 
of  freedom,  can  be  twisted ;  while  all  the  generators  of  the  other  ayvlcaii, 
with  pitch  —  k,  constitute  screws,  wrenches  about  which  would  be  ncuiralisBd 
by  the  reaction  of  the  constraints. 


For  the  ({uadric  to  be  a  real  surface  it  is  plain  that  k  must  be  _ 
than  the  least,  and  leas  than  the  greatest  of  the  three  quantitaca|^,|i^,|i^. 
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Heuce  the  pitches  of  all  the  real  screws  of  the  screw  system  S  are  inter- 
mediate between  the  greatest  and  least  of  the  three  quantities  p«,  p^,  py. 

176.    Comtruction  of  a  three-system  firom  three  given  Screws. 

If  a  family  of  quadric  surfaces  have  one  pair  of  generators  (which  do  not 
intersect)  in  common,  then  the  centre  of  the  surface  will  be  limited  to  a 
certain  locus.  We  may  investigate  this  conveniently  by  generalizing  the 
question  into  the  search  for  the  locus  of  the  pole  of  a  fixed  plane  with 
respect  to  the  several  quadrics. 

Let  A  be  the  given  plane,  /  be  the  ray  which  joins  the  two  points  in 
which  the  given  pair  of  generators  intersect  A,  X  he  the  plane  through  / 
and  the  first  generator,  Y  the  plane  through  /  and  the  second  generator, 
B  the  plane  through  /  which  is  the  harmonic  conjugate  of  A  with  respect 
to  X  and  F.    Then  B  is  the  required  locus. 

For,  draw  any  quadric  through  the  two  given  generators,  and  let  0  bfe 
the  pole  of  A  with  respect  to  that  quadric. 

Draw  a  transversal  through  0  cutting  the  plane  A  in  the  point  Ai  and 
the  first  and  second  generators  in  X^  and  Fi  respectively.  Since  ili  is  on 
the  polar  of  0  it  follows  that  OXiAiYi  is  an  harmonic  section.  But  the 
transversal  must  be  cut  harmonically  by  the  pencil  of  planes  I{BXAY) 
and  hence  0  must  lie  in  B,  which  proves  the  theorem. 

In  the  particular  case  when  A  is  the  plane  at  infinity,  then  0  is  the 
centre  of  the  quadric.  A  plane  parallel  to  the  two  generators  cuts  the 
plane  at  infinity  in  the  line  /,  and  the  planes  X,  Y  and  B  must  also  contain 
/.  Then  A,  B,  X,  Y  are  parallel  planes.  Any  transversal  across  X  and  F 
is  cut  harmonically  by  B  and  A,  and  as  il  is  at  infinity,  the  transversal  must 
be  bisected  at  B.  It  thus  appears  that  when  a  family  of  quadrics  have  one 
pair  of  non-intersecting  generators  in  common,  then  the  plane  which  bisects 
at  right  angles  the  shortest  distance  between  these  generators  is  the  locus 
of  the  centres  of  the  quadrics. 

If  therefore  three  generators  of  a  quadric  are  given,  the  three  planes 
determined  by  each  pair  of  the  quadrics  determine  the  centre  by  their 
intersection.  The  construction  of  the  axes  of  the  quadric  may  be  effected 
geometrically  in  the  following  manner.  Draw  three  transversals  Qi,  Qj,  Qj 
across  the  three  given  generators  JSi,  22,,  i2,.  Draw  also  two  other  trans- 
versals i2«,  JBg  across  Qi,  Qs,  Qs.  Construct  the  conic  which  passes  through  the 
five  points  in  which  i2],  /Z,,  iZ,,  R^,  R^  intersect  the  plane  at  infinity.  Find 
the  common  conjugate  triangle  to  this  conic  and  to  the  circle  which  is  the 
intersection  of  every  sphere  with  the  plane  at  infinity.    Then   the   three 
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rayM  from  the  centre  of  the  quadric  to  the  vertices  of  this  trian^  are  tbe 
three  principal  axes  of  the  quadric. 

We  thus  prove  again  that  if  a  and  fi  be  any  two  screws  of  a  thrce-t^rsteni. 
the  centre  of  the  pitch-quadric  must  lie  in  the  principal  plane  of  the 
cylindroid  through  a  and  fi.  For  the  common  perpendicular  to  any  two 
screws  of  equal  pitch  on  the  cylindroid  will  be  bisected  by  the  princtpal 
pUne  and  therefore  any  hyperboloid  through  these  two  screws  of  etjiial 
pitch  must  have  its  centre  in  that  plane. 

176.    8or«ws  thitmch  a  Oiven  Point. 

We  shall  now  show  that  three  screws  belonging  to  S,  and  also  thttt 
screws  belonging  to  S\  can  be  drawn  through  any  point  0/,  }f,  ^.  Sobstitiitc 
^»  y^>  ^1  ii^  ^h^  equation  of  §  175  and  we  find  a  cubic  for  k.  This  shows  that 
three  quadrics  of  the  system  can  be  drawn  through  each  point  of  qiaoe. 
The  three  tangent  planes  at  the  point  each  contain  two  generators,  one 
belonging  to  S,  and  the  other  to  S\  It  may  be  noticed  that  these  three 
tangent  planes  intersect  in  a  straight  line. 

From  the  form  of  the  equation  it  appears  that  the  sum  of  the  {ntcbes  of 
three  screws  through  a  point  is  constant  and  e<|ual  to  p«  +/)^  +/>,. 

Two  intersecting  screws  can  only  be  reciprocal  if  they  be  at  right  angles, 
or  if  the  sum  of  their  pitches  be  asero.  It  is  hence  easy  to  see  that,  if  a 
sphere  be  described  around  any  point  as  centre,  the  three  screws  beloiigiag 
to  S,  which  pass  through  the  point,  intersect  the  sphere  in  the  vertices  of  a 
spherical  triangle  which  is  the  polar  of  the  triangle  simihu-ly  formed  faj  the 
lines  belonging  to  S', 

We  shall  now  show  that  one  screw  belonging  to  S  can  be  found  parallel 
to  any  given  direction.  All  the  generators  of  the  quadric  are  parallel  tu 
the  cone 

and  k  can  be  determined  so  that  this  cone  shall  have  one  generator  parallel 
to  the  given  direction ;  the  quadric  can  then  be  drawn,  on  which  two  gene- 
rators will  be  found  parallel  to  the  given  direction ;  one  of  these  belongs  U> 
S,  while  the  other  belongs  to  S\ 

It  remains  to  be  proved  that  each  screw  o/S  ha$  a  pUck  wkidk  ie 
tiotuil  to  the  inneree  square  of  the  parallel  diameter  of  the  pUch  qttadrie*. 


*  Thii  theorem  it  eonMet«d  with  the  linear  seometiy  ol  PlQcker,  who  hse  ehown  (X< 
4m  Rmmmf,  p.  ISO)  that  k^j^  +  k^* ■¥ kyi* -^ k^kgk^^ 0,  is  the  loeoe  of  Uaee 
linear  oomplrxee  of  the  flret  desree.  The  aiet  of  the  three  eompleiee  are  direelei 
eo-ordinate  aiee,  ami  the  parameten  of  the  eompleiee  are  ik,,  ^,  ft,;  the  aaae  ewthar 
proved  that  the  parameter  of  aaj  complex  belonKinc  to  ihe  "  dretgUedrice  Orappa**  it 
li«ial  lo  the  inverie  aqoare  of  the  parallel  diameter  of  the  hjperbolokl 
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Let  r  be  the  intercept  on  a  generator  of  the  cone 

(i).  -  A:)  a^  +  (p^  -  A:)  y«  +  (py  -  A:)  ^«  =  0 ; 
by  the  pitch  quadric 

then  k  =  -^P^Pf^ ; 

but  k  is  the  pitch  of  the  screw  of  /S>,  which  is  parallel  to  the  line  r. 

Nine  constants  (§  75)  are  required  for  the  determination  of  a  screw 
system  of  the  third  order.  This  is  the  same  number  as  that  required  for 
the  specification  of  a  quadric  surface.  We  hence  infer,  what  is  indeed 
otherwise  manifest,  viz.,  that  when  the  pitch  quadric  is  known  the  entire 
screw  system  of  the  third  order  is  determined. 

Another  interesting  property  of  the  pitch  quadric  is  thus  enunciated. 
Any  three  co-reciprocal  screws  of  a  given  screw  system  of  ike  third  order 
are  parallel  to  a  triad  of  conjikgate  diameters  of  its  pitch  quadric. 

Take  any  three  co-reciprocal  screws  of  the  system  as  screws  of  reference, 
*od  let  p,,  Pa,  p,  be  their  pitches.  If  then  the  co-ordinates  of  any  screw  p 
'^longing  to  the  system  be  denoted  by  p,,  p„  p,,  we  shall  have  for  the  pitch 

If  a  parallelepiped  be  constructed,  of  which  the  three  lines  parallel  to 

**^  reciprocal  screws,  drawn  through  the  centre  of  the  pitch  quadric,  are 

P^'^tienninous  edges,  and  of  which  the  line  parallel  to  p  is  the  diagonal,  and 

^.  y,  ^  be  the  lengths  of  the  edges,  and  r  the  length  of  the  diagonal,  then 

^^  have  (§  35) 

X  y  z 

It  follows  that  Pp  must  be  proportional  to   the   inverse  square  of  the 
'^^'^'^lel  diameter  of  the  quadric  surface 

Pia^+p^f-k-p^z^^H. 

^ut  Pp  must  be  proportional  to  the  inverse  square  of  the  parallel  diameter 

^  the  pitch  quadric,  and  hence  the  equation  last  written  must  actually  be 

^^  equation  of  the  pitch  quadric,  when  H  is  properly  chosen.     But  the 

^^^tion  is  obviously  referred  to  three  conjugate  diameters,  and  hence  three 

^^jugate  diameters  of  the  pitch  quadric  are  parallel  to  three  co-reciprocal 

^^ws  of  the  screw  system. 

8.  12 


178  THE  THEORY   OF  8CRKW8.  [176- 

We  see  from  this  thai  the  sum  of  the  reciprocals  of  the  pitches  of  Arss 
co-reciproco/  screws  is  constant  This  theorem  will  be  subsequeDUj 
generalised 

177.    VocuM  of  the  ft«t  of  perpendioiilmn  on  the  ir^iiemtora*. 

If  p  be  the  pitch  of  the  screw  of  the  three-system  which  makes  anglep 
a*  fi»  7  with  the  three  principal  screws,  it  is  then  easy  to  show  that  the 
equation  of  the  screw  is 

(p  —  o)co«a  +  icos)9  —  yco67«0, 

—  rco8a  +  (/>  —  6)oo8)9  +  j:  cos  7  «  0. 

-fycosa  —  xcos/8  +  (/>  —  c)  cos  7  «  0. 

If  perpendiculars  be  let  fall  from  the  origin  on  the  several  screws  of  ibe 
system,  then  if  x,  y,  ^  be  the  foot  of  one  of  the  perpendiculars 

d:  cos  a  +  y  cos  /9  +  r  cos  7  »  0. 

Eliminating  cos  a,  cos  0,  cos  7  from  this  equation  and  the  two  last  of  tliois 
above,  we  have 

X        y  r        =0. 

— «     p  —  b        X 
+  y       —X      p'-c 

or  (p-6)(p-c)ar  +  j:(a:"  +  y'  +  r«)  +  yr(6-c)-0; 

from  this  and  the  two  similar  equations  we  have,  by  elimination  of  f^  and  f 
and  denoting  «■  +  j""  +  ^  by  r*, 

I  X,    (6  +  c)  X,    bcx  +  (6  —  c)  yi  +  XT*  [  =  0 ; 
y,    (c-»-o)y.     cay^{c-a)xx'i-yf* 

multiplying  the  first  column  by  r*  and  subtracting  it  fhun  the  last,  we  have 

*i    (h  +  c)x,    6cir  +  (6  -  c)yi     —  0. 
y.    (c  +  a)y,    cay  ^{c- a) EX 
s,    (a  4- 6)1,    aAi'f(a-6)xy 

which  may  be  written 

(a  -  6)»x»y«  +  (6  - c)«y«x»  +  (c  -  a)»i«j:«  =  (a  -  fc)(6  -  c)(c -a)«yi. 


*  Thia  Article  '%•  doe  to  Profeeeor  C.  Joljr.  *  Go  Uie  theory  of  linear  v««(or 
ticm  9/  ihf  Rojf^i  Irish  Ac^drmp,  Vol.  xii.  pp.  601  and  617  (1S96).  where  a 
ot  Bleiner'e  rarfMe  is  fivra.  Hce  aleo  hy  the  ■ame  author  *  B&abop  Uiw*t 
Kismiiuaion/  DmUim  Vmiwmitjf  Kmrnimatiom  Pupen,  1N98. 


i 
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This  equation  denotes  a  form  of  Steiner's  surface : 

Va  +  V/S  +  V7  +  \/8  =  0, 
where 

2x         2y         2z        ^ 

a=     T +  -^-  + r  +  1, 

6— c     c  —  a     a  —  b 

^  2x         2y         2z        ^ 

6  —  c     c  —  a     a  —  6 

ar         2y         2z        , 
b—c     c—a     a—b 

^  2x         2y         2^     .  - 

6— c     c— tt     a— 6 

From  the  form  of  its  equation  it  appears  that  this  surface  has  three 
double  lines  which  meet  in  a  point,  viz.  the  three  axes  OX,  OY,  OZ.  This 
l>eing  so  any  plane  will  cut  the  surface  in  a  quartic  cuiTe  with  three  double 
points,  being  those  in  which  the  plane  cuts  the  axes.  If  the  plane  touch  the 
surface,  the  point  of  contact  is  an  additional  double  point  on  the  section,  that 
ia»  the  section  will  be  a  quartic  curve  with  four  double  points,  i.e.  a  pair  of 
^^^'iics.  The  projections  of  the  origin  on  the  generators  of  any  cylindroid 
^longing  to  the  system  lie  on  a  plane  ellipse  (§  23).  This  ellipse  must  lie 
pn  the  Steiner  quartic.  Hence  the  plane  of  the  ellipse  must  cut  the  quartic 
^^  two  conies  and  must  be  a  tangent  plane.    See  note  on  p.  182. 

178.    Screws  of  the  Three-Byttem  parallel  to  a  Plane. 

Op  to  the  present  we  have  been  analysing  the  screw  system  by  classifying 
the  Screws  into  groups  of  constant  pitch.  Some  interesting  features  will  be 
P^'esented  by  adopting  a  new  method  of  classification.     We  shall  now  divide 

general  system  into  groups  of  screws  which  are  parallel  to  the  same 
pUoe. 

A^e  shall  first  prove  that  each  of  these  groups  is  in  general  a  cylindroid. 
^^  suppose  a  screw  of  infinite  pitch  normal  to  the  plane,  then  all  the  screws 
^\  the  group  parallel  to  the  plane  are  reciprocal  to  this  screw  of  infinite 
^^^^H.  But  they  are  also  reciprocal  to  any  three  screws  of  the  original 
^^^iprocal  system ;  they,  therefore,  form  a  screw  system  of  the  second  order 
'S  #2) — that  is,  they  constitute  a  cylindroid. 

^e  shall  prove  this  in  another  manner. 

A  quadric  containing  a  line  must  touch  every  plane  passing  through  the 
^^e.  The  number  of  screws  of  the  system  which  can  lie  in  a  given  plane 
^»  therefore,  equal  to  the  number  of  the  quadrics  of  the  system  which  can 
^  drawn  to  touch  that  plane. 

12—2 
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The  quadric  surface  whoBe  equation  is 

touchcfl  the  plane  P;r  + Qy  + /Ir +  S  =  0,  when  the  following  condition  t«» 
satisfied : 

i^(p#-i)(PT-i-)  +  <?(p.-it)(;>,-Jl-)  +  /P(p.-i)(p,-t)  +  5«-0; 

whence  it  follows  that  two  values  of  k  can  be  found,  or  that  two  quadrics 
can  be  made  to  touch  the  plane,  and  that,  therefore,  two  screws  of  the 
s}^tein,  and,  of  course,  two  reciprocal  screws,  lie  in  the  plane. 

From  this  it  follows  that  all  the  screws  of  the  system  parallel  to  a  plane 
must  in  general  lie  upon  a  cylindroid.  Fur,  take  any  two  screws  parallel  to  the 
plane,  and  draw  a  cylindroid  through  these  screwa  Now,  this  cylindroid  will 
be  cut  by  any  plane  parallel  to  the  given  plane  in  two  screws,  which  must 
belong  to  the  system;  but  this  plane  cannot  contain  any  other  scnewii; 
therefore,  all  the  screws  parallel  to  a  given  plane  must  lie  upon  the  nmme 
cylindroid. 

179.    Determination  of  a  Cylindroid. 

We  now  propose  to  solve  the  following  problem : — Given  a  plane,  deter- 
mine the  cylindroid  which  contains  all  the  screws,  selected  from  a  screw 
system  of  the  third  order,  which  are  parallel  to  that  plane. 

Draw  through  0  the  centre  of  the  pitch  quadric  a  plane  A  parallel  to 
the  given  plane.  We  shall  first  show  that  the  centre  of  the  cylindroid 
required  lies  in  A  (§  174). 


Fl«.  87. 


Let  7,,  7,  (Fig.  37)  be  two  points  in  which  the  two  quadrics  of  ooosUnt 
pitch  touch  the  plane  of  the  paper,  which  may  be  regarded  as  any  plane 
parallel  to  A  ;  then  P  is  the  intersection  of  the  pair  of  screws  belongii^ 
to  the  system  PT^  PT^,  which  lie  in  that  plane,  and  P'  is  the  intefBeeUun 
of  the  pair  of  n^ipHwal   screws  P'R^,  P  R^   belonging   to   the 
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system.  Since  F'Ri  is  to  be  reciprocal  to  PTj,  it  is  assential  that  Ri  be 
a  right  angle;  similarly  ii,  is  a  right  angle.  The  reciprocal  cylindroid,  whose 
axis  passes  through  P',  will  be  identical  with  the  cylindroid  belonging 
to  the  system  whose  axis  passes  through  P ;  but  the  two  will  be  differently 
posited.  If  the  angle  at  P  be  a  right  angle,  the  points  Ti  and  T2  are  at 
infinity;  therefore,  the  plane  touches  the  quadrics  at  infinity;  it  must, 
therefore,  touch  the  as3miptotic  cone,  and  must,  therefore,  pass  through  the 
centre  of  the  pitch  quadric  0 ;  but  P  is  the  centre  of  the  cylindroid  in  this 
case,  and,  therefore,  the  centre  of  the  cylindroid  must  lie  in  the  plane  A. 

The  position  of  the  centre  of  the  cylindroid  in  the  plane  il  is  to  be 
found  by  the  following  construction : — Draw  through 
the    centre   0  a  diameter   of    the    pitch    quadric 

conjugate  to  the  plane  A.    Let  this  line  intersect  \        s  ^^ 

the  pitch  quadric  in  the  points  Pj,  P3,  and  let  S,  \    / 

S'  (Fig.  38)  be  the  feet  of  the  perpendiculars  let  Y 

fall   from  Pi,   P,   upon   the   plane  A.     Draw   the  ^./   \ 

asymptotes  OL,  OM  to   the   section   of  the   pitch  \ 

quadric,  made  by  the  plane  A.    Through  S  and  S'  y 

draw   lines   in   the  plane  A,   ST,  ST\  S'T,  S'T\  A 

parallel  to  the  asymptotes,  then  T  and  T  are  the  / 

centres  of  the  two  required  cylindroids  which  belong         ^  ^        \ 

to  the  two  reciprocal  screw  systems. 

This  construction  is  thus  demonstrated : —  ^* 

The  tangent  planes  at  Pj,  Pa  each  intersect  the  surface  in  lines  parallel 
to  OL,  OM,  Let  us  call  these  lines  PiA,  PyMi  through  the  point  Pj,  and 
Pa/^a,  P^M^  through  the  point  Pj.  Then  PjZi,  P^M^  are  screws  belonging 
to  the  system,  and  Piifi,  PJj^  are  reciprocal  screws. 

Since  OL  is  a  tangent  to  the  pitch  quadric,  it  must  pass  through  the 
intersection  of  two  rectilinear  generators,  which  both  lie  in  a  plane  which 
contains  0L\  but  since  OL  touches  the  pitch  quadric  at  infinity,  the 
two  generators  in  question  must  be  parallel  to  OX,  and  therefore  their 
projections  on  the  plane  of  A  must  be  fif'T,  ST,  Similarly  for  ST, 
S'T'\  hence  ST*  and  S'T  are  the  projections  of  two  screws  belonging  to 
the  system,  and  therefore  the  centre  of  the  cylindroid  is  at  T\  In  a  similar 
way  it  is  proved  that  the  centre  of  the  reciprocal  cylindroid  is  at  T, 

GEaving  thus  determined  the  centre  of  the  cylindroid,  the  remainder  of 
the  construction  is  easy.  The  pitches  of  two  screws  on  the  surface  must  be 
proportional  to  the  inverse  square  of  the  parallel  diameters  of  the  section 
of  the  pitch  quadric  made  by  A.  Therefore,  the  greatest  and  least  pitches 
will  be  on  screws  parallel  to  the  principal  axes  of  the  section.     Hence,  lines 
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drawn  through  T  parallel  to  the  external  and  internal  bisectors  of  the  angW 
between  the  asymptotes  are  the  two  rectangular  screws  of  the  cyltodroid. 
Thus  the  problem  of  finding  the  cylindroid  is  completely  solved. 

It  is  easily  seen  that  each  cylindroid  touches  each  of  the  quadrios  in  two 
pointa 

We  may  also  note  that  a  screw  of  the  system  perpendicular  to  the  plane 
passes  through  T.  Thus  given  any  cylindroid  of  the  system  the  pontioo  of 
the  screw  of  the  system  parallel  to  the  axis  of  the  cylindroid  is 

180.    MisoeUaneoos  Remarks. 

We  are  now  in  a  position  to  determine  the  actual  situation  of  a 
6  belonging  to  a  screw  system  of  the  third  order  of  which  the  direciioo  is 
given.  The  construction  is  as  follows : — Draw  through  0  the  centre  of  the 
pitch  quadric  a  radius  vector  OR  parallel  to  the  given  direction  of  $^  and 
cutting  the  pitch  quadric  in  R,  Draw  a  tangent  plane  to  the  pitch  quadric 
in  R  Then  the  plane  A  through  OR,  of  which  the  intersectioti  with  the 
tangent  plane  is  perpendicular  to  OR,  is  the  plane  which  contains  $.  For 
the  section  in  which  A  cuts  the  pitch  (juaclric  has  for  a  tangent  at  /Z  a 
line  perpendicular  to  OR;  hence  the  line  OR  is  a  principal  axis  of  the 
section,  and  hence  (§  179)  one  of  the  two  screws  of  the  system  in  the  plane 
A  must  be  parallel  to  OR.  It  remains  to  find  the  actual  situation  of  tf  in 
the  plane  A, 

Since  the  direction  of  0  is  known,  its  pitch  is  determinate,  becanae  it 
is  inversely  proportional  to  the  stjuare  of  OR  Hence  the  quadric  can  be 
constructed,  which  is  the  locus  of  all  the  screws  which  have  the  same  pitch 
as  $.    This  quadric  must  be  intersected  by  the   plane  A    in  two   parallel 

*  In  s  letter  (10  April  1S99)  PmfeMor  C.  Jolj  writM  M  followt  :-~Anj  plaM  Ihroi^  tkt 
origin  contains  one  pair  of  tcrewB  A  and  B  belonging  to  the  tyttem  inteneetiag  at  rigbt 
and  another  pair  A'  and  B'  belonging  to  the  reciprocal  sjstem.     The  group  A^  B.  A\  BT 
a  rectangle  of  which  the  origin  O  it  the  centre.    The  feet  of  the  perpendieolan  Crooi  O  ^m  A 
on  B  aad  the  point  of  tntereeotion  of  A'  and  B*  wiU  lie  on  the  Steiner't  qnartac 

(6  -  c)«  y«i«  +  (c  -  a)«  r V  +  (a  -  6)«  jr«y>  =  +  (6  -  f )  (c  -  a)  («  -  h)  xy *. 

The  point  of  intersection  of  A  and  B  and  the  feet  of  the  perpendieolan  on  A'  and  B*  wiU  bs  en 
the  new  Steiner's  qnartic 

{h  -  f )•  y«*«  +  (c  -  «)« x«x«+  (a  -  6)« jr«y«=  -  (6  -  c)  (c  -  e)  (e  -  h) xf«. 

The  locos  of  the  feet  of  the  perpendieolan  on  the  screws  of  a  thres  ■jstem  Crooi  aay 
origin  whatever  is  stiU  a  Bt^ner's  qoartie,  bat  its  three  duoble  lines  are  no  loafer 
angular.    Thej  an  coincident  with  Uie  three  scnws  of  the  redproeal  three-sjsleai  vkadi 
Ihroogh  the  origin.     This  quariic  is  likewise  the  locus  of  the  inteneetioo  of  the  pain  of 
of  the  reciprocal  sjsten  which  an  ooplanar  mith  the  origin.    Then  is  a  second  Hteiner*s 
whose  dooble  lines  coincide  with  the  three  ncrews  of  the  given  systeni  whioh  pais  Ittmull  Iks 
origin  and  which  it  the  locnt  of  intersection  of  thoee  pain  of  tcrvwi  of  the  given  tjwieBi 
lie  in  planes  through  the  origin.    It  it  also  the  locos  of  the  fret  of  perpendieolan  on  the 
of  the  reciprocal  lyttem. 
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lines.  One  of  these  lines  is  the  required  residence  of  the  screw  0^  while 
the  other  line,  with  a  pitch  equal  in  magnitude  to  that  of  0,  but  opposite 
in  sign,  belonging,  as  it  does,  to  one  of  the  other  system  of  generators,  is  a 
screw  reciprocal  to  the  system. 

The  family  of  quadric  surfaces  of  constant  pitch  have  the  same  planes 
of  circular  section,  and  therefore  every  plane  through  the  centre  cuts  the 
quadrics  in  a  system  of  conies  having  the  same  directions  of  axes. 

The  cylindroid  which  contains  all  the  screws  of  the  screw  system  parallel 
to  one  of  the  planes  of  circular  section  must  be  composed  of  screws  of  equal 
pitch.  A  cylindroid  in  this  case  reduces  to  a  plane  pencil  of  rays  passing 
through  a  point.  We  thus  have  two  points  situated  upon  a  principal  axis 
of  the  pitch  quadric,  through  each  of  which  a  plane  pencil  of  screws  can  be 
drawn,  which  belong  to  the  screw  sjrstem.  All  the  screws  passing  through 
either  of  these  points  have  equal  pitch.  The  pitches  of  the  two  pencils  are 
equal  in  magnitude,  but  opposite  in  sign.  The  magnitude  is  that  of  the 
pitch  of  the  screw  situated  on  the  principal  axis  of  the  pitch  quadric*. 

181.    Virtual  Coefficients. 

Let  p  be  a  screw  of  the  screw  system  which  makes  angles  whose  cosines 
are  /,  g,  h,  with  the  three  screws  of  reference  a,  fi,  y  upon  the  axes  of  the 
pitch  quadric.  Then,  reference  being  made  to  any  six  co-reciprocals,  we 
liave  for  the  co-ordinates  of  p, 

&c.,  &c., 

Let  ff  be  any  given  screw.    The  virtual  coeflBcient  of  p  and  rj  is 

raw  from  the  centre  of  the  pitch  quadric  a  radius  vector  r  parallel  to  p, 
nd  equal  to  the  virtual  coeflBcient  just  written;  then  the  locus  of  the 
xtremity  of  r  is  the  sphere 

oj'  +  f  +  z^^  a?tsr.,  +  ym^  +  zvy^. 

The  tangent  plane  to  the  sphere  obtained  by  equating  the  right-hand 
sside  of  this  equation  to  zero  is  the  principal  plane  of  that  cylindroid  which 
^contains  all  the  screws  of  the  screw  system  which  are  reciprocal  to  rj, 

*  If  a,  6,  e  be  the  three  semiazee  of  the  pitch  quadric,  and  +  d  the  distances  from  the  centre, 
on  a,  of  the  two  points  in  question,  it  appears  from  §  179  that  a^=s{a*  -  b*)  {a^-e*),  which  shows 
thit  d  is  the  fourth  proportional  to  the  primary  semiazis  of  the  surfSace,  and  to  those  of  its  focal 
ellipse  and  hyperbola. 
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182.    Four  Sorawt  of  the  Screw  System. 

Take  any  four  scrcwH  a,  /3,  7,  5  of  the  screw  Hyntem  of  the  third  onler. 
Then  we  shall  prove  that  the  cylindroid  (a,  fi)  must  have  a  screw  in  oomiiKio 
with  the  cylindroid  (7,  5).  For  twists  of  appropriate  amplitudes  mboot  c. 
0,  7,  B  must  neutralise,  and  hence  the  twists  about  a,  fi  must  be  cotintrr- 
acted  by  those  about  7,  fi;  but  this  cannot  be  the  case  unless  there  u 
some  screw  common  to  the  cyluidroids  (a,  fi)  and  (7,  fiX 

This  theorem  provides  a  convenient  test  as  to  whether  four  screws 
belong  to  a  screw  system  of  the  third  order. 

IBS.    Oeometrical  notes. 

The  following  theorem  may  be  noted  : 

Any  ray  tf  which  crosses  at  right  angles  two  screws  a,  0  0/  a  thrm-Mftiem 
is  the  seat  of  a  screw  reciprocal  to  the  system. 

For,  draw  the  cylindroid  a,  /3,  then  of  course  17,  whatever  be  its  pitcfa. 
is  reciprocal  to  all  the  screws  on  this  cylindroid.  Through  any  point  P  on 
ff  there  are  two  screws  of  the  system  which  lie  on  the  cylindroid,  and  tbctv 
must  be  a  third  screw  7  of  the  system  through  P,  which,  certainly.  fkw» 
not  lie  on  the  cylindroid.  If,  therefore,  we  give  17  a  pitch  — p,,  it  musl  be 
reciprocal  to  the  three-system. 

In  general,  one  screw  of  a  tfn^ee-systein  can  be  found  which 
ai  right  angles  any  screw  whatever  17. 

For  17  must,  of  course,  cut  each  of  the  quadrics  containing  the 
of  ei^ual  pitch  in  two  points.  Take,  for  example,  the  ({uadric  with  scnrws 
of  pitch  />.  There  are,  therefore,  two  screws,  a  and  0  of  pitch  p  bekioging 
to  the  system,  which  iuti^rsect  17.  The  cylindroid  a,  0  must  belong  to  ibr 
s}'stem,  and  from  the  known  property  of  the  cylindroid  the  ray  %  whidb 
crosses  the  two  ei|ual  pitch  screws  (§  22),  must  cross  at  right  angles  suok' 
thinl  scn^w  7  on  this  cylindroid ;  but  this  belongs  to  the  three-s^iiiem,  and 
therefore  the  theoreiu  has  been  proved. 

184.    Cartesiaii  Kqoation  of  the  Three*Sjstem. 

If  we  an*  given  the  co-ordinates  of  any  three  screws  of  a  threvneiyitrni 
with  reference  Ut  six  eanoninil  co-rfcipnx'uls,  we  can  calctilate  in  thr 
following  manner  the  iH|uatii>n  to  the  family  of  pitch  t^uadrics  of  which  the 
three-systi*m  is  constituted. 

I>»t  thr   three  given  neri'WH  be  a,  /J,  7,  with  co-oniinates  respectivriy 
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aiy.-.Oe;  /9i,.../9s;  71,. ..^s.     Then  if  X, /i,  1;  be  three  variable  parameters, 
the  co-ordinates  of  the  other  screws  of  the  three-system  will  be 

^1  +  M/3, -I- 1/7, ,     Xoa  + /i/3, -I- 1^2,  ••.  Xa« -I- /i/9e -I- 1/7, . 

We  shall  denote  the  pitch  of  this  screw  by  jp,  and  from  §  43  we  have  for  the 
equations  of  this  screw  with  reference  to  the  associated  Cartesian  axes : 

0  =  +  (Xas  +  M A  +  1^5  +  Xoe  +  /i/Se  +  vy^  y 

—  (Xoj  +  /i/S,  +  i^s  +  Xa4  +  fifi^  -I- 1^4)  z 

—  (Xtti  -I-  /i/9i  +  1^1  —  Xa,  —  /i/Sa  —  ^a)  ct 

with  two  similar  equations. 

From  these  we  eliminate  \  /i,  v  and  the  determinant  thus  arising  admits 
of  an  important  reduction. 

To  effect  this  we  multiply  it  by  the  determinant 

a,  -I-  ttj ,     ttj  +  a4  >     «»  +  «6  I  • 

A  +  A,    A  +  A>    A  +  P% 

I  7i  +  72>     7»+74>     7«  +  76 
For  brevity  we  introduce  the  following  notation : 

P  =  ^[(/8.  +  /3.)(73  +  74)-(A  +  /84)(7.  +  76)] 
+  y[(/8i  +  A)(75  +  7«)-(A  +  /8e)(7i  +  72)] 

+  ^[(/83  +  A)(7i  +  70-(A  +  A)(73  +  74)]. 
^ith  similar  values  for  Q  and  R  by  cyclical  interchauge. 

We  also  make 

L^^a{a,  +  a,)08,-/8,)  +  6(a3  +  a*) (/S,  -  A)  +  c K  +  a.) (/S, - /8,), 
Lfu  =  a(fi^  +  fi,)(a,  -  a,)-|-6(/S,-|-/S4)(a3  -  o^)  +  c ( A  +  A) («.  -  «.), 
^ith  similar  values  for  i.^,  i^,  i^y,  i^^  by  cyclical  interchange. 

The  equation  to  the  family  of  pitch  quadrics  is  then  easily  seen  to  be 
^""^  i  P^-P  y  -R-^-Lafi-pcosiaff),  +Q+L^y-pcoQ(arY) 

' +iJ  +  i^.-pcos(a/9),  Pfi-P  y  -P-hLpy-pco&ifiy) 

-Q+Ly^-pcoaiay),  +P +  Lyfi-pcoH(^y\  Py-p 

^*    tihe  three  given  screws  a,  fi,  7  had  been  co-reciprocal,  then  as 

^^  follows  that  L^  and  Lp^  only  differ  in  sign,  so  that  if 

P'  =  P  +  X^p;  Q'^Q  +  i.^;  R^R^-Lf^. 
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the  equation  becomes 

0-1  p.-p         .     -R-pco»(afi\    +  Q' - /> co« (07)     . 

;      R^p(xm(afil  p^^p         .     -F-pcoe(>97) 

I  -Q'-pcoBiay),    +F-pcoe()87),  p^-p 

By  expanding  this  as  a  cubic  for  p  we  see  that  the  coefficient  of  p^ 
divided  by  that  of  p*  with  its  sign  changed  is 

p^  »in«  (fiy)  -k-p^  MID*  (yg)  -f />>  Jtitl*  {off) 

This  is  accordingly  the  constant  sum  of  the  three  pitches  of  the  screwB  of 
the  system  which  can  be  drawn  through  any  point 

186.    KqaUlbriom  of  Four  ForoM  applied  to  a  Rigid  Bodj. 

If  the  body  be  free,  the  four  forces  must  be  four  wrenches  on  screws  f>f 
zero  pitch  which  are  members  of  a  screw  system  of  the  third  order.  Tlie 
forces  must  therefore  be  generators  of  a  hyperboloid,  all  belonging  to  Uie 
same  system  (§  132). 

Three  of  the  forces,  P,  Q,  R,  being  given  in  position,  8  most  then  be  a 
generator  of  the  hyperboloid  detenniued  by  P,  Q,  R.  This  proof  of  a 
well-known  theorem  (due  to  Mobius)  is  given  to  show  the  iSMnlity  with 
which  such  results  flow  from  the  Theory  of  Screws. 

Suppose,  however,  that  the  body  have  only  freedom  of  the  fifth  order, 
we  shall  find  that  somewhat  more  latitude  exists  with^  reference  to  the 
choice  of  8.  Let  X  be  the  screw  reciprocal  to  the  screw  ^stem  by  which 
the  frt*edom  is  defined.  Then  for  equilibrium  it  will  only  bo  nn  imiijf  iiuu 
8  belong  to  the  system  of  the  fourth  order  defined  by  the  four  screws 

p.  Q.  It.  X. 

A  cone  of  screws  can  be  drawn  through  every  point  in  space  belonging 
to  this  system,  and  on  that  cone  one  screw  of  zero  pitch  can  alwmjv  be 
found  (§  123).  Hence  one  line  can  be  drawn  through  every  poini  in  spaoe 
along  which  8  might  act. 

If  the  body  have  free<lom  of  the  fourth  onler,  the  latitude  in  the  cboicr 
of  5  is  still  greater.  Li*t  A',.  A%  be  two  scn^ws  n^ciprociil  to  the  sj-sU^m. 
thrn  S  is  only  rt^stniiniKl  by  tht*  c<>nditi<»n  that  it  behmg  to  the  scrvw  syvtrm 
of  the  fifth  (»nler  defined  by  tht*  screws 

P.  Q,  II  X,.  A',. 
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Any  line  in  space  when  it  receives  the  proper  pitch  is  a  screw  of  this 
syutem.  Through  any  point  in  space  a  plane  can  be  drawn  such  that  every 
line  in  the  plane  passing  through  the  point  with  zero  pitch  is  a  screw  of  the 
system  (§110). 

Finally,  if  the  body  has  only  freedom  of  the  third  order,  the  four  equi- 
librating forces  P,  Q,  R,  S  may  be  situated  anywhere. 

The  positions  of  the  forces  being  given,  their  magnitudes  are  determined ; 
for  draw  three  screws  Xi,  X^y  X^  reciprocal  to  the  system,  and  find  (§  28)  the 
intensities  of  the  seven  equilibrating  wrenches  on 

Pi  Q,  R>  S,  Xj,  Xa,  Xj. 

The  last  three  are  neutralised  by  the  reactions  of  the  constraints,  and 
the  four  former  must  therefore  equilibrate. 

Given  any  four  screws  in  space,  it  is  possible  for  four  wrenches  of  proper 
intensities  on  these  screws  to  hold  a  body  having  freedom  of  the  third  order 
in  equilibrium.  For,  take  the  four  given  screws,  and  three  reciprocal  screws. 
Wrenches  of  proper  intensities  on  these  seven  screws  will  equilibrate ;  but 
those  on  the  reciprocal  screws  are  destroyed  by  the  reactions,  and,  therefore, 
the  four  wrenches  on  the  four  screws  equilibrate.  It  is  manifest  that  this 
theorem  may  be  generalised  into  the  following : — If  a  body  have  freedom  of 
the  kth  order,  then  properly  selected  wrenches  about  any  k+1  screws  (not 
reciprocal  to  the  screw  system)  will  hold  the  body  in  equilibrium. 

That  a  rigid  body  with  freedom  of  the  third  order  may  be  in  equilibrium 
under  the  action  of  gravity,  we  have  the  necessary  and  sufficient  condition, 
which  is  thus  stated : — 

The  vertical  through  the  centre  of  inertia  must  be  one  of  the  reciprocal 
system  of  generators  on  the  pitch  quadric. 

We  see  that  the  centre  of  inertia  must,  therefore,  lie  upon  a  screw  of 
zero  pitch  which  belongs  to  the  screw  system  ;  whence  we  have  the  following 
theorem : — The  restraints  which  are  necessary  for  the  equilibrium  of  a  body 
which  has  freedom  of  the  third  order  under  the  action  of  gravity,  would 
permit  rotation  of  the  body  round  one  definite  line  through  the  centre  of 
inertia. 

186.    The  Ellipsoid  of  Inertia. 

The  momental  ellipsoid,  which  is  of  such  significance  in  the  theory  of 
the  rotation  of  a  rigid  body  about  a  fixed  point,  is  presented  in  the  Theory 
of  Screws  as  a  particular  case  of  another  ellipsoid,  called  the  ellipsoid  of 
inertia,  which  is  of  great  importance  in  connexion  with  the  general  screw 
system  of  the  third  order. 
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If  wo  take  three  conjiigiite  Hcrews  of  inertia  from  the  ncrew  syHt^^m  mi 
ticrcwH  of  reference,  then  we  have  seen  (§97)  that,  if  ^,,  0^,  0,,  be  the  ci>- 
ordinates  of  a  screw  0,  we  have 

where  ri,,  ii^,  fi,  are  the  valiien  of  Ug  with  reference  to  the  three  conju)^t«* 
dcrews  of  inertia. 

Drow  fn>ni  any  point  lines  parallel  to  0,  and  to  the  three  conjugate  Mrrv'Wji 
of  inertia.  If  then  a  parallelopipecl  be  conHtructe<l  of  which  the  diagonal  t^ 
the  line  ]iarallel  to  0,  and  of  which  the  three  linen  jiarallel  to  the  ctmjugmt^r 
screwH  arc  conterminous  etlges,  and  if  r  be  the  length  of  the  diagonal*  and 
jr,  y,  z  the  lengths  of  the  cilges,  then  we  have 

~  —  0\*     '   —  0^t       =  0s. 
r  r  r 

We  Hce,  therefore,  that  the  panimeter  u  appropriate  to  anjr  screw  0  isn 
inversely  proportional  to  the  parallel  diameter  of  the  ellipsoid 

where  H  in  a  certain  constant. 

Hence  we  have  the  following  theorem : — The  kinetic  eneryy  of  a  rigid 
body,  wheti  twisting  with  a  given  twist  velocity  iibout  any  screw  of  a  mftiem 
of  the  third  order,  is  proportional  to  the  inverse  square  of  the  partUUt 
diameter  of  a  certain  ellipsoid,  tvhich  niay  be  called  the  ellipsoid  of  inertia  ; 
and  a  set  of  three  conjugate  diameters  of  the  ellipsoid  are  parallel  to  a  set 
of  three  conjugtUe  screws  of  inertia  which  belong  to  the  screw  system. 

We  might  also  enunciate  the  property  in  the  following  manner: — Amy 
diamder  of  the  ellipsoid  of  inertia  is  proportional  to  the  twist  velocity  with 
which  the  body  should  twist  about  the  parallel  screw  of  the  screw  system^  so 
that  its  kinetic  energy  sluiU  be  constanL 

187.    Th«  Principal  8cr«ws  of  Inertia. 

It  will  simplify  matters  to  consider  that  the  ellipsoid  of  inertia  is  om- 
centric  with  the  pitch  <|uadric.     It  will  then  be  possible  to  find  a  triad 
common  conjugaU*  diamet<*rs  to  the  two  ellipsoids.     We  can  then  detei 
three  screws  of  the  system  parallel  to  these  diameters  (§  IHO),  aod 
three  screws  will  be   oo-reciprocal,  and  also   conjugate   screws   of  ii 
They  will,  therefon*,  (§H7),  fonn  what  we  have  ti»nned  the  principal  scivt 
of  inertia.     Wht»n  the  screw  sj-stem  reduces  to  a  pencil  of  screws  of  9e^      /», 
pitch  iMssing  thniugh  a  point,  then  the  princi]Mil  scix*ws  of  inertia  rvduoK- 
to  the  well-known  principal  axes. 
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188.  Iiemma. 

If  from  a  screw  system  of  the  nth  order  we  select  n  screws  ili, ... ,  An, 
which  are  conjugate  screws  of  inertia  (§  87),  and  if  jS,  be  any  screw  which 
is  reciprocal  to  il,,  ...,iln>  then  an  impulsive  wrench  on  jS,  will  cause  the 
body,  when  only  free  to  twist  about  the  screws  of  the  system,  to  commence 
to  twist  about  -4,.  Let  Ri  be  the  screw  which,  if  the  body  were  perfectly 
free,  would  be  the  impulsive  screw  corresponding  to  il^  as  the  instantaneous 
screw.  Ri  must  be  reciprocal  to  ila,  ...,iln  (§81).  Take  also  6  — n  screws 
of  the  reciprocal  system  5,, ...  ,£,_„.  Then  the  8  —  n  screws  iJi,  Si,  B^, ... , 
J?«_«  must  be  reciprocal  to  the  n  — 1  screws  il,,  ...,ilni  and  therefore  the 
8  — n  screws  must  belong  to  a  screw  system  of  the  (7  —  n)th  order.  Hence 
an  impulsive  wrench  upon  the  screw  8i  can  be  resolved  into  components  on 
Ri,  5,, ...  ,5e_-».  Of  these  all  but  the  first  are  neutralised  by  the  reactions 
of  the  constraints,  and  by  hypothesis  the  effect  of  an  impulsive  wrench 
upon  12,  is  to  make  the  body  commence  to  twist  about  Ai,  and  therefore 
an  impulsive  wrench  on  Si  would  make  the  body  twist  about  Ai. 

189.  Relation  between  the  Impulsive  Screw  and  tbe  Initan- 
taneous  Screw. 

A  quiescent  rigid  body  which  possesses  freedom  of  the  third  order  is 
acted  upon  by  an  impulsive  wrench  about  a  given  screw  17.  It  is  required 
to  determine  the  instantaneous  screw  0,  about  which  the  body  will  commence 
to  twist. 

The  screws  which  belong  to  the  system,  and  are  at  the  same  time  reci- 
procal to  17,  must  all  lie  upon  a  cylindroid,  as  they  each  fulfil  the  condition 
of  being  reciprocal  to  four  screws.  All  the  screws  on  the  cylindroid  are 
parallel  to  a  certain  plane  drawn  through  the  centre  of  the  pitch  quadric, 
which  may  be  termed  the  reciprocal  plane  with  respect  to  the  screw  17.  The 
reciprocal  plane  having  been  found,  the  diameter  conjugate  to  this  plane 
in  the  ellipsoid  of  inertia  is  parallel  to  the  required  screw  0, 

For  let  fi  and  p  denote  two  screws  of  the  system  parallel  to  a  pair  of 
conjugate  diameters  of  the  ellipsoid  of  inertia  in  the  reciprocal  plane.  Then 
0,  fi,  V  are  a  triad  of  conjugate  screws  of  inertia ;  but  17  is  reciprocal  to  fi 
and  V,  and,  therefore,  by  the  lemma  of  the  last  article,  an  impulsive  wrench 
upon  17  will  make  the  body  commence  to  twist  about  0. 

190.  Kinetic  Energy  acquired  by  an  Impulie. 

We  shall  now  consider  the  following  problem : — A  quiescent  rigid  body 
of  mass  M  receives  an  impulsive  wrench  of  intensity  rj'"'  on  a  screw  17.  We 
have  now  to  detennine  the  locus  of  a  screw  0  belonging  to  a  screw  system 
of  the  third  order,  such  that,  if  the  body  be  constrained  to  twist  about  0,  it 
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shall  acquire  a  given  kinetic  energy  E,  in  connequcnce   of  the   iiiipaUive 
wrench. 

We  have  from  §  91  the  equation 

We  can  assign  a  geometrical  interpretation  to  thiw  equation,  which  will 
lead  to  some  interesting  results. 

Through  the  centre  0  of  the  pitch  quadric  the  plane  A  reciprocal  lo  if 
is  to  be  drawn.  A  sphere  (§  181)  is  to  be  described  touching  the  plane  A 
at  the  origin  0,  the  diameter  of  the  sphere  being  so  chosen  that  the  intercept 
OP  made  by  the  sphere  on  a  radius  vector  parallel  to  any  screw  0  is  equal 
to  w^  (§  181).  The  quantity  u^  is  inventely  proportional  to  the  radius  vector 
OQ  of  the  ellipsoid  of  inertia,  which  is  parallel  to  ^  (§  186).  Hence  fi^r  all 
the  screws  of  the  screw  system  which  acquire  a  given  kinetic  energy  in 
consequence  of  a  given  impulse,  we  must  have  the  product  OP .  OQ  constants 

From  a  well-known  property  of  the  sphere,  it  follows  that  all  the  points 
Q  must  lie  upon  a  plane  A\  parallel  to  A,  This  plane  cuts  the  ellipauid  of 
inertia  in  an  ellipse,  and  all  the  screws  required  must  be  parallel  to  the 
generators  of  the  cone  of  the  second  degree,  formed  by  joining  the  points 
of  this  ellipse  to  the  origin,  0. 

Since  we  have  already  shown  how,  when  the  direction  of  a  screw  belonging 
to  a  screw  system  of  the  third  order  is  given,  the  actual  situation  of  thai 
screw  is  determined  (§  180),  we  are  now  enabled  to  ascertain  all  the  screws 
0  on  which  the  body  acted  upon  by  a  given  impulse  would  ac(|uire  a  given 
kinetic  energy. 

The  distance  between  the  planes  A  and  A'  is  proportional  to  OP ,  OQ, 
and  therefore  to  the  square  root  of  E.  Hence,  when  the  impulse  is  given, 
the  kinetic  energy  acquired  on  a  screw  detennined  by  this  oonstmctiun  is 
greatest  when  A  and  A'  are  as  remote  as  possible.  For  this  to  haf^pen,  il 
is  obvious  that  A'  will  just  touch  the  ellipsoid  of  inertia.  The  groop 
screws  will,  therefore,  degenerate  to  the  single  screw  parallel  to  the  diam 
of  the  ellipsoid  of  inertia  conjugate  to  il.  But  we  have  seen  (J  190) 
the  screw  so  determined  is  the  screw  which  the  body  will  naturally 
if  permitted  to  make  a  choice  from  all  the  screws  of  the  system  of 
third  order.  We  thus  see  again  what  Eulers  theorem  (§94)  wouM  ba 
also  told  us,  viz.,  that  when  a  quiescent  rigid  hinly  which  has  freedom  of 
third  order  is  set  in  motion  by  the  action  of  a  given  impulsive  wrench, 
kinetic  energy  which  the  body  actjuires  is  greater  than  it  would  have 
had  the  body  been  restricted  U)  any  other  screw  of  the  system  than 
one  which  it  naturally  chooses. 
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191.  Reaction  of  the  Oonitraints. 

An  impulsive  wrench  on  a  screw  17  acts  upon  a  body  with  freedom  of 
the  third  order,  and  the  body  commences  to  move  by  twisting  upon  a  screw 
0.  It  is  required  to  find  the  screw  \  a  wrench  on  which  constitutes  the 
initial  reaction  of  the  constraints.  Let  ^  denote  the  impulsive  screw  which, 
if  the  body  were  free,  would  correspond  to  d  as  the  instantaneous  screw. 
Then  \  must  lie  upon  the  cylindroid  (^,  17),  and  may  be  determined  by 
choosing  on  (^,  17)  a  screw  reciprocal  to  any  screw  of  the  given  screw 
system. 

192.  Impuliive  Screw  is  Indeterminate. 

Being  given  the  instantaneous  screw  d  in  a  system  of  the  third  order, 
the  corresponding  impulsive  screw  17  is  indeterminate,  because  the  impulsive 
wrench  may  be  compounded  with  any  reactions  of  the  constraints.  In  fact 
11  may  be  any  screw  selected  from  a  screw  system  of  the  fourth  order,  which 
is  thus  found.  Draw  the  diametral  plane  conjugate  to  a  line  parallel  to  0 
in  the  ellipsoid  of  inertia,  and  construct  the  cylindroid  which  consists  of 
screws  belonging  to  the  screw  system  parallel  to  this  diametral  plane. 
Then  any  screw  which  is  reciprocal  to  this  cylindroid  will  be  an  impulsive 
screw  corresponding  to  ^  as  an  instantaneous  screw. 

Thus  we  see  that  through  any  point  in  space  a  whole  cone  of  screws  can 
be  drawn,  an  impulsive  wrench  on  any  one  of  which  would  make  the  body 
commence  to  twist  about  the  same  screw. 

One  impulsive  couple  can  always  be  found  which  would  make  the  body 
commence  to  twist  about  any  given  screw  of  the  screw  system.  For  a 
couple  in  a  plane  perpendicular  to  the  nodal  line  of  a  cylindroid  may  be 
regarded  as  a  wrench  upon  a  screw  reciprocal  to  the  cylindroid ;  and  hence 
a  couple  in  a  diametral  plane  of  the  ellipsoid  of  inertia,  conjugate  to  the 
diameter  parallel  to  the  screw  0,  will  make  the  body  commence  to  twist 
about  the  screw  0, 

It  is  somewhat  remarkable  that  a  force  directed  along  the  nodal  line  of 
the  cylindroid  must  make  the  body  commence  to  twist  about  precisely  the 
same  screw  as  the  couple  in  a  plane  perpendicular  to  the  nodal  line. 

If  a  cylindroid  be  drawn  through  two  of  the  principal  screws  of  inertia, 
then  an  impulsive  wrench  on  any  screw  of  this  cylindroid  will  make  the 
body  commence  to  twist  about  a  screw  on  the  same  cylindroid.  For  the 
impulsive  wrench  may  be  resolved  into  wrenches  on  the  two  principal 
screws.  Each  of  these  will  produce  a  twisting  motion  about  the  same 
screw,  which  Mrill,  of  course,  compound  into  a  twisting  motion  about  a  screw 
on  the  same  cylindroid. 
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193.    Qoadrto  of  tho  Potential. 

A  body  which  ha8  freedom  of  the  third  onler  in  in  cHjuilibriuni  uwier 
the  influence  of  a  conuervative  system  of  forcea  The  body  receiven  a  twist 
of  Rmall  amplitude  ff  about  a  screw  0  of  the  Bcrew  s}'stom.  It  is  required 
to  dctc>rmine  a  geometrical  representation  for  the  quantity  of  work  wbich 
has  been  done  in  effecting  the  displacement.  We  have  seen  that  to  earh 
screw  6  corresponds  a  certain  linear  parameter  v^  (§  102),  and  that  the  work 
done  is  representefl  by 

We  have  also  seen  that  the  quantity  v/  may  be  n^presented  by 

where  0,»  0^^  0^  are  the  co-ordinates  of  the  screw  $  referred  to  three  conjugate 
screws  of  the  potential,  and  r,,  v,,  v,,  denote  the  values  of  r^  for  each  of  tbe 
three  screws  of  reference  (§  102). 

Drawing  through  the  centre  of  the  pitch  quadric  three  axes  parallel  U* 
the  three  screws  of  reference,  wc  can  then  constnict  the  quadric  of  which 
the  equation  is 

r,  V  +  r,y  +  r,y  =  H, 

which  proves  the  following  theorem  : — 

The  work  done  in  giving  the  body  a  twist  of  given  amplitode  from  a 
position  of  equilibrium  about  any  screw  of  a  system  of  the  third  ofder,  u 
proportional  to  the  inverse  stjuare  of  the  parallel  diameter  of  a  oertaia 
quadric  which  we  may  call  the  quadric  of  the  potential,  and  three  ooojogmte 
diameters  of  this  (|uadric  are  parallel  to  three  conjugate  screws  of  the 
potential  in  the  screw  system. 

194    Tha  Prinoipal  Soraws  of  the  Potantial. 

The  three  common  conjugate  diameters  of  the  pitch  hyperboh 
the  quadric  of  the  potential,  are  parallel  to  three  screws  of  the 
which   we  call    the   princip(U  screws  of  the  potenHal,     If   the    body 
dispUced   by  a  twist  about  a  principal   screw  of   the  potential  bom  r 
position  of  stable  equilibrium,  then  the  reduced  wrench  which  is 
is  upon  the  same  screw. 

The  three  principal  screws  of  the  potential  must  not  be  oon 
the  three  screws  of  the  system  which  are  parallel  to  the  principal  axes 
the  ellipsoid  of  the  potential.     The  latter  are  the  screws  on  which  a  tt 
of  given    amplitude    re<|uires    a   maximum   or  minimum   oonsonplioa       i/ 
energy,  and  they  an*  rectangular,  which,  of  course,  is  not  in   genefai    tif 
case  with  the  principal  screws  of  the  potential. 
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195.  Wrench  evoked  by  Displacement. 

By  the  aid  of  the  quadric  of  the  potential  we  shall  be  able  to  solve 
the  problem  of  the  determination  of  the  screw  on  which  a  wrench  is  evoked 
by  a  twist  about  a  screw  0  from  a  position  of  stable  equilibrium.  The 
construction  which  will  now  be  given  will  enable  us  to  determine  the  screw 
of  the  system  on  which  the  reduced  wrench  acts. 

Draw  through  the  centre  of  the  pitch  quadric  a  line  parallel  to  0,  Con- 
struct the  diametral  plane  A  of  the  quadric  of  the  potential  conjugate  to 
this  line,  and  let  X,  /a  be  any  two  screws  of  the  system  parallel  to  a  pair  of 
conjugate  diameters  of  the  quadric  of  the  potential  which  lie  in  the  plane 
A,  Then  the  required  screw  ^  is  parallel  to  that  diameter  of  the  pitch 
quadric  which  is  conjugate  to  the  plane  A. 

For  ^  will  then  be  reciprocal  to  both  \  and  /a;  and  as  X,  /i.  ^  are 
conjugate  screws  of  the  potential,  it  follows  that  a  twist  about  0  must  evoke 
a  reduced  wrench  on  ^. 

196.  Harmonic  Screws. 

When  a  rigid  body  has  freedom  of  the  third  order,  it  must  have  (§  106) 
three  harmonic  screws,  or  screws  which  are  conjugate  screws  of  inertia,  as 
well  as  conjugate  screws  of  the  potential.  We  are  now  enabled  to  construct 
these  screws  with  facility,  for  they  must  be  those  screws  of  the  screw  system 
which  are  parallel  to  the  triad  of  conjugate  diameters  common  to  the  ellipsoid 
of  inertia,  and  the  quadric  of  the  potential. 

We  have  thus  a  complete  geometrical  conception  of  the  small  oscillations 
of  a  rigid  body  which  has  freedom  of  the  third  order.  If  the  body  be  once 
set  twisting  about  one  of  the  harmonic  screws,  it  will  continue  to  twist 
thereon  for  ever,  and  in  general  its  motion  will  be  compounded  of  twisting 
motions  upon  the  three  harmonic  screws. 

If  the  displacement  of  the  body  from  its  position  of  equilibrium  has 
been  effected  by  a  small  twist  about  a  screw  on  the  cylindroid  which  contains 
two  of  the  harmonic  screws,  then  the  twist  can  be  decomposed  into  com- 
ponents on  the  harmonic  screws,  and  the  instantaneous  screw  about  which 
the  body  is  twisting  at  any  epoch  will  oscillate  backwards  and  forwards 
upon  the  cylindroid,  from  which  it  will  never  depart. 

If  the  periods  of  the  twist  oscillations  on  two  of  the  harmonic  screws 
coincided,  then  every  screw  on  the  cylindroid  which  contains  those  harmonic 
screws  would  also  be  a  harmonic  screw. 

If  the  periods  of  the  three  harmonic  screws  were  equal,  then  every  screw 
of  the  system  would  be  a  harmonic  screw. 

a  13 
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197.    OMillations  of  a  Ri«id  Body  about  a  flxod  Polst*. 

We  Hhall  conclude  the  present  Chapter  by  applying  the  principten  which 
it  containH  to  the  development  of  a  geometrical  Holution  of  the  following 
important  problem : — 

A  rigid  body,  free  to  rotate  in  every  direction  around  a  fixed  poimU  i» 
in  stable  equilibrium  under  the  influence  of  gravity .  The  body  is  Jigkily 
disturbed :  it  is  required  to  detertnine  its  sniall  oscillatiofui. 

Since  three  co-ordinates  are  recjuired  to  specify  the  position  of  a  body 
when  rotating  about  a  point,  it  follows  that  the  bcKly  has  frt*edom  of  th«* 
third  order.  The  screw  system,  however,  assumes  a  verj-  extreme  iypr, 
for  the  pitch  quadric  has  bt»come  illusory,  and  the  screw  system  trdtices  to 
a  pencil  of  screws  of  zero  pitch  radiating  in  all  dirf*ctions  fn»m  the  fixed 
point 

The  quantity  u^  appropriate  to  a  screw  0  reduces  to  the  radius  of 
g^'nition  when  the  pitch  of  the  screw  is  zero ;  hence  the  ellipsoid  of  inertia 
reduces  in  the  present  case  to  the  well-known  moinental  ellijisoid. 

The  quadric  of  the  poti*ntial  (§  193)  assumes  a  remarkable  form  in  the 
present  case.  The  work  done  in  giving  the  b4Mly  a  small  twist  is  pmpur- 
tional  to  the  vertical  distance  through  which  the  centre  of  inertia  is 
elevated.  In  the  position  of  equilibrium  the  centre  of  inertia  is  ▼eritcally 
beneath  the  point  of  suspension,  it  is  therefore  obvious  from  symmetry  thai 
the  ellipsoid  of  the  {sitential  must  be  a  surfact*  of  revolution  aboat  a  vertical 
axia  It  is  further  evident  that  the  vertical  radius  vect'Or  of  the  cvlinder 
must  be  infinite,  because  no  work  is  done  in  n>tating  the  body  aroand  a 
vertical  axis. 

Let  0  be  the  centre  of  sus|>ension,  and  1  the  centre  of  inertia,  and  lei  - 
OP  be  a  radius  vc*ctor  of  the  quadric  of  the  potential.  Let  &dl  IQ  per- 
pendicular on  OP,  and  PT  perpendicular  upon  0/.  It  is  extremely 
to  show  that  the  vertical  height  through  which  /  is  raised  ia 
to  /Q*  X  0P*\  whence  the  area  of  the  triangle  OPI  is  constant,  and 
fore  the  locus  of  P  must  be  a  right  circular  cylinder  of  which  OI  m 

We  have  now  to  find  the  triad  of  conjugate  diametere  oomroon  to 
momental  ellipsoid,  and  the  circular  cylinder  just  dt*scribe<L     A  grcmp 
three  conjugate  diameters  of  the  cylinder  must  ctmsist  of  the  vertioal 
and  any  two  other  lines  thnnigh  the  origin,  which  are  conjugate 
of  the  ellipse  in  which  their  plane  cuts  the  cylinder.     It  ft>llowH 
triail  rtH|uire<l  will  consist  of  the  vertical  axis,  luid  of  the  pair  of  ctmjui^mu 

*  Trttm,  Jl*^.  Ihtk  Acad.,  Vol.  hit.  Hcicnot,  p.  593  (IS70). 
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diameters  common  to  the  two  ellipses  in  which  the  plane  conjugate  to  the 
vertical  axis  in  the  momental  ellipsoid  cuts  the  momental  ellipsoid  and  the 
cylinder.     These  three  lines  are  the  three  harmonic  axes. 

As  to  that  vertical  axis  which  appears  to  be  one  of  the  harmonic 
axes,  the  time  of  vibration  about  it  would  be  infinite.  The  three  har- 
monic screws  which  are  usually  found  in  the  small  oscillations  of  a  body 
with  freedom  of  the  third  order  are  therefore  reduced  in  the  present  case 
to  two,  and  we  have  the  following  theorem : — 

• 

A  rigid  body  which  is  free  to  rotate  about  a  fixed  point  is  at  rest  under 
the  auction  of  gravity.  If  a  plane  S  be  drawn  through  the  point  of  suspension 
O,  conjugate  to  the  vertical  diameter  01  of  the  momental  ellipsoid,  then  the 
convmyii  conjugate  diameters  of  the  two  ellipses  in  which  S  cuts  the  momental 
ellipsoid,  and  a  circular  cylinder  whose  axis  is  01,  are  the  two  harmonic  aaes. 
If  the  body  be  displaced  by  a  small  rotation  about  one  of  these  axes,  the 
body  will  continue  for  ever  to  oscillate  to  and  fro  upon  this  aais,just  cw  if  the 
body  had  been  actuuUy  constrained  to  move  about  this  axis. 

To  complete  the  solution  for  any  initial  circumstances  of  the  rigid  body, 
H  few  additional  remarks  are  necessary. 

Assuming  the  body  in  any  given  position  of  equilibrium,  it  is  first  to  be 
displaced  by  a  small  rotation  about  an  axis  OX.     Draw  the  plane  containing 
OI  and  OX,  and  let  it  cut  the  plane  S  in  the  line  OY.     The  small  rotation 
x\round  OX  may  be  produced  by  a  small  rotation  about  01,  followed  by  a 
SQiall  rotation  about  OY.     The  effect  of  the   small   rotation   about  01  is 
merely  to  alter  the  azimuth  of  the  position,  but  not  to  disturb  the  equi- 
librium.    Had  we  chosen  this  altered  position  as  that  position  of  equilibrium 
from  which  we  started,  the  initial  displacement  would  be  communicated  by  a 
rotation  around  0  Y.     We  may,  therefore,  without  any  sacrifice  of  generality, 
Assume  that  the  axis  about  which  the  initial  displacement  is  imparted  lies 
in  the  plane  S.     We  shall  now  suppose  the  body  to  receive  a  small  angular 
velocity  about  any  other  axis.     This  axis  must  be  in  the  plane  8,  if  small 
oscillations  are  to  exist  at  all,  for  the  initial  angular  velocity,  if  not  capable 
of  being  resolved  into  components  about  the  two  harmonic  axes,  will  have  a 
component  around  the  vertical  axis  01.    An  initial  rotation  about  01  would 
fifive  the  body  a  continuous  rotation  around  the  vertical  axis,  which  is  not 
Omissible  when  small  oscillations  only  are  considered. 

If,  therefore,  the  body  performs  small  oscillations  only,  we  may  regard 
^^e  initial  curw  of  displacement  as  lying  in  the  plane  8,  while  we  must  have 
^^^  initial  instantaneous  axis  in  that  plane.  The  initial  displacement  may 
^   resolved  into  two  displacements,  one  on  each  of  the  harmonic  axes,  and 
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the  initial  angular  velocity  may  also  be  resolved  into  two  angular  velccii 
on  the  two  harmonic  axea     The  entire  motion  will,  therefore,  be  found 
compounding  the  vibrations  about  the  two  harmonic  axea     Abo  the  i 
tancous  axis  will  at  every  instant  be  found  in  the  plane  of  the  hamKm 
axes,  and  will  oscillate  to  and  fm  in  their  plane. 

Since  conjugate  diameters  of  an  ellipse  are  always  projected  into 
jugate  diameters  of  the  projected  ellipse,  it  follows  that  the  harmooic  ax 
mtist  project  into  two  conjugate  diameters  of  a  circle  on  any  h<Miaoii 
plane.     Hence  we  sec  that  two  vertical  planes,  each  containing  one  t»f 
harmonic  axes,  are  at  right  angles  to  each  other. 

We  have  thus  obtained  a  complete  solution  of  the  problem  €d  the 
oscillations  of  a  b(Nly  about  a  fixed  point  under  the  influence  of  gravity. 
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CHAPTER  XV. 

THE   PLANE   REPRESENTATION   OF   FREEDOM   OF  THE  THIRD  ORDER*. 

198.    A  Fundamental  Consideration. 

Let  Xy  y,  z  denote  the  Cartesian  co-ordinates  of  a  point  in  the  body 
x^ferred  to  axes  fixed  in  space.  When  the  body  moves  into  an  adjacent 
position  these  co-ordinates  become,  respectively,  a;  +  &p,  y  +  Sy,  z-k-  hz,  and 
^we  have,  by  a  well-known  consequence  of  the  rigidity  of  the  body, 

hc^a-Vgz  —hy, 

hy  —  h-\-hx  "fzy 

hz^c-¥fy-  gx, 

where  a,  6,  c,  /,  g,  h  may  be  regarded  as  expressing  the  six  generalized 
co-ordinates  of  the  twist  which  the  body  has  received. 

If  the  body  has  only  three  degrees  of  freedom,  its  position  must  be 
capable  of  specification  by  three  independent  co-ordinates,  which  we  shall 
cal]  ^j^  g^^  g^.     The  six  quantities,  a,  6,  c, /,  g,  h,  must  each  be  a  function 

^^  ^ii  ^a,  O9,  so  that  when  the  latter  are  given  the  former  are  determined. 

^^  all  the  movements  are  infinitely  small,  it  is  evident  that  these  equations 

'nust  in  general  be  linear,  and  of  the  type 

^    ^hich  ^1,  A2,  A3  are   constants   depending   on   the   character  of  the 
^"^traints.     We  should  similarly  have 

b  =  BA  +  BA  +  BA, 
*^^   ijo  on  for  all  the  others. 

It  is  a  well-known  theorem  that  the  new  position  of  the  body  defined 
.  ^  ^1,  02,  0%  may  be  obtained  by  a  twist  about  a  screw  of  which  the  axis 
^^  defined  by  the  equations 

a  +  gz  —  hy_^  b^-fix  -fz  _  c^-fy  —  gx 

7  9      ~      A      • 

•  Trans.  Roy,  Irish  Acad,,  Vol.  xxix.  p.  247  (ISSS). 


198  TUK  THKORY   OF  SCREWS. 

The  angle  through  which  the  body  h<iH  been  rotate<l  in 

(/'+f7' +  *•)*. 
and  the  distance  of  translation  is 

a/+  bg  -k-ch 

while  the  pitch  of  the  screw  is 

«/+  by  -k-  ch 
Z'  +  fif  +  A^' 

Every  di^ttinct  8**t  of  three  (|imntitie8,  0^,  0,,  ^,,  will  rorrei*po 
deiiniU*  |N»sition  of  the  ri^id  Ixnly,  and  to  a  group  of  mich  m*ti»  tht*n 
a  eorresptinding  grinip  of  |Mj8itionH.  Let  p  denote  a  variable  |Nirain< 
let  Utt  couMider  the  variations  of  the  set, 

p0i,    p0.j,     p0t, 

accoitling  as  p  varies.  To  mwh  value  of  p  a  (*orn.'s])ondiiig  |MMiitio 
rigid  body  is  appropriate,  and  we  thus  havt'  the  change  of  p  assiicia 
a  detinite  progress  of  the  body  through  a  series  of  |H>sitionH.  We 
geometrical  precision  to  a  description  of  this  niovonient  The  etjin 
the  axis  of  the  screw,  as  well  as  the  expression  of  its  pitch,  only  inv 
fXitios  of  tt,  fc,  c,/,  g,  k.  We  have  also  seen  that  these  (|uantitiiti  i 
linear  and  homogeneous  functions  of  0^,  d,,  0^.  If  therefon*,  wv  sti 
for  0it  0^,  0^  the  more  general  values 

ptf,,     p0^,    p0i, 

the  screw  would  remain  unaltered,  both  in  isisition  and  in  pitch, 
the  angle  of  rotation  and  the  distance  of  translation  will  each  o 
as  a  factor. 

Thus  we  demonstrate  that  the  several  {Kisitions  dentiti'd  by  thi< 
P^tf  p^t  ^^^  aH  occupied  in  succession  as  we  twist  the  body  cunt 
around  one  particular  screw. 

IM.    Tli«  Plaii«  Repr«Miitatioii. 

All  possible  positions  of  the  body  corrt^|)ond  to  the  triply  intinit 

^ll  ^1*         ^2- 

If,  for   the    moment,  wo  regard  these  three  (pmutities  tis  the  ci»-i 
of  a  ]Miint  in  s|iace,  then  every  |H>int  of  s|>ure  will  1h*  currflutt'd  t4i  a 
of  the  rigid  biidy.     We  shall  now  Mirt  out  th<*  triply  infinite.'  mult 
{Mmitions  into  a  doubly  infinite   number  of  M*ts  t-aih    (M>ntaining 
inrinite  number  (if  |ioiiitions. 
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If  we  fix  our  glance  upon  the  screws  about  which  the  body  is  free  to 
tvwist,  the  principle  of  classification  will  be  obvious.    Take  an  arbitrary  triad 

01,    02t    0»> 
and  then  form  the  infinite  group  of  triads 

p0i,    p0.2y    p0s 

for  every  value  of  p  from  zero  up  to  any  finite  magnitude :  all  these  triads 
ivill  correspond  to  the  positions  attainable  by  twisting  about  a  single  screw. 
yfe  may  therefore  regard 

01*       02y       0Z 

as  the  co-ordinates  of  a  screw,  it  being  undei'stood  that  only  the  ratios  of 
these  quantities  are  significant. 

We  are  already  familiar  with  a  set  of  three  quantities  of  this  nature 
in  the  well-known  trilinear  co-ordinates  of  a  point  in  a  plane.  We  thus 
see  that  the  several  screws  about  which  a  body  with  three  degrees  of 
freedom  can  be  twisted  correspond,  severally,  with  the  points  of  a  plane. 
Each  of  the  points  in  a  plane  corresponds  to  a  perfectly  distinct  screw, 
about  which  it  is  possible  for  a  body  with  three  degrees  of  freedom  to  be 
twisted.  Accordingly  we  have,  as  the  result  of  the  foregoing  discussion,  the 
statement  that — 

To  each  screw  of  a  three-system  corresponds  one  point  in  the  plane. 

To  develope  this  correspondence  is  the  object  of  the  present  Chapter. 

200.    Th«  Oylindroid. 

A  twist  of  amplitude  0^  on  the  screw  0  has  for  components  on  the  three 
«<5x^ws  of  reference 

0^01,    0^029     0^0s\ 

*  twist  of  amplitude  ^'  on  some  other  screw  ^  has  the  components 

4>'<l>ly       ^'<^>       ^'^8' 

*^on  these  two  twists  are  compounded  they  will  unite  into  a  siugle  twist 
P^H  a  screw  of  which  the  co-ordinates  are  proportional  to 

0  01  +  if>4>i,     0'0%  +  4^'4^2f     0^03  +  ^  <fh* 

^lie  ratio  of  ^^  to  ^  be  X,  we  see  that  the  twists  about  0  and  ^  imite  into 
^^^ist  about  the  screw  whose  co-ordinates  are  proportional  to 

.  y   the  principles  of  trilinear  co-ordinates  this  point  lies  on  the  straight  Hue 
J^^Uing  the  points  0  and  ^.     As  the  ratio  \  varies,  the  corresponding  screw 
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tnovofl  over  the  cylindroid  and  the  corresponding  point   moves  over  ibt* 
straight  line.     Henoc  we  obtain  the  following  important  result : — 

The  severed  screws  on  a  cylindroid  correjtjwnd  to  the  points  on  a  simi^ 
line- 

In  general  two  cjiindroids  have  no  wcrew  in  common.  If,  however,  the  two 
cylindroidH  be  each  composed  of  screws  taken  from  the  same  thn»e-i«y»U»m, 
then  they  will  have  one  screw  in  common.  This  is  demonstrmted  by  the 
finct  that  the  two  straight  lines  corrt*8|M>nding  to  these  cylindniids  neconarily 
intersect  in  a  |)oint  which  corresponds  to  the  screw  common  to  the  two 
surfiEu^es. 

Three  twist  velocities  about  three  screws  will  neutralize  and  prodocr 
rest,  provided  that  the  three  corresponding  points  lie  in  a  straight  tine,  mod 
that  the  amount  of  each  twist  velocity  is  proportional  to  the  sine  of  the 
angle  between  the  two  non-corresponding  screws. 

Throe  wrenches  will  ei|uilibrate  when  the  three  points  corrcspoading  u* 
the  screws  are  collinear,  and  when  the  intensity  of  each  wrench  is  |irupur- 
tional  to  the  sine  of  the  angle  between  the  two  non-corres{K)nding 
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In  any  three-system  there  are  three  principal  screws  at  right  angles  t4> 
each  other,  and  intersi^cting  in  a  point  (§  178).     It  is  natural  to  chmwe  tbfsip 
as  the  screws  of  reference,  and  also  as  the  axes  for  Cartesian  co-on)iiial4fix^ 
The  pitches  of  these  screws  are  />i,  />«.  />s»  *^nd  we  shall,  as  usual,  denote  tbt- 
screw  co-ordinates  by  ^i,  ^,,  0^.     The  displacement  denoted  by  this  triad  i»^- 
co-ordinates  is  obtained  by  roUitiug  the  body  through  angles  0i,  0^9  ^$  aruuiH 
three  axes,  and  then  by  translating  it  through  disUuices  pi^g,  pjBj,  pjS^  parmlk- 
to  these  axes.     As  thesi*  quantities  are  all  small,  we  have,  for  the  dis 
ments  pnKluce<l  in  a  point  x,  y,  z, 

^  =  pA -^  Z0J  -  1/0^, 

these*  displact*nu'nts  correspond  to  a  twist  about  a  screw  of  which  the 
has  tht*  cM|uations 

pA  +  :0,  -  y^,  ^  pA±  -re,  -  z0^  ^  pA  +  5^i  -  '^i 

0x  0j  0i 

while  the  pitch  p  is  thus  given  : 

pA'  -^  pA'  ^  pA' 
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^^e  have  now  to  investigate  the  locus  of  the  screws  of  given  pitch,  and  as 
|o  is  presumed  to  be  a  determinate  quantitt/,  we  have 

^^hence,  by  eliminating  ^i,  0^,  O3  we  obtain,  as  the  locus  of  the  screws  of 
pitch  p,  the  quadric  otherwise  found  in  the  previous  chapter 

According  as  p  varies,  this  family  of  quadrics  will  exhibit  all  the  screws  of 
tihe  three-system  which  possess  a  definite  pitch. 

202.    Imaginary  Screws. 

To  complete  the  inventory  of  the  screws  it  is,  however,  necessary  to 
add  those  of  indefinite  pitcli,  i.e.  those  whose  co-ordinates  satisfy  both  the 
^uations 

pA'+P^O.'-^PzOz'^O, 

^i«+     tf/+    ^,'  =  0. 

There  are  four  triads  of  co-ordinates  which  satisfy  these  conditions,  and, 
remembering  that  only  the  ratios  are  concerned,  the  values  of  ^,,  0^,  0^ 
may  be  written  thus: 

+  {P2-Pz)K        +(P3-i?l)*,        +(jPl-/>-2)^ 

-(i^i-PsA    +(i>»-i>iA    +(pi-/).iA 

+  (/>i-P3)*,         -(/>8-i>l)*,        +(P1-P2)*, 

+  (/>,-paA     +(p,-p,)*,      -(Pi-p,)*. 

The  equations  of  the  axis  written  without  p  are 

!/iO,'-\-Oi^)-z0A-a:0A  +  {p,'Pi)OA  =  O, 

z  {B,^  +  e^)  -  xQA  -  yOzO^  +  (/>!-  p.)  OA  =  0, 

of  which  two  are  independent. 

If  we  substitute  the  values  of  tf,,  6^,  6^  for  the  first  indeterminate  screw, 
the  three  equations  just  written  reduce  to 
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If  we  make 

«=(;>i-ft)*;  /9-(ft-Pi)*;  7-{pi-/».)^. 

the  iH|uation8  of  the  four  planes  are  expretsHeil  iii  the  fonn 

+  w  +  /8y  +  7^  -  afiy  -  0. 

-  0*  +  /8y  +  7^  -  0^7  «  0, 
-h  ox  -  /8y  +  7-J  -  afirf  =  <>, 
+  ai?  +  /8y-7^-a^7-0. 

It  iH  remarkable  that  the  three  e4|uation8  of  the  axiH  for  each  of  the^e  iirrv«» 
here  coalence  to  a  Kiiigle  one.  The  scn^w  of  iudeteniiinate  pitch  ia  tbo» 
limittn],  not  to  a  line,  but  to  a  plane.  The  same  may  be  said  c»f  ettcb  oi 
the  other  three  Hcrew8  of  indetiTmiiiate  pitch ;  they  ahio  are  each  limited 
to  a  plane  found  by  giving  variety  of  sigiLs  to  the  radicals  in  the  eqoali«icit 
just  written.  We  have  thu8  discovered  that  the  complete  locus  of  thr 
screws  of  a  three-system  consists,  n«)t  only  of  the  family  of  qnadrics,  which 
contain  the  screws  of  real  or  imaginary,  but  definite  pitch,  but  thai  it  aim 
contuins  a  tetmhedron  of  four  imaginary  planes,  each  plane  being  the  lucii« 
of  one  of  the  four  screws  of  indefinite  pitch. 

203.    Relation  of  the  Fonr  Planei  to  tho  Quadrioa, 

The  planes  have  an  interestiug  geometrical  connexion  with  the  fiunily 
quadric^,  which  we  shall  now  develo)>.     The  first  theorem  to  be  proved  i 
that  each  of  the  c|uadrics  touches  each  of  the  planes.     This  is  geonietiicalh 
obvious,  inasmuch  as  each  quadric  contains  all  the  screws  of  the  syniv 
which  have  a  given  pitch  p;  but  each  of  the  planes  contains  a  system 
screws  of  every  pitch,  among  which  there  must  be  one  of  pitch  p, 
will  thus  be  a  ray  in  the  ])lane,  which   is  also  a  generator  of  the 
boloid — but  this,  of  course,  rei{uires  that  the   plane  bo  a  tangent  to 
hyperboloid. 

It  is  easy  t4)  verify  this  by  direct  calculation. 

Write  the  (|uadric, 

(/>i-p)j^  +  (p. -/>)/  +  (;'*-/>)*• +  (/>!-/>)(/>, -p){/>i-;i)-0. 

The  tanginit  plane  to  this,  at  the  ]Kiint  x\  y',  z\  is 

(/>,  -/»j-x  ♦  (/*,-/>) yy  +  (p,  -/>).-^-f(/>,-/>)(p,-;0(p,-p)-0 

If  we  id«*ntify  thif«  with  the  <H|UAtion 

«  -»-  /Jy  +  7'  -  a/*7  -  0. 
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we  shall  obtain 

^>-       (Pa  -  p)  (/>»  -  y) 

^       (Pi-p«)*(ft-P,)** 
/ = -  (yi"P)(p>«~ pI 

&iid  as  these  values  satisfy  the  equation  of  the  quadric,  the  thoon^in  ha8  hoeii 
proved. 

The  family  of  quadric  surfaces  are  therefore  inscriboil  in  a  coiiiinon  tt^tra- 
hedroD,  and  they  have  four  common  points,  as  well  as  four  common  tangent 
planes.     For,  write  the  two  cones 

aj^  +  y"  +  -f'  =  0, 

Pi^  +  ihy^  +  PiZ^  =  0. 

These  cones  have  four  generators  in  common,  and  the  four  points  in  which 
these  generators  cut  the  plane  at  inKnity  will  lie  on  every  surface  of  the 
type 

(Pi  - P) ^ -^ (Pi- p)  f  +  (pz  - p) ^  +  (pi  - p)(Pt- P)(P9- p)^0. 

We  now  see  the  distribution  of  the  screws  in  the  imaginary  plam^H.  In 
each  one  of  these  planes  there  are  a  system  of  parallel  lines ;  each  line  of  thin 
system  passes  through  the  same  point  at  infinity,  which  is,  of  courite,  one  of 
the  four  points  just  referred  to.  Every  line  of  the  parallel  set,  when  it 
receives  appropriate  pitch,  belongs  to  the  three-system. 

It  thus  appears  that  the  ambiguity  in  the  pitches  of  the  screws  in  th<i 
planes  is  only  apparent.  The  system  of  screw  co-ordinates  which  usually 
defines  a  screw  with  absolute  definiteness,  loses  that  definiteuesM  for  the 
screws  in  these  planes.  Each  plane  contains  a  whole  pencil  of  screws, 
radiating  from  a  point  at  infinity,  but  the  co-ordinates  can  only  represent 
these  screws  collectively,  for  the  three  co-ordinates  then  represent,  not  a  single 
screw,  but  a  whole  pencil  of  screws.  As  the  pitches  vary  on  every  screw  of 
the  pencil,  the  co-ordinates  can  only  meet  this  difficulty  by  representing  the 
pitch  as  indeterminate. 

The  jHXKif  that  only  a  single  screw  of  each  pitch  is  found  in  the  iM;rii;il  is 
easily  given.  If  there  were  two,  then  the  same  hy|K;rl>oloid  would  havif  two 
generators  in  this  plane  of  equal  pitch  ;  but  this  in  inii>f^ble,  l>'^;aus«f,  ihnn 
the  known  properties  of  the  tbree-systeni,  only  </ne  of  the«j<j  generaU/rn 
bekmgB  to  the  three-fltystem,  and  the  other  Ui  the  reciprocal  systeuiu 
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201    The  Pitch  Ooniot. 

The  discuHHion  in  §  203  will  prepare  us  for  the  plane  repreeenUUhiffi 
the  8crow8  of  given  pitch  p,  for  we  have 

Thi»,  of  course,  represents  a  conic  section,  and,  accordingly,  we  have 
following  theorem : — 

The  locus  of  points  corresponding  to  screws  of  given  pilch  is  a 
sedion. 

A  special  case  is  that  where  the  pitch  is  zero,  in  which  case  the  luciu      j 
given  by 

This  we  shall  oflen  refer  to  as  the  conic  of  zero-pitch. 

Another  iin{)ortant  case  is  that  where  p  is  infinite,  in  which  caiie  tiki' 
et|uation  is 

^,'  +  ^,'+^,'  =  0. 

The  conic  of  zero-pitch  and  the  conic  of  infinite  pitch  intersect  in  fourpuiDb^ 
and  through  these  four  |M>ints  all  the  other  conies  must  pass.  The  paioU<'f 
iHiurse,  com*s|)ond  to  the  screws  of  indetenninate  pitch :  we  may  call  thm 
P    P    P    P 

Any  conic  thn>ugh  these  four  critical  |M>ints  will  be  a  conic  of  etjvii- 
pitch  screws. 

As  a  straight  line  cuts  a  conic  in  two  |M)ints,  we  set*  the  well*kiK»*B 
theorem,  that  every  cylindroid  will  contain  two  screws  of  each  pitch. 

The  two  ]irinci{Nil  s(*n*ws  (»n  a  cylindroid  are  th<iee  of  maximum  avI 
minimum  pitch  ;  they  will  be  found  by  drawing  through  7*,.  /*,,  /*,.  Z*,,  ihf 
two  conies  touching  the  straight  line  corresponding  to  the  cylindrukL  Tk 
two  |M)inUt  of  contact  are  the  screws  retjuirwL 

If  a  and  fi  are  the  two  /yrincijHtl  screws  on  a  cylindroid,  then  any  ptnr 
it/  harmonic  conjugates  to  a  and  (i  represent  a  jMiir  of  screws  of  ^mtl  pikk 

For  if  S-\-  kS  '^  0  b<*  a  system  of  conies,  then  it  is  well  known  that  ik** 
IMiin*  of  |M»intM  in  which  a  fix«Ml  my  is  cut  by  this  systi*m  form  a  sji4«'in  «■ 
involution.  The  double  |M)ints  of  this  involuti«»n  are  the  iKiintu  of  (\«t4<^ 
«>f  the  two  conies  of  the  system  which  t4»uch  the  line. 

205.    The  Angle  between  Two  Screws. 

Fn>m  the*  <H{Uutions  of  the  m'rew  given  in  §  :501.  we  see  that  the  dirert*-^ 
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cDsines  are  proportional  to  d,,  ^,,  0^;  for  if  we  take  the  point  infinitely 
istant  we  find  that  the  equations  reduce  to 

-  =  :y  =  f  . 

01       0%       0z 

Accordingly,  the  line  drawn  parallel  to  the  screw  through  the  origin  has  its 
lirection  cosines  proportional  to  ^,,  0^,  0^,  and  hence  the  actual  direction 
osines  are 

0_i 02  0z 

7sT^i>F^y  '^0?+02^+0y  v^0}+0y+^y 

The  cosine  of  the  angle  between  two  screws,  0  and  <f>,  will  therefore  be 

Jy  the  aid  of  the  conic  of  infinite  pitch  we  can  give  to  this  a  geometrical 
Qterpretation. 

The  co-ordinates  of  a  screw  on  the  straight  line  joining  0  and  ^  will  be 

01  4-  X<^i,     02  +  X<^a,     0s  +  X^. 
f  we  substitute  this  in  the  equation  to  the  conic  of  infinite  pitch  we  obtain 

0i'-^0^-\-0^  f  2\(^|<^  +  02<fh+  ^3^)  +XH<^,«+  <fh'  +  4H^)  =  0, 
STriting  this  in  the  form 

aX«+26X+c  =  0, 

f  which  X,  and  X,  are  the  roots,  we  have,  as  the  four  values  of  X,  corre- 
ponding,  respectively,  to  the  points  0  and  ^,  and  to  the  points  in  which 
heir  chord  cuts  the  conic  of  infinite  pitch, 

Xi,     X,,     0,     00. 


Phe  anharmonic  ratio  is 


h 
X.' 


ft-V6«- 


ac 


b  +  V6*  —  ac 


If  a>  be  the  angle  between  the  two  screws,  0  and  <f>,  then 

6 

cos  «  =    ^_  , 

\ac 
t)d  the  anharmonic  ratio  reduces  to 

'^ hence  we  deduce  the  following  theorem : — 
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T%e  angU  between  itoo  screws  is  equal  to  \  i  timen  the  tagariihm  of  ike  «•• 
harmonic  ratio  in  which  their  corresponding  chord  is  divided  by  the  im/imUe 
pitch  conic. 

The  reader  will  be  here  reminded  of  the  geometry  of  non-Eoclidian 
space,  in  which  a  magnitude,  which  in  Chapter  xxvi.  ijs  calli<]  the  Intenreike, 
analogous  to  the  distance  between  two  poiots,  is  equal  to  ^i  timea  the 
logarithm  of  the  anharmonic  ratio  in  which  their  chord  is  divided  by  the 
absolute.  We  have  only  to  call  the  conic  of  infinite  pitch  the  abaoluW.  and 
the  angle  between  two  screws  is  the  intervene  between  their  corroapoodiiig 
points. 

206.    8cr«wa  at  Right  Angl—. 

If  two  Hcrews,  0  and  ^,  be  at  right  angles,  then 

ffi(f>i  4-  0^  -h  0^  =  0. 
In  other  words,  0  and  ^  are  conjugate  points  of  the  conic  of  infinite  pitch. 

All  the  screws  at  right  angk*s  to  a  given  screw  lie  on  the  polar  of  iht»  pmnt 
with  reganl  to  the  conic  of  infinite  pitch.  Hence  we  see  that  all  the  mrew 
perpendicular  to  a  given  screw  lie  on  a  cylindroid.  This  is  otherwise  ob^-iom^. 
for  a  screw  can  always  be  found  with  an  axis  i^arallel  to  a  given  directhm 
If,  therefore,  a  cylindroid  of  the  system  be  taken,  a  screw  of  the  ft}-!it«iii 
parallel  to  the  nodal  axis  of  that  cylindroid  can  also  be  fouml,  and  thus  vt* 
have  the  cylindroid  and  the  screw,  which  stand  in  the  relation  of  the  pi»le  and 
the  polar  to  the  conic  of  infinite  pitch. 

A  point  on  the  conic  of  infinite*  pitch  must  represent  a  screw  at  right  angi«^ 
t4>  itsc*lf.  Kvery  straight  line  cuts  the  conic  of  infinite*  pitch  in  tw<»  pDintK.aml 
thus  every  cylindroid  has  two  screws  of  infinite  pitch,  and  t*arh  of  tb<**e 
screwH  is  at  right  angles  t4)  itself. 

In  general,  the  dii*ection  ccwines  of  the  n<idal  axis  of  a  cyliiMlnMci  aiv 
pmportional  t4)  the  co-oniinates  of  the  pole  of  the  line  c«>rrespon«liug  to  thr 
cylindnud  with  rcspi*ct  to  the  conic  of  infinite*  pitch. 

907.    R«oliMrooal  Sor«wt. 

If  ^1.  0%,  0%  bt*  the  oo-onlinaU*s  of  a  screw,  and  ^i.  ^.  ^  thorn*  »f  aiH»lbrr 
screw,  then  it  is  known,  §  37,  that  the  condition  for  tht*st»  two  srrewn  t4i  br 
n*ciprucal  is 

PxO^x  +  jhfi4t  +  M^  "=  ^ 

We  an*  thuH  I«m|  to  the  following  theim^m,  whieh  X'^  of  fundamental  inipiirtjaKr 
in  the  prt^MMit  invc*Htigatioii  : — 
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A  pair  of  reciprocal  screws  are  conjugate  points  with  respect  to  the  zero- 
-jaitch  conic. 

From  this  theorem  we  can  at  once  draw  the  following  conclusions : — 

All  the  screws  of  the  system  reciprocal  to  a  given  screw  0  lie  upon  a 
oylindroid. 

For  the  locus  of  points  conjugate  to  ^  is,  of  course,  the  polar  of  0 
with  respect  to  the  zero-pitch  conic,  and  this  polar  will  correspond  to  a 
cylindroid. 

On  any  cylindroid  one  screw  can  always  be  found  reciprocal  to  a  given 
screw  0.  For  this  will  be  the  intersection  of  the  polar  of  0  with  the  line 
corresponding  to  the  given  cylindroid. 

A  triad  of  co-reciprocal  screws  will  correspond  to  a  self-conjugate  triangle 
of  the  conic  of  zero-pitch. 

208.    The  Principal  Screws  of  the  Syitem. 

Draw  the  conic  of  zero-pitch  A,  and  the  conic  of  infinite  pitch  B,  which 
intersect  in  the  four  screws  of  indeterminate  pitch,  P,,  P^,  Pj,  P4  (see  fig.  39). 
Draw  the  diagonals  of  the  complete  quadrilateral,  and  let  them  intersect  in 


Pig.  89. 


the  points  X,  F,  Z,  These  three  points  are  significant.  Take  any  pair  of 
them,  X  and  F;  then,  by  the  known  properties  of  conies,  X  and  F  are  con- 
jugate points  with  respect  to  both  of  the  conies  A  and  B,    The  screws  X 
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and  r  mtiKt  therefore  be  iiiutually  perpemliciilar  nml  recipnical.  K p§  ^^p^ 
be  the  pitchers  of  thcMe  HcrewH ;  if  a»  bc^  the  an^^le  )Nawet*n  them,  ainl  d  tbrir 
pt*qN*ii(iiciilar  distance,  then  the  virtual  c<K»ftirifnt  is  one-half  of 

(P«  '^  P4>)  ^^^  ^-^  ^H  sin  » ; 

UN  they  are  recipnx^l,  this  in  zen),  and  an  q»  ia  a  ri^ht  an^U\  we  mimt  hM%r 
d  =  0;  in  other  wordn,  the  sorewH  com*8{N>nding  to  A'  and  Y  niii«t  inUr-rrt 
at  right  anglea.  The  Hanie  may  be*  pn>veil  of  either  of  the  {Hurs  A'  ami  Z  •*€ 
Kancl  Z.  The  pointH  A',  ^^  Z  must  then^fore  corrc»«iK>nd  to  lhn»e  ncrewj*  t^ 
the  8yHti*m  mutually  peqM*ndieular,  and  interstx^tinf^  at  a  p>iut.  But  in  tbr 
whole  HyMtem  there  in  only  a  single  triad  of  sert^ws  |M)KHc>fwing  theiie  prnperti«-<^ 
They  are  the  axefi  in  the  e<|uationA  of  §  201,  and  art*  known  an  the  |»nnripd 
itcrewH  of  the  system.  The  three  |K>int8  A'.  J',  Z  being  the  vertices*  %4  a 
Helf-ctmjugate  triangle  with  resfiect  to  both  the  conies  A  ainl  B,  aiKl  henci*  u» 
the  whole  Aystem,  we  have  the  following  thiM)n»m  : — 

The  vertices  of  the  conjugate  triangle  common  to  the  ttystem  of  pitch  romtrt 
correspond  to  the  three  principtU  screws  of  the  three-system, 

209.    BzprMsioii  fbr  the  Pitch. 

Each  conic  drawn  through  the  four  ]H)intfi  of  indet<*rminate  pitch,  I\,  P,. 
Pi,  Pa*  w*  the  locus  of  screws  with  a  given  pitch  bi^longing  to  the  svhU^iii. 
We  are  thus  led  to  connect  the  coiustancy  of  the  pitch  at  each  point  of  thi^ 
conic  with  another  feature  of  constancy,  viz.  that  of  the  anharmonic  rmUi> 
subtended  by  a  variable  {loint  of  the  conic  with  the  four  fixed  pointa  The 
connexion  between  the  pitch  and  the  anharmonic  ratio  will  v^m  be 
demonstrated. 

Let  9,,  ^tt  ^s  ^  ^he  co-ordinates  of  any  point  on  the  conic,  ami  let  «•  ^.  7 
be  the  co^nlinates  of  one  of  the  four  points,  say  P^  ;  then  if  ^,  ^,  ^  be  Um* 
cunfnt  c«>-ordinates,  the  cc{uation  of  the  line  joining  ^  to  /*,  is 

As  we  an*  dealing  with  the  anharmonic  ratio  of  a  pencil,  we  may  take  «oj 
section  for  the  calculation  of  the  ratios,  and,  accordingly,  make 

♦.-0; 

and   we  have  for  tht»  C4>-ordinat4»s  of  the  point  in  which  the  line  i«*iniinr 
$  luid  Px  inU»rscH'ts  ^  =  0.  the  conditions. 
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Bj  changing  the  sign  of  a,  and  then  changing  the  signs  of  /3  and  of  7,  we 
shall  obtain  the  four  points  in  which  the  pencil  0(Pu  -P2,  A*  -P4)  cuts  the 

axis  ^  =  0.     If  four  values  of  ^  be  represented  by  k,  I,  w,  n,  the  required 

anhannonic  ratio  is,  of  course, 

(n  —  Z)  (m  —  k) 
(n-m)(/-A)' 

and  after  a  few  reductions  we  find  that  this  becomes 
But  we  have 

Eliminating  ^l^  we  find  that  O^*  and  0^^  disappear  also  when  we  make 

and  we  obtain  the  following  result : 

P3-P2     Pi-P 
which  gives  the  following  theorem  : — 

Measure  off  distances  p,,  p,,  p,,  p,  from  an  arbitrary  point  on  a  straight 
line,  then  the  anharmonic  ratio  of  the  four  points  thus  obtained  is  equal  to  the 
anharmonic  ratio  subtended  by  any  point  of  the  p-pitch  conic  at  the  four  points 
of  indeterminate  pitch. 

It  is  possible  without  any  sacrifice  of  generality  to  make  the  zero-pitch 
conic  a  circle.  For  take  three  angles  A,  B,  C  whose  sum  is  180°  and  such 
that  the  equations 

sin24  _ sin  2^ _ sin  2C 
Pi  Pi  P2     * 

are  satisfied  where  p,,  p^,  p,  are  the  three  principal  pitches  of  the  three- 
system.     If  the  fundamental  triangle  has  A,  B,  C  for  its  angles  then  the 

equation 

o,«8in  2A  -h  a,«sin  254-  Os'sin  2C  =  0, 

i«  the  equation  of  the  zero-pitch  conic.  It  is  however  a  well-known  theorem 
in  conies  that  this  equation  represents  a  circle  with  its  centre  at  the  ortho- 
centre,  that  is,  the  intersection  of  the  perpendiculars  from  the  vertices  of  the 
triangle  on  its  opposite  sidea 

We  thus  have  as  the  Gfystem  of  pitch  conies 

a,»  sin  24  +  «,« sin  2B  +  a,'  sin  2C-p  («!« +  ol,»  +  a,«)  =  0. 
B.  14 
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The  centie  of  a  oonic  of  the  system  has  for  co-ordinates 

sin  il  sin  B  sin  C 

mnlA^p*   8in2iJ-p'   anTC-p* 

The  locos  of  the  centres  of  the  system  of  conies  is  easily  seen  to  pass  thro«|^ 
the  vertices  of  the  triangle  of  reference.  It  most  also  pass  thniogk  tkt 
orthocentre,  and  hence  by  a  well-known  property  it  most  be  an  equikknl 
hyperbola.  It  can  also  be  easily  shown  that  this  hyperbola  most  {mb 
throogh  the  "symmedian"  point  of  the  triangle,  ie.  throogfa  the  etntn  4 
gravity  of  three  {larticles  at  the  vertices  of  the  triangle  when  the  ma«i«)f  ftdi 
particle  is  proportional  to  the  84{uarc  of  the  sine  of  the  corresponding  ^i^- 

In  Fig.  40  a  system  of  pitch  conies  has  been  shown  drawn  to  scale.  TW 
sides  of  the  fundamental  triangle  are  represented  by  the  numbers  117. 
180,  244  respectively.  The  e<|uation  to  the  s^-stem  of  conies,  exprvswrd  a 
Cart4.*sian  co-ordinates  for  convenience  of  calculation,  is 

0  =  ^  (-78641 15  -  ■^-^^')  +  y.  (22135882  -  ■^^') 

+  1 64957  Ixy  -  9-46700x  -  430*5 ITDy 

-f  25199  54  .."^^•^^^=0. 

P 

Among  critical  conies  of  the  system  we  may  mention : 

1.  The  two  parabolas  for  which  the  pitches  are  respectively 

•8766  and   3089. 

2.  The  three  cascH  in  which  the  conic  breaks  up  into  a  pair  of  sUaitckt 
lines  for  the  pitches  sin  2^4,  sin  2/i,  sin  2(^,  respectively.  Of  these,  the  fini 
alone  is  a  real  pair  correspon<ling  to  the  pitch  '8256034.  The  et^oaUnv «/ 
thc^*  lines  are 

X  =  7-84y  -  978, 

ar  =  -  406y  -h  760. 

For  convenience  in  laying  down  the  curves  the  current  co-oniinau»  <« 
rach  conic  are  expressed  by  nietuis  of  an  auxiliary  angle;  thus,  for  eia»pt. 
in  computing  points  on  the  hy|)erbola  with  the  pitch  7489H4  I  owd  t^ 
e4{uations 

X  =  66  +  261  sec  tf  +  132  tan  $, 

y=  161-5-1- 40-7  sec  ft 

The  ellip84>  with  pitch  "9  was  constructed  fri>m  the  equations 

X  =  -  367  -  168  cos  tf  ±  351  sin  ft 

y--h  169  +  51  cosft 
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The  following  arc  the  pitches  of  the  several  points  and  curves  ropre«ent€d 

Vertices  of  the  Triangle  +  '992.  +  825.  -  •44«. 
Ellipses  +'96,  +  92,  + -1,  -'4, 
Parabola  +  309, 
Hyperbolas  +  748984.  +  -8300467. 

The  locus  of  the  centres  of  the  pitch  conies  is 
a,a, sin  {A  —  B) sin  2C  +  o/^  sin  (B  —  (7)  sin  2il  +  o^i  sin  (C  —  it )  sin  tB «  0. 

210.    Intersecting  Screws  in  a  Three-System. 

If  two  screws  of  a  three-system  intersect,  then  their  two  corrcspondiDg 
points  must  fulfil  soroe  special  condition  which  we  propose  to  investigate?. 

Let  a  be  one  screw  8up{>osed  fixed,  then  we  shall  investigate  the  locos  <4 
the  point  0  which  exprt^ases  a  screw  which   intersectn  o.     We  can  at  once 
foresee  a  certain  character  of  this  locus.    A  ray  through  a  can  only  cut  it  in  one 
other  point,  for  if  it  cut  in  two  points,  we  should  have  three  oo^cylindrmdal 
screws  intersecting,  which  is  not  generally  possible.     The  locus  is.  as  we  shall 
find,  a  cubic  and  the  neccssar}'  condition  is  secured  by  the  fiict  that  a  ift  i 
double  point  on  the  cubic,  so  that  a  ray  through  a  has  only  one  more  puiot 
of  intersection  with  the  curve.     We  can  indee<l  prove  that  this  curve  inu5i 
be  a  cubic  from  the  fact  that  any  screw  meets  a  cylindroid  in  three  poiiii«. 
Draw  then  a  ray  (§  200)  corresponding  to  a  cylindruid  of  the  three-system. 
There  must  be  in  general  three  points  ot  the  locus  on  this  ray.   Therefore  tke 
locus  must  be  a  cubic. 

As  a  and  $  intersect  we  have  since  c/««  »  0 

2w^  «  (p.  +  p,)  cos  {10), 

By  substituting  the  values  of  the  diflfercnt  quantities  in  terms  of  tk'  c%y 
oniihates  we  have  the  following  homogeneous  e(|uation  of  the  cubic: 

-  (M* +M* +M')  Ml +«^.+fl^.)(V +«.•  +  «••) 

We  fir^t  note  that  this  cubic  must  pass  through  the  four  points  of  iottf* 
miction  of 

0-tf,«+^,«+^,«. 

0  -  p^0:  +  M«  I  M*. 

Hut  tliix  might  havr  l>eon  ex|KTted,  b<H*aust»  as  we  have  shown  (§  203)i'Sffc»'^ 
ih«'M*  four  |M»int?(  ri»m*s|MindH,  not  to  a  ningle  srn*w.  hut  t4)  •  plaiK*  of  <n**^ 
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In  a  cerUin  sense  therefore  n  must  intersect  each  of  these  four  screws,  and 
accordingly  the  cubic  has  to  pass  through  the  four  points. 

To  prove  that  a  is  a  double  point  we  write  for  brevity 

and  the  equation  is 

P(2HR-L8)-8QH^0. 

DiflFerentiating  with  respect  to  ^x»  ^a.  ^s  respectively  and  equating  the  results 
to  zero  we  have 

0  =  2d,  [2RH  -  ZS  -  aHS]  +  a,  [2aPH  ^LP--  HQl 

O  =  20,[2RH'-L8-bHS]-^a^[2bPH-LP-'HQl 

0  =  20,  [2RH -  iiSf-  cHS]  +  a,  [2cPH^LP  -  HQ]. 

These  are  satisfied  by  ^i  =  a,,  ^s  =  a,,  ^g  =  a,  which  proves  that  a  is  a  double 
point. 

The  cubic  equation  is  satisfied  by  the  conditions 

0  =  ai^i  +  Oad,  +  0,^,, 

0  =  pia^  +  p^a^e^  +  p,a,d,. 

This  might  have  been  expected  because  these  equations  mean  that  a  and  0 
are  both  reciprocal  and  rectangular,  in  which  case  they  must  intersect.  Thus 
we  obtain  the  following  result : 

If  er,,  a,,  a,  are  the  co-ordinates  of  a  screw  a  in  the  plane  representation, 
then  the  co-ordinates  of  the  screw  which,  together  with  a,  constitute  the 
principal  screws  of  a  cylindroid  of  the  system  are  respectively 

Pt-Pi      Pi-^Pi       Pi^Pi 
«l  Of  «« 

The  following  theorem  may  also  be  noted.  Among  the  screws  of  a  three- 
system  which  intersect  one  screw  of  that  system  there  will  generally  be  two 
screws  of  any  given  pitch. 

For  the  cubic  which  indicates  by  its  points  the  screws  that  intersect  a 
\nli  cut  any  pitch  conic  in  general  in  six  points.  Four  of  these  are  of  course 
the  four  imaginary  points  referred  to  already.  The  two  remaining  inter- 
sections indicate  the  two  screws  of  the  pitch  appropriate  to  the  conic  which 
intersect  a. 

The  cubic 

P(2HR''L8)-SQH  =  0, 
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of  course  panics  tlin)iigh  the  two  points  which  lie  at  the  intGmcciiomi  of 
iHR  —  LS  =■  0  and  Q^O.     Uenco  we  deduce  the  following  result. 

The  cylindroid  through  the  two  screws  of  zero  pitch  which  intefBect  a 
corresponds  to  the  ray  whose  equation  is 

a  will  of  course  intersect  a  third  screw  on  this  cylindroid  and  be  perpen- 
dicular thereto. 

The  cubic  passes  through  the  two  points  defined  by 

0  =  a,tf,-f  a^,  +  a,tf,. 

but  these  points  are  the  points  of  contact  of  the  |Niir  of  tangents  drawn  fnicn 
the  point  a  to  the  conic  of  infinite  pitch. 

Thc»se  two  points  in  addition  to  thr  four  points  on  the  same  cimic  defim^d 
by  it<s  intersection  with  the  conic  of  zito  ]>itch,  make  six  known  points  on  the 
cubic.  If  however  we  are  given  six  points  on  a  cubic  and  also  a  doobk- 
point  on  the  curve,  then  it  is  determinate.  Thus  we  obtain  the  following 
geometrical  construction. 

In  the  plane  representation  of  a  three-system  we  draw  the  oonic  of  xeru 
pitch  C  and  the  conic  of  infinite  pitch  U,  To  find  the  locus  of  the  «cn'ws 
which  intersect  a  given  screw  a.  it  is  necessary  to  draw  the  two  tangeoti^ 
from  a  to  1/  and  through  the  two  points  of  contact,  and  also  the  four  poiDt« 
common  to  C  and  U  then  draw  that  single  cubic  which  has  a  doable  point 
at  a.    See  Appendix,  note  5. 

211.    Application  to  Dynamioa. 

By  the  aid  of  the  plane  repn\S4*ntation  we  are  enabled  to  strive  certAUi 
problems  in  the  dynamics  of  a  rigid  body  which  has  freedom  of  the  thinl 
onler. 

Lei  an  imptdnre  wrench  act  upon  a  quiescent  rigid  body ;  ii  is  re^mr^ 
to  determine  the  instantaneous  screw  about  which  the  body  will  coimmmv  I» 
twist 

It  has  been  shi>wn  (§  9({)  that  the  impulsive  wtvnch^  wherever  sUmstei* 
ean  grn<Tally  b<?  adiN|uati'ly  n-prrsenti^l  by  the  reiluiHHl  impulsive  •n«« 
«in  a  s<-r«*w  of  th**  three-systrni.  Thr  prolijcin  is  tlaTi'fon*  nnlucfd  U*  to*" 
(Kt«-rniination  of  th<*  |i«iint  (*orrt'>|M»ii«iing  to  the  instantancHius  actrv,  vkeii 
that  corre9|>ouding  to  the  impulsive  w*ri*w  is  known. 
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We  have  first  to  draw  the  conic  of  which  the  equation  is 

This  conic  is  of  course  imaginary,  being  in  fact  the  locus  of  screws  about 
which,  if  the  body  were  twisting  with  the  unit  of  twist  velocity,  the  kinetic 
energy  would  nevertheless  be  zero.  If  two  points  0,  <f>  are  conjugate  with 
respect  to  this  conic,  then 

ui'0ii>i  +  u^0^(lh  +  th%<l>z  =  0. 

The  screws  corresponding  to  0  and  ff>  are  then  what  we  have  called  conjugate 
screws  of  inertia. 

This  conic  is  referred  to  a  self-conjugate  triangle,  the  vertices  of 
which  are  three  conjugate  screws  of  inertia.  There  is  one  triangle  self- 
conjugate  both  to  the  conic  of  zero  pitch,  and  to  the  conic  of  inertia  just 
considered.  The  vertices  of  this  tiiangle  are  of  especial  interest.  Each  pair 
of  them  correspond  to  a  pair  of  screws  which  are  reciprocal,  as  well  as  being 
conjugate  screws  of  inertia.  They  are  therefore  what  we  have  designated 
as  the  principal  screws  of  inertia  (§  87).  They  degenerate  into  the  principal 
axes  of  the  body  when  the  freedom  degenerates  into  the  special  case  of 
rotation  around  a  fixed  point. 

When  referred  to  this  self-conjugate  triangle,  the  relation  between  the 
impulsive  point  and  the  corresponding  instantaneous  point  can  be  expressed 
with  great  simplicity.     Thus  the  impulsive  point  <f>,  whose  co-ordinates  are 

^iWi»  -;-  Pi ;     ^,1*./  -^  P2]     03Uz^  -^  Pj, 

corresponds  to  the  instantaneous  point  whose  co-ordinates  are  5,,  ^a,  0^,  The 
geometrical  construction  is  sufficiently  obvious  when  derived  from  the 
theorem  thus  stated. 

If  <f>  denote  an  impulsive  screw,  and  0  the  corresponding  instantaneous  screw ^ 
then  the  polar  of  if>  with  regard  to  the  conic  of  zero  pitch  is  the  same  straiglU  line 
as  the  polar  oj  0  ufith  regard  to  the  conic  of  inertia. 

If  ^  be  the  virtual  coefficient  of  two  screws  0  and  1;,  then 

H^  (tf,»  +  0^ + 5,«)  =  ( pAvi + pAv. + pAv^y- 

It  follows  that  the  locus  of  the  points  which  have  a  given  virtual  coefficient 
with  a  given  point  is  a  conic  touching  the  conic  of  infinite  pitch  at  two 
points.  If  -^  be  the  screw  whose  polar  with  regard  to  the  conic  of  infinite 
pitch  is  identical  with  the  polar  of  17  with  regard  to  the  conic  of  zero  pitch, 
XhevL  all  the  screws  0  which  have  a  given  virtual  coefficient  with  17  are 
equally  inclined  to  '^.  It  hence  follows  that  all  the  screws  of  a  three- 
system  which  have  a  given  virtual  coefficient  with  a  given  screw  are  parallel 
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to  the  gcneraton)  of  a  right  circular  cone.  All  the  screwH  reciprocal  lo  f 
form  a  cylindroid,  and  -^  is  the  one  screw  of  the  system  which  is  parmlWi 
to  the  nodal  line  of  the  cylindroid.  The  virtual  coefficient  of  ^  and  if  » 
greater  than  that  of  17  with  any  other  screw. 

If  ^  be  a  screw  about  which,  when  a  body  is  twisting  with  a  gin*o 
twist  velocity  it  has  a  given  kinetic  energy,  then  we  must  have 

where  i?  is  a  constant  proportional  to  the  energy.     It  follows  that  the  locu» 

of  0  must  be  a  conic  passing  through  the  four  points  of  intersection  of  the 

two  conies 

u,'^,'  +  ti,«tf,«  +  u,'0,*  =  0, 

0i'  +  ^,«  +  ds*  =  0. 

The  four  points  in  which  these  two  conies  intersect  correspond  to  the  acn^wn 
about  which  the  body  can  twist  with  indefinite  kinetic  energy.  These  ibor 
points  A,  B,  C,  D  being  known,  the  kinetic  energy  appropriate  to  every  point 
P  can  be  readily  ascertained.  It  is  only  necessary  to  measure  the  anharmooK 
ratio  subtended  by  P,  at  il,  B,  C,  D,  and  to  set  off  on  a  straight  line 
distances  u,',  u,*,  u,',  A',  so  that  the  anharmonic  ratio  of  the  four  pointi« 
shall  be  equal  to  that  subtended  by  P,  This  will  determine  k\  which  't» 
proportional  to  the  kinetic  energy  due  to  the  unit  twist  velocity  about  the 
screw  corresponding  to  P. 

A  quiescent  rigid  body  of  mass  M  receives  an  impulsive  wrench  of  given 
intensity  on  a  given  screw  17;  we  investigate  the  locus  of  the  screw  6  belonging 
to  the  three-system,  such  that  if  the  body  be  constrained  to  twist  about  0, 
it  shall  acquire  a  given  kinetic  energy. 

It  follows  at  once  (§91)  that  we  must  have 

E(u,*0,*  +  u,*e,*  +  u,*0,^)  =  (p,0,fj,  +  pj0,f^  +  fH0,f^Y. 

where  E  is  proportional  to  the  kinetic  energy.  The  required  locus  is  thcnv 
fore  a  conic  having  double  contact  with  the  conic  of  inertia. 

It  is  easy  to  prove  from  this  that  E  will  be  a  maximum  if 

Ui*tf,  :  /)ii7,  « ti,*tf, :  p,i7, «  m,*^,  :  p,^; 

whence  again  we  have  Eulers  well-known  theorem  that  if  the  body  Ur 
allowed  to  select  the  screw  about  which  it  will  twist,  the  kinetic  energy 
acquired  will  be  larger  tliau  when  the  body  is  constniined  to  a  scivw  otlKr 
than  that  which  it  naturally  chooses  (§  94). 

A  >«omcwhat  curious  result  arises  when  we  seek  the  interpretatioo  of 
a  tangent  to  the  conic  of  iiiKnit<*  pitch.  This  tangent  must,  like  any  oihcf 
straight  line,  correspond  to  a  cylindroid ;  and  since  it  is  the  fiolar  of  the 


j| 
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point  of  contact,  it  follows  that  every  screw  on  the  cylindroid  must  be  at 
right  angles  to  the  direction  corresponding  to  the  point  of  contact.  The 
co-ordinates  of  the  point  of  contact  must  therefore  be  proportional  to  the 
direction  cosines  of  the  nodal  line  of  the  cylindroid. 

If  the  body  be  in  equilibrium  under  the  action  of  a  conservative  system 
of  forces,  then  there  is  a  conic  (analogous  to  the  conic  of  inertia)  which 
denotes  the  locus  of  screws  about  which  the  body  can  be  displaced  to  a 
neighbouring  position,  so  that  even  as  far  as  the  second  order  of  small 
quantities  no  energy  is  consumed.  The  vertices  of  the  triangle  self-conjugate 
both  to  this  conic  and  the  conic  of  inertia  correspond  to  the  harmonic 
screws  about  which,  if  the  body  be  once  displaced,  it  will  continue  to 
oscillate. 


L 


CHAPTER  XVI. 


KREEDOM  or  THE  FOURTH  ORDER. 


212.    Screw  System  of  the  Fourth  Order. 

The  iiujst  geiienil  ty\Hi  of  a  screw  system  of  the  fourth  order  in  eihibiwd 
by  the  set  of  scn'ws  which  are  reciprocal  to  an  arbitrary  cyiiiKln»i«l  (§  i*»> 
To  i»btaiii  certjiin  |>rojK*rties  of  this  scn*\v  system  it  is,  theti^liHV,  tuil) 
m»ce«8arv  to  re-state  a  fcw  results  alremly  obUuiit^d. 

All  the  screws  which  belong  to  a  screw  system  of  the  fourth  unk*r  antl 
which  can  be  drawn  through  a  given  point  are  geuemtoni  of  a  oisrtmiii  cooc 
of  the  second  degree  (§  23). 

All  the  screws  of  the  same  pitch  which  belong  to  a  screw  8yiiU*tn  i^  tbt* 
f«)urth  order  must  intersect  two  fixtnl  lines,  viz.  those  two  ncnsws  whicli. 
lying  on  the  reciprocal  cylindroid,  have  pitches  e<|ual  in  magnitude  bat 
opposite  in  sign  to  the  given  pitch  (§  22). 

One  screw  of  given  pitch  and  lieKmging  to  a  given  8cn>w  sys(t^»m  ttf  %h* 
fourth  order  can  be  drawn  through  each  |N)int  in  s]>acc  (§  123). 

As  we  have  already  seen  that  two  screws  belonging  to  a  Hcrvw  n^-silein 
of  the  third  order  can  be  found  in  any  pliuie  (§178),  no  wc  might  eipi^ 
t4i  find  that  a  singly  infinite  numlnT  of  screws  bt^longing  to  a  8cn*w  n^iiteiii 
of  ihv  /ourUi  onier  can  be  found  in  any  plane.  Wc  shall  now  pivve  thu 
all  these  screws  envelope  a  /winiWa.  A  theorem  c<|uivalent  to  this  \m 
been  already  proved  in  a  different  manner  in  §  1G2. 

Take  any  |Kiint  P  in  the  plane,  then  the  screws  through  P  recipixjoal  U^ 
the  cylindroid  fonn  a  cone  of  the  second  onier,  which  is  cut  by  the  pbor 
in  two  lines.  Thus  two  screws  b«*longing  to  a  given  screw  s}*«ieiii  of  \hf 
fourth  onier  ran  Im*  drawn  in  a  given  plane  through  a  given  point.  Bai 
it  can  U?  easily  shown  that  only  one  screw  of  the  system  parallel  U>  i 
given  lint*  can  Ih*  found  in  the  plane.  Therefore  from  the  point  at  infiaitj 
only  a  single  finiU.*  tangent  U*  the  curve  can  be  drawn.     Therefore  the  uliMt 
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mgent  from  the  point  must  be  the  line  at  infinity  itself,  and  as  the  line 
t  infinity  touches  the  conic,  the  envelope  must  be  a  parabola. 

In  general  there  is  one  line  in  each  screw  system  of  the  fourth  order, 
hich  forms  a  screw  belonging  to  the  screw  system,  whatever  be  the  pitch 
ssigned  to  it.  The  line  in  question  is  the  nodal  line  of  the  cylindroid 
3ciprocaI  to  the  four-system.     The  kinematical  statement  is  as  follows : — 

When  a  rigid  body  has  freedom  of  the  fourth  order,  there  is  in  general 
ae  straight  line,  about  which  the  body  can  be  rotated,  and  parallel  to  which 
.  can  be  translated. 

A  body  which  has  freedom  of  the  fourth  order  may  be  illustrated  by  the 
articular  case  where  one  point  P  of  the  body  is  forbidden  to  depart  from 
given  curve.  The  position  of  the  body  will  then  be  specified  by  four 
uantities,  which  may  be,  for  example,  the  arc  of  the  curve  from  a  fixed 
rigin  up  to  P,  and  three  rotations  about  three  axes  intenfecting  in  P.  The 
jciprocal  cylindroid  will  in  this  case  assume  an  extreme  form ;  it  has  de- 
eneratcd  to  a  plane,  and  in  fact  consists  of  screws  of  zero  pitch  on  all  the 
Drmals  to  the  curve  at  P. 

It  is  required  to  determine  the  locus  of  screws  parallel  to  a  given  straight 
ne  L,  and  belonging  to  a  screw  system  of  the  fourth  order.  The  problem 
easily  solved  from  the  principle  that  each  screw  of  the  screw  system  must 
itersect  at  right  angles  a  screw  of  the  reciprocal  cylindroid  (§  22).  Take, 
lerefore,  that  one  screw  0  on  the  cylindroid  which  is  perpendicular  to  L. 
hen  a  plane  through  0  parallel  to  Z  is  the  required  locus. 

213.    Equilibrium  with  Areedom  of  the  Fourth  Order. 

When  a  rigid  body  has  freedom  of  the  fourth  order,  it  is  both  necessary 
)d  sufficient  for  equilibrium,  that  the  forces  shall  constitute  a  wrench  upon 
screw  of  the  cylindroid  reciprocal  to  the  given  screw  system.  Thus,  if  a 
Qgle  force  can  act  on  the  body  without  disturbing  equilibrium,  then  this 
rce  must  lie  on  one  of  the  two  screws  of  zero  pitch  on  the  cylindroid. 
there  were  no  real  screws  of  zero  pitch  on  the  cylindroid — that  is,  if  the 
tch  conic  were  an  ellipse,  then  it  would  be  impossible  for  equilibrium  to 
ibsist  under  the  operation  of  a  single  force.  It  is,  however,  worthy  of 
mark,  that  if  one  force  could  act  without  disturbing  the  equilibrium, 
en  in  general  another  force  (on  the  other  screw  of  zero  pitch)  could 
30  act  without  disturbing  equilibrium. 

A  couple  which  is  in  a  plane  perpendicular  to  the  nodal  line  can  be 
lutralized  by  the  reaction  of  the  constraints,  and  is,  therefore,  consistent 
th  equilibrium.  In  no  other  case,  however,  can  a  body  which  has  freedom 
the  fourth  order  be  in  equilibrium  under  the  influence  of  a  couple. 
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We  can  alHO  invcHtigatc  the  conditions  under  which  five  forces  a|^a*il 
to  a  free  rigid  body  can  neutralize  each  other.  The  five  forces  miuit,  m 
the  body  is  free,  belong  to  a  screw  system  of  the  fourth  order.  Draw 
the  cylindroid  reciprocal  to  the  system.  The  five  forces  must,  tberefurv. 
intersect  both  the  screws  of  asero  pitch  on  the  cylindroid.  We  thus  prx>Ti? 
the  well-known  theorem  that  if  five  forces  equilibrate  two  straight  lines  cmo 
be  drawn  which  intersect  each  of  the  five  forces.  Four  of  the  forces  will 
determine  the  two  transversals,  and  therefore  the  fifth  force  may  enjoy  any 
liberty  consistent  with  the  requirement  that  it  also  intersects  the  same  two 
lines. 

If  ill,. ..ill  be  the  five  forces,  the  ratio  of  any  pair,  let  us  mj  kx 
example,  Aii  A^ia  thus  determined. 

Let  P,  Q  be  the  two  screws  of  zero  pitch  upon  the  cylindroid,  is.  Ilie 
two  common  transversals  of  ili, ...  A^, 

Choose  any  two  screws  X  and  Y  reciprocal  to  both  Ai  and  A^,  bat  nol 
reciprocal  to  A^,  A^  or  il|. 

Choose  any  screw  Z  reciprocal  to  il„  A^,  A^,  but  not  rodimxal  to  Ai 
or  il,. 

Construct  (§  25)  the  single  screw  /  reciprocal  to  the  five  screws 

JT.  Y.  P.  Q,  Z. 

The  four  screws  X,  F,  P,  Q  are  reciprocal  to  the  cylindroid  Ai,  A,. 
therefore  /,  which  is  reciprocal  to  X,  Y,  P,  Q,  must  lie  upon  the  cylindruid 
(4,,  40  (§24). 

Since  P,  Q,  Z  are  all  reciprocal  to  il,,  A^,  A^,  it  follows  that  /  being 
reciprocal  to  P,  Q,  Z  must  belong  to  the  screw  system  J,,  A^,  Ag.  Hence 
/  is  found  on  the  cylindroid  (Ai,  A^),  and  it  must  also  belong  to  the  system 
{Af,  Ai,  ill).  If,  therefore,  forces  along  Ai,,,.Ag  are  to  equilibrmte,  the 
forces  along  Ai,  A^  must  compound  into  a  wrench  on  /. 

But  /  being  known  by  construction  the  angles  A  J  and  AJt  are  koovii. 
and  consequently  the  ratio  of  the  sines  of  these  angles,  Lt*  the  relative 
intensities  of  the  forces  on  ili  and  A,  are  determine  (§  l^X 

If  a  free  rigid  body  is  acted  upon  by  five  forces,  the  preceding  coo- 
siderutions  will  show  in  what  manner  the  body  could  be  moved  so  thai  U 
shall  not  do  work  against  nor  receive  energy  from  any  one  of  the  forces. 

Let  ill, ...  ill  be  the  five  forces.  Draw  two  transversals  L,  M  intenediig 
Ai,,.,A^.  Construct  the  cylindroid  of  which  L,  M  are  the  screws  of  fff^ 
pitch  ;    find,  upon  this  cylindroid,  the  screw  A'  reciprocal  to  A^.     TbHi  1^ 


^^^1^^ 
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only  movement  which  the  body  can  receive,  so  as  to  fulfil  the  prescribed 
conditions,  is  a  twist  about  the  screw  X,  For  X  is  then  reciprocal  to 
Aiy,..Ai,  and  therefore  a  body  twisted  about  X  will  do  no  work  against 
forces  directed  along  ili, ...  A^, 

From  the  theory  of  reciprocal  screws  it  follows  that  a  body  rotated 
around  any  of  the  lines  Ai,..,  A^  will  not  do  work  against  nor  receive  energy 
from  a  wrench  on  X, 

In  the  particular  case,  where  A^,,,,  A^  have  a  common  transversal,  then 
X  is  that  transversal,  and  its  pitch  is  zero.  In  this  case  it  is  sufficiently 
obvious  that  forces  on  il^,  ...ilg  cannot  disturb  the  equilibrium  of  a  body 
only  free  to  rotate  about  X. 

214.    Screws  of  Stationary  Pitch. 

We  begin  by  investigating  the  screws  in  an  n-system  of  which  the  pitch 
is  stationary  in  the  sense  employed  in  the  Theory  of  Maximum  and  Minimum. 
We  take  the  case  of  n  =  4. 

The  co-ordinates  0i, ,,,  0^  of  the  screws  of  a  four-system  have  to  satisfy 

the  two  linear  equations  defining  the  system.     We  may  write  these  equations 

in  the  form 

-a-i^i  -f  ...  +  A$0$  =  0, 

-Si^i  +  •  •  •  +  B^0B  =  0. 

The  screws  of  reference  being  co-reciprocal,  we  have  for  the  pitch  p^  the 
equation 

where  R  is  the  homogeneous  function  of  the  second  degree  in  the  co- 
ordinates which  is  replaced  by  unity  (§  35)  in  the  formulae  after  diflFer- 
entiation. 

If  the  pitch  be  stationary,  then  by  the  ordinary  rules  of  the  diflFerential 
calculus  (§  38), 

As  however  0  belongs  to  the  four-system,  the  variations  of  its  co-ordinates 
must  satisfy  the  two  conditions 

Following  the  usual  process  we  multiply  the  first  of  these  equations  by 
%^me  indeterminate  multiplier  \,  the  second  by  another  quantity  /i,  and  then 
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add  the  products  to  the  former  equation.      We  can  theu  equate  the  co- 
efficients of  S0,,...S0«  severally  to  zero,  thus  obtaining 

dR 
2pA  -  ^^  p,  +  5ul,  +  /ifi,  =  0, 


dR 


Choose  next  from  the  four-system  any  screw  whatever  of  which  the  r»>- 
orrlinates  are  ^i, ...  ^.  Multiply  the  first  of  the  above  six  eipiations  by  ^. 
the  second  by  ^,  &c.  and  add  the  six  pn)ducts.  The  coefficients  of  X  and  ^ 
vanish,  and  we  obtain 

The  coefficient  of  p^  is  however  merely  double  the  cosine  of  the  angle 
between  0  and  ^.  This  is  obvious  by  employing  canonical  co- reciprocals 
in  which 

whence 

.  dR  .  dR 

We  thus  obtain  the  following  theorem,  which  must  obviously  be  true  for 
other  values  of  n  besides  four. 

1/  <[>  be  any  Bcrew  of  an  n-system  and  if  0  he  a  gcrew  of  daticmary  piid^ 
in  the  eame  system  then  «j^  »  cos  {0if>)  p^. 

Suppose  that  there  were  two  screws  of  statitmary  pitch  $  and  ^  in  an  n- 
system.     Then 

tj^  =  cos(fl^)pe. 
«r^  =  co8(5^)/)^. 

If  p0  and  p^  are  different  these  etpiatious  reipiire  that 

«r^  =  0 ;     cos  (tf^)  =  0 ; 

tLe.  the  screws  arc  both  reciprocal  and  rectangular  and  must  th<»t?ibf«* 
intersect. 


We  have  thus  shown  that  if  there  are  two  stationary  screws  of  differvot 
pitches  in  any  n-system,  then  these  screws  must  intersect  at  right  anglea. 

In  general  we  learn  that  if  any  screw  ^  of  an  n-system  has  a  pitch  iH|UJtl 
to  that  of  a  screw  0  of  stationary  pitch  in  the  same  s>^t«»ra,  then  $  aixl  ^ 
must  inti^rsect.     F'or  the  general  condition 

«r^-cos(tf^)p. 
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is  of  course 

(Pi + p^)  cos  {d<t>)  -  sin  (0^)  dei,  =  ipe  cos  (dfp), 
or 

(P*  ""  Pe)  ^^s  {0<f>)  —  sin  {0<f>)  d^  =  0. 

If  then  p^  =  p»  we  must  have  sin  (d^)  (2^  =  0,  which  requires  that  0  and 
^  must  intersect  at  either  a  finite  or  an  infinite  distance. 

In  the  case  where  ff>  is  at  right  angles  to  0  it  follows  from  the  formula 
tj^  =  cos  {0<f>)p$  that  tj^  =  0,  or  that  0  and  <f>  are  reciprocal.  But  two  screws 
which  are  at  right  angles  and  also  reciprocal  must  intersect,  and  hence  we 
have  the  following  theorem. 

If  0  be  a  screw  of  stationary  pitch  in  an  n-system,  then  any  other  screw 
belonging  to  the  n-system  and  at  right  angles  to  0  must  intersect  0, 

If  <f>  belongs  to  an  n-system  its  co-oi*dinates  must,  on  that  account,  satisfy 
6  —  n  linear  equations.  If  it  be  further  assumed  that  ff>  has  to  be  perpen- 
dicular to  0,  then  the  co-ordinates  of  <f>  have  to  satisfy  yet  one  more  equa- 
tion, i.e. 

In  this  case  ^  is  subjected  to  7  —  n  linear  equations.  It  follows  (§  76)  that 
^  will  have  as  its  locus  a  certain  (n  —  l)-system,  whence  we  have  the  following 
general  theorem. 

If  0  is  a  screw  of  stationary  pitch  in  an  n-system  P  then  among  the 
(n  —  lysystems  included  in  P  there  is  one  Q  such  that  eveiy  screw  of  Q  intersects 
0  at  right  angles. 

These  theorems  can  also  be  proved  by  geometrical  considerations.  If  a 
screw  0  have  stationary  pitch  in  an  n-system  it  follows  a  fortiori  that  0  must 
have  stationary  pitch  on  any  cylindroid  through  0  and  belonging  wholly  to 
the  n-system.  This  means  that  0  must  be  one  of  the  two  principal  screws 
on  such  a  cylindroid.  Choose  any  other  screw  ^  of  the  system  and  draw  the 
cylindroid  {0,  (f>)  then  ^  is  a  principal  screw,  and  if  0  and  the  other  principal 
screw  on  the  cylindroid  be  two  of  the  co-reciprocal  screws  of  reference,  then 
the  co-ordinate  of  ^  with  respect  to  0  is  coQ{0<f>)  (§  40).  But  that  co-ordinate 
must  also  have  the  general  form  v^i  -i-pi,  whence  at  once  we  obtain 

«Ja^  =  COS(^^)j)«. 

Let  d  be  a  screw  of  stationary  pitch  in  a  three-system,  and  let  ^  and  -^ 
be  any  two  other  screws  in  that  system.  Then  0  is  one  of  the  principal 
screws  on  the  cylindroid  (04>) ;  let  <r  be  the  other  principal  screw  on  that 
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cylindroid.  In  like  manner  let  p  be  the  other  pnnci{i(il  bcppw  of  the  cjrlin- 
droid  {6^\  Then  p  and  a  determine  the  cylindroid  (pa)  which  belonji^  to 
the  system,  d  must  lie  on  the  common  perpendicular  to  p  and  <r,  and  hence 
the  screws  of  the  cylindroid  (pa)  each  intersect  0  at  right  angles. 

If  ^  is  a  screw  of  stationary  pitch  in  a  four-system,  it  can  be  shown 
that  three  screws  p»  <r,  r  not  on  the  same  cylindroid  can  be  found  in  the  same 
system,  and  such  that  they  intersect  0  at  right  angles.  In  thii^  case  p,  a,  r 
will  determine  a  three-system,  every  screw  of  which  intersects  0  at  right 
angloa 

216.    ApplioAtioii  to  the  Two^Syitem. 

The  principles  of  the  last  article  afford  a  simple  proof  of  many  funda- 
mental propositions  in  the  theory.  We  take  as  the  first  illustration  the  well- 
known  (act  (§  76)  that  if  the  coordinates  of  a  screw  satisfy  four  linear 
equations  then  the  locus  of  that  screw  is  a  cylindroid. 

From  the  general  theorem  we  see  by  the  case  of  n  s  2  that  in  any  two- 
system  a  screw  of  stationar}'  pitch  will  be  intersectcKl  at  right  angles  br 
another  screw  of  the  two-system. 

These  two  screws  may  be  conveniently  taken  as  the  first  and  third  of  tbt' 
canonical  co-reciprocal  system  lying  on  the  axes  of  x  and  y.  Hence  we  have 
as  the  co-ordinates  of  a  screw  of  the  sj'stem  tf,,  0,  ^,,  0,  0,  0. 

The  investigation  has  thus  assumed  a  very  simple  form  inasmuch  as  the 
four  linear  equations  express  that  of  the  six  co-ordinates  of  a  screw  of  ibe 
system  four  are  actually  zero. 

Let  X,  /4,  y  be  the  direction  angles  of  the  screw  0  with  respect  to  tk 
associated  Cartesian  axes  then  (§  44), 

wk      (P$  +  ^)  c^*  X  —  rf^  sin  X      {\  ^(P*^  ^0  ^^^  ^  ~  ^#1  '''ti  X 

a  —a 

^      (p^4-6)cos/A-rf|.sinM.    ^  _  (;?^  -  6)  co«  /A  -  rfn  sin  /4 

A     (P9  +  c)  <50«  I'  —  rf|,  sin  y     ^     (p0  —  c)  cos  v  -  c/|,  sin  r 

c  '  — c  * 

The  two  last  of  these  equations  give 

cos  y  «  0 ;    rf^  «  0. 

Hence  we  loam  that  0  must  intersect  the  axis  of  r  at  right  anglea. 
thus  parallel  to  the  plane  of  J!y  at  a  distance  r/^  =  c/^  =  r,  and  aooor 
we  have  the  e<}  nations 

(/)^  — a)cos  X  -  1  sin  X  =  0. 

(/*•"  '*)  <*<w«^  —  ^  ^in  p  ^  *^ 
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whence  elimiuating  z  and  observing  that  \  —  /i  =  90°  we  obtain, 

Pe=:a  cos'  X  +  6  sin'  X, 

and  eliminating  p^, 

(6  —  a)  sin  X  cos  X  =  ^. 

If  we  desire  the  equation  of  the  surface  we  have 

y^x  tan  X, 
and  hence  finally 

Thus  again  we  arrive  at  the  well-known  equation  of  the  cylindroid. 

We  can  also  prove  in  the  following  manner  the  fundamental  theorem 
that  among  the  screws  belonging  to  any  two-system  there  are  two  which 
intersect  at  right  angles  (§  13). 

Let  0  be  any  screw  of  the  two-system,  and  accordingly  the  six  co-ordinates 
of  0  must  satisfy  four  linear  equations  which  may  be  written 

Ci0i  -h  . . .  +  C^0e  =  0, 

If  ^  be  a  screw  which  intersects  0  at  right  angles,  then  we  must 
also  have 

a  dR  /j  dR     ^ 

01  -j-r  +  ...  +  ^6;Tr  =^» 

Pi0i(t>l  +  .  .  .  +  P606<l>6  =  0> 

inasmuch  as  these  screws  are  reciprocal  as  well  as  rectangular. 

From  these  six  equations  0if,..0^  can  be  eliminated,  and  we  have  the 
resulting  equation  in  the  co-ordinates  of  <f>, 

=  0. 
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ThiM  equation  involven  the  co-ordinates  of  ^  in  the  second  degree.  If  this 
equation  stood  alone  it  would  merely  imply  that  <f>  belonged  to  the  qtiadmtic 
five-system  (§  223)  which  include<l  all  the  screws  that  intorsect<Hl  at  right 
angles  any  one  of  the  screws  of  the  given  cylindroid.  If  we  further  awnim«» 
that  ^  is  to  be  a  scrc^w  on  the  given  cylindroid,  then  we  have 

ili^  ...  +  il«^a 0, 

Bi<^  ...  +£«^  =  0, 

C,^  ...  +  C^<f>%  "0, 

Di<t>i  ...  +Z),^«  =  0. 

From  these  five  equations  two  sets  of  values  of  ^  can  be  found.  Thu* 
among  the  system  of  screws  which  satisfy  four  linear  equations  there  muj*t 
be  two  screws  which  intersect  at  right  angles.  These  are  of  ct>un«c»  the  two 
principal  screws  of  the  cylindroid. 

216.    Applloatioii  to  the  Three-System. 

The  equations  of  the  three-system  can  be  also  deduced  from  the  principle 
employed  in  §  214  which  enunciated  for  this  puq)06e  is  as  follows. 

If  0  be  a  screw  of  stationary  pitch  in  a  three-system  P  then  there  is  a 
cylimlroid  belonging  to  P  such  that  every  screw  of  the  cylindroid  intersecO* 
0  at  right  angles. 

It  is  obvious  that  this  condition  c<»uld  only  be  complied  with  if  $  lies  on 
the  axis  of  the  cylindroid.  and  as  the  cylindmid  has  two  intersecting  screw!* 
at  right  angles  we  have  thus  a  proof  that  in  any  three-s^'stem  there  most  be 
one  set  of  three  screws  which  intersect  rectangularly.  Let  their  pitchcn  be 
rt,  6,  c,  then  on  the  first  we  may  put  a  screw  of  pitch  —  a,  on  the  secoiid  a 
»cn»w  i>f  pitch  —  6,  and  on  the  third  a  screw  of  pitch  —  c.  Thus  we  arrive 
at  a  si»t  of  canonical  co-reciprocals  specially  convenient  for  the  particuhur 
thn*e-system. 

We  have  then»fore  learned  that  whatever  be  the  three  linear  eqtuUiticKi 
defining  the  three-sj'stem  it  is  always  possible  without  low  of  geoeralitT  U» 
employ  a  ma  of  canonical  co-rucipn>cal8  such  that  the  1st,  3rd  and  5th 
shall  iM'long  t4)  the  system. 


Thes«*  thrt»e  screws  will  define  the  system.  Any  other  «crew  of  the 
sy!«t4'm  can  l)e  pnKhice<l  by  twists  about  these  thn»i»  screwa  HeiKx*  wr 
sif»  that  for  i*Vi*Ty  scn»w  of  the  system  we  must  have 
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If  \,  fjL,  vhe  the  direction  angles  of  0  we  have  therefore  (§  44) 

^      (p0  —  a)  cos  X  —  d^  sin  X     ^ 

a 

a      (P»  -  fc)  <^Q8  ft  -  dgs  sin  /i> 
^4  = g =  0, 

*  c 

The  direction  cosines  of  the  common  perpendicular  to  0  and  1  are 

^       cos  V  cos  fl 

'      sin  X '  sin  X ' 

whence  the  cosine  of  the  angle  between  this  perpendicular  and  the  radius 
vector  to  a  point  a?,  y,  z  on  0  is 

y   cos  V     z  cos  ft     c^ft 
r  *  sin  X     r  sin  X      r  ' 

or  d^  sin  X  =  y  cos  v  —  z  cos  /a. 

We  have  thus  the  three  conditions 

(p^-"a)oosX  •\' z  cos /A  —  ycosi/  =  0 (i), 

—  ^cosX  +  (p^  — 6)cos/A  +a?  cosi/  =  0 (ii), 

+  ycosX  —x  cos/A -f-(p^--c)cosi/  =  0 (iii), 

whence  eliminating  cos  X,  cos  /a,  cos  v  we  obtain 

Thus  we  deduce  the  equation  otherwise  obtained  in  §  174,  for  the  family  of 
pitch-hyperboloids  on  which  are  arranged  according  to  their  pitches  the 
several  screws  of  the  three-system. 

217.    Principal  pitchei  of  the  Reciprocal  Cylindroid. 

From  a  system  of  the  fourth  order  a  system  of  canonical  co-reciprocals 
can  in  general  be  selected  which  possesses  exceptional  facilities  for  the  investi- 
gation of  the  properties  of  the  screws  which  form  that  four-system. 

Let  OA  and  OB  be  the  axes  of  the  two  principal  screws  of  the  reciprocal 
cylindroid.  Let  a  and  6  be  the  pitches  of  these  two  principal  screws  and 
let  c  be  any  third  linear  magnitude.     Let  OG  be  the  axis  of  the  cylindroid. 

Then  the  canonical  co-reciprocal  system  now  under  consideration  consists  of 

Two  screws  on  OA  with  pitches  +  a  and  —  a. 

Two  screws  on  OB  with  pitches  +  6  and  —  6. 

Two  screws  on  OG  with  pitches  +  c  and  —  c. 

15—2 
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Of  these  the  four  screws  with  pitches  —  a,  —  6,  +  c,  —  c  respectively  are  each 
reciprocal  to  the  cylindroid.  Each  of  these  four  screws  must  thus  belong  U> 
the  four-system.     Further  these  four  screws  are  co-reciprocal. 

If  tfj ...  fl,  be  the  six  co-oniinates  of  a  screw  iu  the  four-system  rcfem*<l 
to  these  canonical  co-reciprocals,  then  we  have 

0^  =  0,     ^,  =  0. 

For  tf,  =     *•  ,  but  as  the  first  screw  of  reference  belongs  to  the  recipnicAl 

cylindroid  we  must  have  «J)^»0.  In  like  manner  «j,^aBO,  and  therefi»n* 
^ibQ  and  0,  =  O  are  the  two  linear  equations  which  specify  this  particular 
four-system. 

The  pitch  of  any  screw  on  the  four-system  expreflsed  in  temwi  of  iu 
co-ordinates  is 

of  which  the  four  stationary  values  are  —  a,  -  6,  -h  x  ,  —  x  . 

We  may  remark  that  if  the  four  co-onlinates  here  employed  be  taken  »»* 
a  system  of  quadriplanar  co-onlinatc^s  of  a  point  we  have  a  repre«enUiti<»ti 
of  the  four-system  by  the  points  in  sjMice.  V.bc\\  point  corresponds  to  oo<f» 
screw  of  the  system.  The  screws  of  given  pitch  p^  are  found  on  the  (|uailrK 
surfaces 

where  f7=0  is  the  quadric  whose  points  correspond  to  the  screws  of  ii»n> 
pitch  and  where  K=  0  is  an  imaginary  cone  whose  p)ints  correspond  to  the 
screws  of  infinite  pitch.  Conjugate  points  with  respect  to  17 «  0  will  cor- 
respond to  reciprocal  screws.  A  plane  will  correspond  to  a  three-«ysleni 
and  a  straight  line  to  a  two-system. 

The  general  theorem  proved  in  §214  states  that  when  0  ta  a  ivrew  <^ 
stationary  pitch  in  an  n-system  to  which  any  other  screw  ^  belongs,  then 

m$^  s  f^  cos  0^, 

Let  us  now  take  a  four-system  referred  to  any  four  co- reciprocals  and  cht^i*? 
for  ^  in  the  above  formula  each  one  of  the  four  co-reciprocals  in  succemoci, 
we  then  have 

Pi^i=f>#!^i  +^,co8(12)  +  tf,c«m(13)  +  tf4Cos(U)|\ 

PtOt  =  /)#  \0x  om  ( 1 2)  +  <?,  -h  <?,  ciw  (23)  -f  ^4  co»  (24)|  { 

/S^,  =  p^  \0,  COS  ( 1 3)  -h  0^  cos  (23)  -h  <?,  -h  ^4 ««  (84)1 

p,0,  =  /),  \0,  cm  ( U)  +  tf,  01*^  (24)  +  0,  am  (34)  +  0,\ 

Klimiimting  ^,,  0^,  0^,  0^  we  deduce  a  biquiulratic    for  p^.     Bat    we  havr 
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already  seen  that  two  of  the  roots  of  this  must  be  infinite,  whence  this 
equation  reduces  to  a  quadratic,  and  its  roots  are  as  we  have  seen  equal 
but  opposite  in  sign  to  the  pitches  of  the  principal  screws  of  the  reciprocal 
cylindroid. 

After  a  few  reductions  aq^  replacing  p»  hy  —p  we  obtain  the  following 
equation 

p'  (PiPa  sin»  (34)  +  p,p^  siu»  (24)  +  . . . ) 

+  P  (P1P2PZ  +  PiPiP*  +  P^P^P*  +  PiPzPd 

We  thus  deduce  fix)m  any  four  co-reciprocal  screws  the  quadratic  equation 
which  gives  the  pitches  of  the  two  principal  screws  of  the  cylindroid  to 
which  the  given  four-system  is  reciprocal. 

218.  Equations  to  the  screw  in  a  four-system. 

The  screws  of  the  four-system  are  defined  by  the  equations 

{p»  +  o)  cos  \  +  z  cos  fM  —  y  cos  1/  =  0, 
—  z  cos  X  +  (pe  +  6)  cos  fi-\-os  cos  v  =  0, 

where  p^  is  the  pitch  where  cos  \,  cos  /a,  cos  p  are  the  direction  cosines  and 
where  x,  y,  z  ia  tk  point  on  the  screw.  By  these  equations  the  properties  of 
the  various  screws  of  the  system  can  be  easily  investigated. 

If  p$  be  eliminated  we  obtain 

X  cos  X  COB  v-^-y  cos  fi  cos  v  —  z  (cos'  X  +  cos'  /a)  —  (a  —  6)  cos  X  cos  fi, 

whence  we  obtain  for  the  equation  to  the  cone  of  screws  which  belongs  to  the 
four-system,  and  has  its  vertex  at  Xq,  y^,  Zq 

x^(x  -  x^){z  -  Zo)  +  yo(y  -  yo){z  -  z^) 

-^o{(a^-^o)'  +  (y-ya)'}-(a-6)(a?-^o)(y-yo)  =  o. 

This  is  of  course  the  cone  which  has  been  referred  to  in  §  123. 

219.  Impulsive  Screws  and  Instantaneous  Screws. 

A  body  which  is  free  to  twist  about  all  the  screws  of  a  screw  system  of 
the  fourth  order  receives  an  impulsive  wrench  on  the  screw  1;,  the  impulsive 
intensity  being  1;'".  It  is  required  to  calculate  the  co-ordinates  of  the  screw 
0  about  which  the  body  will  commence  to  twist,  and  also  the  initial  re- 
actions of  the  constraints. 

Let  X  and  fi  be  any  two  screws  on  the  reciprocal  cylindroid,  then  the 
impulsive  reaction  of  the  constraints  may  be  considered  to  consist  of 
impulsive  wrenches  on  X,  /i  of  respective  intensities  X'",  /i'".     If  we  adopt 


^ 
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the  six  abeolute  principal  screws  of  inertia  as  screws  of  reference,  (|  79'  then 
the  body  will  commence  to  move  as  if  it  were  free,  but  had  been  acted  upon 
by  a  wrench  of  which  the  coordinates  are  proportional  to  p,9,,  ...»  p^^ 
It  follows  that  the  given  impulsive  wrench,  when  compounded  with  the 
reactions  of  the  constraints,  must  constitute  the  wrench  of  which  the  co- 
ordinates have  been  just  writt^^n ;  whence  if  A  be  a  certain  quantity  which 
is  the  same  for  each  co-ordinate,  we  have  the  six  equations 


Multiply  the  first  of  these  ecjuations  by  Xj,  the  second  by  X,,  &c:  adding 
the  six  iM]uations  thus  obtained,  and  observing  that  0  is  reciprocal  to  X,  and 
that  consequently 

^pA\  =  0, 
we  obtain 

v"^Vi\  +  V"S  V  +  m'"2X^  =  0. 

and  similarly  multiplying  the  original  equations  by  ^ /ii«  ami  ad<iing. 

we  obtain 

V'Si/ifh  +  X'"2ftiX,  +  ;a'"2/ai'  s»  0. 

From  these  two  equations  the  unknown  (itiantities  X''',  fi"  can  be  foami 
and  thus  the  initial  reaction  of  the  constraints  is  known.  Substituting  the 
values  of  X''',  fi'"  in  the  six  original  equations,  the  co-ordinates  of  the 
required  screw  d  are  determined. 

220.    Principal  Screws  of  Inertia  in  the  Foar-8jstem. 

We  have  already  given  in  Chapter  VII.  the  general  methods  of  deter* 
mining  the  principal  screws  of  inertia  in  an  n-system.  The  following  is  a 
different  process  which  though  of  genonil  application  is  in  this  chapter  m.*% 
down  for  the  case  of  the  four-system. 

Choose  four  co-reciprocal  screws  a,  y9,  y,  8  of  the  four-system  and  lei 

their   co-ordinates   be   as   usual   ai,,,,,a^;   /9|>*-*»A;  7i 7«;   S|,...,l^; 

referred  to  the  six  absolute  principal  screws  of  inertia  (§  79). 

LfCt  an  impulsive  wrench  on  one  of  the  principal  screws  of  inertia  $  ii 
the  four-system  be  decom|)osed  into  components  on  a,  fi,  y,  S,  and  let  lb 
impulsive  intensities  be  a'",  /S"',  7",  S'". 

Let  X,  ;i  be  any  two  screws  on  the  reciprocal  cylindroitl.  Then  the  bo 
will  move  as  if  it  had  been  free  and  had  receive<l  impulsive  wrenches  on  f 
absolute  princi()al  screws  of  inertia,  the  impulsive  intensitiea  being 


o'-'o.  ^  (i'"fi.  +  7  "7.  +  h'"K  -h  X'"X,  +  m'"/^. 
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The  co-ordinates  of  6  are  proportional  to 

a"'a.  +  r'A  +  7"  7i  +  ^"% 


As  0  is  to  be  a  principal  screw  of  inertia  it  follows  that  the  expressions 
last  written  multiplied  severally  by  p,,  ...  ,pe  must  be  proportional  to  the 
intensities  of  the  impulsive  wrenches  received  by  the  body :  whence  we  have 
the  following  equations  in  which  A  is  a  quantity  which  is  the  same  for  each 
of  the  co-ordinates. 

hp.  {a"\  +  rP.  +  7 '  7«  +  S'"«e)  =  «'"««  +  r'/8«  +  7"  7«  +  «'"Se  +  X"%  +  /.'"/x,. 

We  are  now  to  multiply  these  equations  by  aj,  ...,  flf«  respectively,  and 
add.  If  we  repeat  the  process  using  y9i,  ...,/8, ;  71,  ...,7«;  Si,  ...,S«; 
\],...,X«;  /^,...,/i5  and  if  we  remember  that  a  is  reciprocal  to  y9,  7,  h 
because  the  system  is  co-reciprocal  and  that  a  is  reciprocal  to  X  and  fi 
because  X  and  fi  belong  to  the  reciprocal  system,  then  observing  that  like 
conditions  hold  for  /8,  7,  and  S,  we  have  the  equations 


.'^*> 


'(2ai«-Ap.)-h/3'"2a,)8i  W^^^ai  +8'"2aiSi  +X'"2criXi  +/"2ai/^=0, 

*'"2a A         +n^/S,'-hpf,) + 7  "  2^71  +  S'"  2^8,         -h  X'"  2/3^ +/t'"  2/3,;^ = 0, 

«'"2ai7x  +r'27,)8,  +7'"(27i'  -  Apy)+8'"27A  +X'"27,Xi  +/"27,/^  =0, 

a'SoiSi         +/8'"28iy8i         +y"28x7x  +S'"(2Si»^%)-hX'"28,Xi  +,i'''^S^  =0. 

*'"SaiX,         +/8'"2X^,  +7"2Xi7i  +S'"2XiSi         -hX'"2V  +a*'"2X,/^  =0, 

^"Sa,/.,         +rt,j^i         +7"2/^7i  +8'"2/^8i         +X'"2/^Xi+;.'"2/ti»    =0. 

From  these  equations  a'",  /8"',  7'",  8'",  X'",  yx"'  can  be  eliminated  and  the 
result  is  to  give  a  biquadratic  for  h.  Thus  we  have  the  four  roots  for  the 
equation.  Each  of  these  roots  will  give  a  corresponding  set  of  values  for 
a ",  /S"',  7",  8"',  V",  /" ;   thus  we  obtain 


o'"a,-h/8'"A-h7"7«  +  8'"8e, 

which  are  proportional  to  the  co-ordinates  of  the  corresponding  principal 
screw  of  inertia. 

The  values  of  X'"  and  /a"'  determine  the  impulsive  reaction  of  the  con- 
straints. 

221.    Applicatioii  of  Euler's  Theorem. 

It  may  be  of  interest  to  show  how  the  co-ordinates  of  the  instantaneous 


A  ^^-J 
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screw  corresponding  to  those  of  a  given  impulsive  screw  can  be  deduced 
from  Eulers  theorem  (§94).  If  a  bo<ly  receive  an  impulsive  wrench  on  a 
screw  i;  while  the  body  Is  constrained  to  twist  about  a  screw  d,  then  we  havt- 
seen  in  §  91  that  the  kinetic  energy  acciuired  is  pro])ortional  to 

If  ^,,  0^,  ^,,  ^4  be  the  co-ordinates  of  0  referred  to  the  four  principal 
screws  of  inertia  belonging  to  the  screw  system  of  the  fourth  order,  iht-n 
(§§95,97) 

^W  =  ( Pi^i^i  +  Ptv^t  +  Pin  A + p^nAf* 

Hence  we  have  to  determine  the  four  independent  variables  d,,  tf,,  tf,,  $^,  «•» 

that 

( PiVyOx  ±mA  +  Pj^A  +  P417A)* 
~  tt,%^  +  M,«^>  +  u^'0,'  -f  ttV^/      ' 

shall  be  stationary*.  This  is  easily  seen  to  be  the  case  when  0%,  0%*  0%*  ^«  ^^^ 
respectively  proportional  to 

Pi  P^  />!  7>4 

u,'"^"     u,'"^''     i^'"'*'     ^''^" 

These  arc  acconlingly,  ixs  we  alrejuly  know  (§97),  the  co-ordinat^«  of  tht* 
screw  about  which  the  body  will  commence  to  twist  after  it  has  rcceivt'd 
an  impulsive  wrench  on  1;. 

This  method  might  of  course  be  applieil  to  luiy  order  of  freedom. 

222.    (General  Remarks. 

It  has  been  shown  in  §80  how  the  co-ordinates  of  the  instantaoeou» 
screw  corresponding  to  a  given  impulsive  screw  can  be  determined  when  the 
rigid  body  is  ]>erfectly  free.  It  will  be  observed  that  the  connexion  belwetru 
the  two  screws  de{)ends  only  u|)on  the  three  principal  axes  through  ihv 
centre  of  inertia,  and  the  radii  of  gyration  about  these  axe&  We  may 
express  thin  result  more  com|>actly  by  the  well-known  conception  of  thr 
momental  ellipsoid.  The  centre  of  the  momental  eUijisoid  is  at  the  ocotn* 
of  inertia  of  the  rigid  bo<ly,  the  directions  of  the  princi{ial  axes  of  the 
elli|»soid  are  the  same  as  the  principsil  axes  of  inertia,  and  the  lengths  of 
the  axes  of  the  ellipsoid  are  inversely  pn>{)ortional  to  the  oorrcspuodini; 
nwlii  <»f  gynition.  When,  thenfoiv,  the  impulsive  screw  is  given,  the 
nHiUK'ntai  cliiiiMiid  alone  muht  l>e  capable  of  detennining  the  curret«puoding 
in.HtatitaiHHins  ncrew. 

A   faiuily    of  rigid    bodies    may    be   conceived    which    have   a   cumtnuii 
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momental  ellipsoid;  every  rigid  body  which  fulfils  nine  conditions  will 
belong  to  this  family.  If  an  impulsive  wrench  applied  to  a  member  of 
this  family  cause  it  to  twist  about  a  screw  0,  then  the  same  impulsive 
wrench  applied  to  any  other  member  of  the  same  family  will  cause  it 
likewise  to  twist  about  0.  If  we  added  the  further  condition  that  the  masses 
of  all  the  members  of  the  family  were  equal,  then  it  would  be  found  that 
the  twist  velocity,  and  the  kinetic  energy  acquired  in  consequence  of  a 
given  impulse,  would  be  the  same  to  whatever  member  of  the  family  the 
impulse  were  applied  (^  90,  91). 

223.    Quadratic  n-Bygtems. 

We  have  always  understood  by  a  screw  system  of  the  nth  order  or  briefly 
an  n-system,  the  collection  of  screws  whose  co-ordinates  satisfy  a  certain 
system  of  6  —  n  linear  homogeneous  equations.  We  have  now  to  introduce 
the  conception  of  a  screw  system  of  the  nth  order  and  second  degree  or  briefly 
a  quadratic  n-system  (n  <  6).  By  this  expression  we  are  to  understand  a 
collection  of  screws  such  that  their  co-ordinates  satisfy  6  —  n  homogeneous 
equations ;  of  these  equations  5  —  n,  that  is  to  say,  all  but  one  are  linear ; 
the  remaining  equation  involves  the  co-ordinates  in  the  second  degree. 

Let  ^1 , . . . ,  ^e  be  the  co-ordinates  of  a  screw  belonging  to  a  quadratic 
n-system.  We  may  suppose  without  any  loss  of  generality  that  the  5  —  n 
linear  equations  have  been  transformed  into 

0n+q  =  0  ;      ^n-i-8  =  0  >   ...  ^e  =  0. 

The  remaining  equation  of  the  second  degree  is  accordingly  obtained  by 
equating  to  zero  a  homogeneous  quadratic  function  of 

We  express  this  equation  which  characterizes  the  quadratic  n-system  as 

All  the  screws  whose  co-ordinates  satisfy  the  5  —  n  linear  equations  must 
themselves  form  a  screw  system  of  the  6  —  (5  —  n)  =  (n  4-  l)th  system.  This 
screw  system  may  be  regarded  as  an  enclosing  system  from  which  the  screws 
are  to  be  selected  which  further  satisfy  the  equation  of  the  second  degree 
i/^  =  0.  The  enclosing  system  comprises  the  screws  which  can  be  formed  by 
giving  all  possible  .values  to  the  co-ordinates  ^i,  ...,^n+i- 

Of  course  there  may  be  as  many  different  screw  systems  of  the  nth  order 
and  second  degree  comprised  within  the  same  enclosing  system  as  there  can 
be  different  quadratic  forms  obtained  by  annexing  coefficients  to  the  several 
squares  and  products  of  n  +  1  co-ordinates.  If  n  =  6,  the  enclosing  system 
would  consist  of  every  screw  in  space. 
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224.    Proi>erties  of  a  Quadratic  Two-cyftem. 

The  quadratic  two-Hysieni  is  coustituted  of  screws  whose  coordinatai  aaiUfy 
three  linear  equations  and  one  quadratic  equation,  and  these  screws  lit* 
generally  on  a  surface  of  the  sixth  degree  (§  225).  If  we  take  the  pUin* 
representation  of  the  three-system  given  in  Chapter  XV.,  then  any  conic  in 
the  plane  corresjKmds  to  a  (juadratic  two-system  and  all  the  pointu  in  thr 
plane  correspond  to  the  enclosing  three-system.  Since  any  straight  lini*  in 
the  plane  corresponds  to  a  cylindroid  in  the  enclosing  system  and  the 
straight  line  will,  in  general,  cut  a  conic  in  the  plane  in  two  pointif,  we  have 
the  following  theorem. 

A  qiuidratic  two-system  hits  two  screws  in  common  with  any  cylimiroid 
belonging  to  the  enclosing  three-system. 

A  pencil  of  four  rays  in  the  plane  will  correspond  to  four  cylindruids 
with  a  common  screw,  which  we  may  term  a  pencil  of  cylindroids.  Any 
fifth  transversal  cylindroid  belonging  also  to  the  same  three-system  will  hv 
intersected  by  a  pencil  of  four  cylindroids  in  four  screws,  which  have  the 
same  anharmonic  ratio  whatever  be  the  cylindroid  of  the  three-«yiiU*tii 
which  is  regarded  as  the  transversal.  We  thus  infer  from  the  well-known 
anharmonic  property  of  conies  the  following  theorem  relative  to  the  screw?* 
of  a  quadratic  two-system. 

If  four  screws  a,  /8,  7,  £  be  taken  on  a  quadratic  two-system,  and  ahti 
any  fifth  screw  17  belonging  to  the  same  system,  then  the  pencil  of  cylindnoicb 
iv<*)*  {vfi)>  {vy)f  (v^)  ^ill  have  the  same  anharmonic  ratio  whatever  be  tht* 
screw  1;.     (See  Appendix,  note  6.) 

The  plane  illustmtion  will  also  suggest  the  instructive  theory  of  PoUr 
screws  which  will  presently  be  stated  more  generally.  Let  (7 «0  be  the  cooic 
representing  the  quadratic  two-system  and  let  V=  0  be  the  conic  representing 
the  screws  of  zero  pitch  belonging  to  the  enclosing  three-system.  Let  P  be  a 
point  in  the  plane  corresponding  to  an  arbitrary  screw  0  of  the  three-mtem. 
Draw  the  polar  of  P  with  respect  to  J7=s0  and  let  Q  be  the  pole  of  tlm 
straight  line  with  respect  to  V=  0,  then  Q  will  correspond  to  some  screw  ^  of 
the  enclosing  three-system.  From  any  given  screw  0,  then  by  the  help  of  the 
quadratic  two-system  a  corresponding  screw  ^  is  determined.  We  may  term 
^  the  polar  screw  of  0  with  res|>ect  to  17  =  0.  Three  screws  of  the  endosiQi^ 
system  will  coincide  with  their  polars.  These  will  be  the  Tertioes  of  the 
triangle  which  is  self-conjugate  with  respite t  both  to  U  and  to  V. 

A  {Mjssible  difficulty  may  be  h(*n?  anticipated.  The  equation  K»0  ts  itj^f 
of  course*  e<|uivaIont  to  a  certain  quadratic  two-system  and  therefore  sboukl 
ci>m*six)ii<l  to  a  surface  of  the  sixth  degree.  We  know  however  (5  I^^)  th** 
the*  l«RniH  tif  the  screws  of  ren>  pit<'h  in  a  thretvsystem  is  an  hypcrboloid.  m^ 
that  in  this  case  the  expectation  that  the  surface  would  rise  to  ike  siilh 
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degree  seems  not  to  be  justified.  It  is  however  shown  in  §  202  that  this 
hyperboloid  is  really  not  more  than  a  part  of  the  locus.  There  are  also  four 
imaginary  planes  which  with  the  hyperboloid  complete  the  locus,  and  the 
combination  thus  rises  to  the  sixth  degree. 

225.    The  Quadratic  Systems  of  Higher  Orders. 

If  we  had  taken  n  =  3,  then  of  course  the  quadratic  three-system  would 
mean  the  collection  of  screws  whose  four  co-ordinates  satisfied  an  equation 
which  in  form  resembles  that  of  a  quadric  surface  in  quadriplanar  co- 
ordinates. A  definite  number  of  screws  belonging  to  the  quadratic  three- 
system  can  in  general  be  drawn  through  every  point  in  space. 

We  shall  first  prove  that  the  number  of  those  screws  is  six.  Let  ^i, . . . ,  ^e 
be  the  co-ordinates  of  any  screw  0  referred  to  a  canonical  co-reciprocal  system. 
Then  if  a/,  y\  /  be  a  point  on  0,  we  have  (§  43) 

(^,  +  ^,)^-(^5  +  ^«)^'  =  6(^3-^4)-i>a(^,  +  ^4), 

If  we  express  that  0  belongs  to  the  enclosing  four-system  we  shall  have  two 
linear  equations  to  be  also  satisfied  by  the  co-ordinates  of  ^.  These  equations 
may  be  written  without  loss  of  generality  in  the  form 

^j  =  0 ;     ^4  =  0. 

We  have  finally  the  equation  f7^  =  0  characteristic  of  the  quadratic  three- 
system.  From  these  equations  the  co-ordinates  are  to  be  eliminated.  But 
the  eliminant  of  k  equations  in  (A;  —  1)  independent  variables  is  a  homo- 
^neous  fiinction  of  the  coeflScients  of  each  equation  whose  order  is,  in 
general,  equal  to  the  product  of  the  degrees  of  all  the  remaining  equations*. 
Id  the  present  case,  the  coefficient  of  each  of  the  first  three  equations  must 
be  of  the  second  degree  in  the  eliminant  and  hence,  the  resulting  equation 
for  p^  is  of  the  sixth  degree,  so  that  we  have  the  following  theorem. 

Of  the  screws  which  belong  to  a  quadratic  three-system,  six  can  be  drawn 
through  any  point. 

As  the  enclosing  system  in  this  case  is  of  the  fourth  order,  the  screws  of 
the  enclosing  system  drawn  through  any  point  must  lie  on  a  cone  of  the 
second  degree  (§  218).  Hence  it  follows  that  the  six  screws  just  referred  to 
must  all  lie  on  the  surface  of  a  cone  of  the  second  degree. 

We  may  verify  the  theorem  just  proved  by  the  consideration  that  if  the 
function  U^  could  be  decomposed  into  two  linear  factors,  each  of  those  factors 

*  Salmon,  Modem  Higher  Algebra,  p.  76,  4th  Edition  (1S85). 
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oquated  to  scro  would  correspond  to  a  three-system  selected  from  tin- 
enclosing  four-system.  We  know  (§  176)  that  three  screws  of  a  three-syslea] 
can  be  drawn  through  each  point.  We  have,  consequently,  three  screwii 
through  the  point  for  each  of  the  two  fieu^tors  of  U^,  ije.  six  screws  in  aU. 

The  equation  of  the  6th  degree  in  p^  contains  also  the  co-ordinates  x\  y\  z 
in  the  sixth  degree.  Taking  these  as  the  current  co-ordinates  we  may 
regard  this  equation  as  expressing  the  family  of  surfaces  which.  Uk«*n 
together,  contain  all  the  screws  of  the  ({uadratic  three-system.  The  screvn 
of  this  system  which  have  the  same  pitch  p^  are  thus  seen  to  be  rasged  on 
the  generators  of  a  ruled  surface  of  the  sixth  degree.  All  them*  scrv«!« 
belong  of  course  to  the  enclosing  four-system,  and  as  they  have  tb<^- 
same  pitches,  they  must  all  intersect  the  same  pair  of  screws  on  tbt^ 
reciprocal  cylindroid  (§  212).  It  follows  that  each  of  these  pitch  surfiurcs  t»f 
the  sixth  degree  must  have  inscribed  upon  it  a  pair  of  generators  of  the 
reciprocal  cylindroid. 

Ascending  one  step  higher  in  the  order  of  the  enclosing  system  we  i^v 
that  the  quadratic  four-system  is  com|M>sed  of  tha^n;  screws  whose  co-ordinaU-s 
satisfy  one  linear  homogeueous  equation  A  =  0,  and  one  homogeDcua^ 
equation  of  the  second  degree  i7  =  0.  We  may  study  these  screws  t^ 
followa 

Let  the  direction  cosines  of  a  screw  0  be  cosX,  cos/i,  cosr.  If  the 
reference  be  made,  as  usual,  to  a  set  of  canonical  co-reciprocals  we  have 

cos X  =  ^1  +  ^, ;  cos ;a  =  ^,+  ^4 ;  cos  1^=5^5  +  $^. 

We  therefore  have  for  a  point  x\  y,  z'  on  0  the  equations  (|  218) 

iaOx  =  (a  4-  />f )  cos  X  —  /  cos  ft  +  y^  cos  », 
2a0i  =  (a  —  P0)  cos  X  +  -?'  cos  iM,  —  \f  cos  v, 

with  similar  expressions  for  ^,,  0^,  0^,  0^. 

Sulistituting  these  expressions  in  L^O  and  (7  =  0  and  eliminaling  p^. 
we  obtain  an  homogeneous  i^piation  of  the  fourth  degree  in  o(»X, 
cNis/A,  cos  i^.  If  we  substitute  for  these  ((uantities  «  — x',  y  — jf',  1  —  1',  wr 
obtain  the  e<{uation  of  the  cono  of  screws  which  can  be  drawn  thrcmgii 
jr',  y\  z\  this  cone  is  acconlingly  of  the  fourth  degree.  We  viaify  ihb  c»i©- 
clusion  by  noticing  that  if  U  *^0  wore  the  prtxluct  of  two  liueiir  fonctkuMk 
thin  cone  would  decom|>oHe  into  two  cones  of  the  second  degree,  as  sbuoU 
clearly  be  the  case  (§  218). 


It   renmins    to   consider  the  Qiiadnitic  Five-system.     In   this  cmm  \hc 
enclosing  Mysteni  includes  every  screw  in  space,  and  the  six  oo-ordituUe»  %A 
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the  screw  0  are  subjected  to  no  other  relation  than  that  implied  by  the 
quadratic  relation 

As  before  we  may  substitute  for  tfj, ...,  ^a  from  the  equations 

2adi  =  (a  +  Pa)  cos  X  —  /  cos  fi-Vy  cos  v, 
2a^a  =  (a  -  Pb)  cos  X  +  /  cos  /a  -  y'  cos  v, 
with  similar  expressions  for  tbOx,  269s,  &c. 

Introducing  these  values  into 
we  obtain  a  result  which  may  be  written  in  the  form 

where  A,  B,  C  contain  cosX,  cos  fi,  cosp  in  the  second  degree,  and  where 
af,  j/,  z  enter  linearly  into  B  and  in  the  second  degree  into  G, 

Hence  we  see  that  on  any  straight  line  in  space  there  will  be  in  general 
two  screws  belonging  to  any  quadratic  five-system.  For  the  straight  line 
being  given  a/,  y',  /  are  given,  and  so  are  cosX,  cos/t,  cosi;.  The  equation 
just  written  gives  two  values  for  a  pitch  which  will  comply  with  the 
necessary  conditions. 

If  we  consider  p^  and  also  x\  y\  z'  as  given,  and  if  we  substitute  for 
cos  X,  cos  /i,  cos  V  the  expressions  x  —  afy  y  —  j/,  z  —  z'  respectively,  we  obtain 
the  equation  of  a  cone  of  the  second  degree.  Thus  we  learn  that  for  each 
given  pitch  any  point  in  space  may  be  the  vertex  of  a  cone  of  the  second 
degree  such  that  the  generators  of  the  cone  when  they  have  received  the 
given  pitch  are  screws  belonging  to  a  given  quadratic  five-system. 

If  the  equation 

be  satisfied,  then  the  straight  lines  which  satisfy  this  condition  will  be 
singular,  inasmuch  as  each  contains  but  a  single  screw  belonging  to  the 
quadratic  five-system.  As  cos  X,  cos  /a,  cos  v  enter  to  the  fourth  degree  into 
this  equation  it  appears  that  each  point  in  space  is  the  vertex  of  a  cone  of 
the  fourth  degree,  the  generators  of  which  when  proper  pitches  are  assigned 
to  them  will  be  singular  screws  of  the  quadratic  five-system. 

If  we  regard  cos  X,  cos  /x,  cos  v  as  given  quantities  in  the  equation 

then  this  will  represent  a  quadric  surface  inasmuch  as  x\  y\  z'  enter  to  the 
second  degree.  This  quadric  is  the  locus  of  those  singular  screws  of  the 
quadratic  five-system  which  are  parallel  to  a  given  direction.  Hence  the 
equation  must  represent  a  cylinder. 
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If  £  IK  0  the  two  roots  of  the  equation  in  p^  will  be  equal,  but  ntk 
opposite  signs ;  as  cos  \,  cos  fi,  cos  v  enter  to  the  second  degree  in  S  ii 
follows  that  through  any  point  in  space  as  vertex  a  cone  of  the  aecood  ieptt 
can  be  drawn  such  that  each  generator  of  this  cone  when  the  proper  pildi  ii 
assigned  to  it  will  equally  belong  to  the  quadratic  five-^stem,  whether  tkt 
pitch  be  positive  or  negative. 

If  £  =  0  and  0  =  0,  then  both  values  of  p^  must  be  sera  Rcgsibf 
x\  y,  z  as  fixed,  each  of  these  equations  will  correspcmd  to  a  oooe  with 
vertex  at  of,  yf^  z'\  these  cones  will  have  four  common  generatois,  and  hner 
we  see  that  through  any  point  in  space  four  straight  lines  can  in  geoeial  be 
drawn  such  that  with  the  pitch  zero  but  not  with  any  other  pitch,  tboe 
screws  will  be  members  of  a  given  quadratic  five-system. 

226.    Polar  Borews. 

The  general  discussion  of  the  quadratic  screw-systems  is  a  rabjeci  of 
interest  both  geometrical  and  physiail.  We  shall  here  be  content  witk  • 
few  propositions  which  are  of  fundamental  importance. 

Let  as  before 

be  the  homogeneous  relation  between  the  co-ordinates  ^i,...,^«^i  of  ifce 
screws  which  constitute  a  quadratic  n-system. 

Let  i;  and  (^  denote  any  two  screws  other  than  6  and  chosen  from  tk 
enclosing  n-system,  from  which  the  screws  of  the  quadratic  ii-aj«teiD  avp 
selected  by  the  aid  of  the  condition  TJ^  =  0.  If  then  we  adopt  the  feftik 
method  of  investigation  introduced  by  Joachimsthal,  we  shall  sub^tituW  ii 
niU^-O  for  ^,, ...,  dn^i  the  res|>ective  values 

The  result  will  he 

where  ^ii<=  ?i   .+...  + ?h+i  ,     '. 

Scilving  this  qumlratic  equation  for  /  -r-  m  we  obtain  two  valuee  of  ^* 
ratio  and  hence  (§  111))  we  de<luce  the  following  theorem. 

Any  cylindroid  of  a  givtii  (w  +  1  )-system  wUl  pasxesM  generally  two  $erf^ 
belonging  to  every  qundratic  n-systein  which  the  given  (« +  l>-iyi«* 
encloses. 

If  the  two  scn»w«  17  and  f  hail  been  so  si^lected  that  they  satinlkil  ^ 
condition 
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then  the  two  roots  of  the  quadratic  are  equal  but  with  opposite  signs,  and 
hence  (§119)  we  have  the  following  theorem. 

If  the  condition  U^  =  0  is  satisfied  by  the  co-ordinates  of  two  screws  rj 
and  f  which  belong  to  the  enclosing  (n4-  l)-system,  then  these  two  screws  rj, 
f  and  the  two  screws  which,  lying  on  the  cylindroid  (rj,  f),  also  belong  to  the 
quadratic  n-system  U^  =  0,  will  be  parallel  to  the  four  rays  of  an  harmonic 
pencil. 

We  are  now  to  develop  the  conception  of  polar  screws  alluded  to  in  §  224, 
and  this  may  be  most  conveniently  done  by  generalizing  from  a  well-known 
principle  in  geometry. 

Let  0  be  a  point  and  S  a  quadric  surface.  Let  any  straight  line  through 
0  cut  the  quadric  in  the  two  points  Xi  and  X^,  Take  on  this  straight  line 
a  point  P  so  that  the  section  OXPiX^  is  harmonic ;  then  for  the  different 
straight  lines  through  0  the  locus  of  P  is  a  plane.  This  plane  is  of  course 
the  well-known  polar  of  P.  We  have  an  analogous  conception  in  the  present 
theory  which  appears  as  follows. 

Take  any  screw  r)  in  the  enclosing  (n-hl)-system.  Draw  a  pencil  of  n 
cylindroids  through  rj,  all  the  screws  of  each  cylindroid  lying  in  the  enclosing 
(n-h  l)-system.  Each  of  these  cylindroids  will  have  on  it  two  screws  which 
belong  to  the  quadratic  n-system  U0  =  0.  On  each  of  these  cylindroids  a 
screw  f  can  be  taken  which  is  the  harmonic  conjugate  with  respect  to  rj 
with  reference  to  the  two  screws  of  the  quadratic  n-system  which  are  found 
on  the  cylindroid.  We  thus  have  n  screws  of  the  f  type,  and  these  n  screws 
will  define  an  n-system  which  is  of  course  included  within  the  enclosing 
(n-f  l)-system. 

The  equation  of  this  n-system  is  obviously 

This  equation  is  analogous  to  the  polar  of  a  point  with  regard  to  a 
quadric  surface.  We  have  here  within  a  given  enclosing  (n  4-  l)-system  a 
certain  n-system  which  is  the  polar  of  a  screw  rj  with  respect  to  a  certain 
quadratic  n-system. 

The  conception  of  reciprocal  screws  enables  us  to  take  a  further  im- 
portant step  which  has  no  counterpart  in  the  ordinary  theory  of  poles  and 
polars.     The  linear  equation  for  the  co-ordinates  of  2^,  namely 

is  merely  the  analytical  expression  of  the  fact  that  ^  is  reciprocal  to  the 


^ 
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Hcrew  of  the  enclosing  (n  +  1)-Hy8teiu  whoBe  co-ordinates  are  pro|jorti<iMiAl 
to 

This  we  shall  temi  the  jx)lar  screw  of  tf  with  respite t  to  the  quadratic 
ii-system.  It  Is  supposed,  of  course,  that  the  screws  of  reference  are  ctk- 
reciprocals. 

1/  a  and  ff  be  two  scretva  of  an  enclosing  (n  +  lysysieni,  and  if  17  amd  ^ 
be  their  respective  polar  screws  with  reference  to  a  tpiadratic  n-syetem,  tJkem 
when  a  is  reciprocal  to  f  we  shall  have  ff  reciprocal  to  17.  For  we  have,  when* 
A  is  a  common  factor, 

k    -^'^U'        I.        _    ^     dU, 

Pi    ««!  Pn+i»a«41 

whence 

f^iPlVl^l  +  •••  -^  Pn^lVt^lfin^l)^  l^m$' 

If  therefore  /8  and  17  are  reciprocal  the  left-hand  memher  of  this  €H|uati<»n  i?* 
Zi»ro  and  so  must  the  right-hand  member  be  zero.  But  the  symmetr}*  !*how* 
that  }^  and  a  are  in  this  case  also  ri^cipntcal.  We  may  in  such  a  case  rt*ganl 
a  and  fi  as  two  conjugate  screws  of  the  qmulmtic  Yi-system. 

As  a  first  illustration  of  the  relation  between  a  screw  and  its  polar,  we 
shall  take  for  U^  =  0,  the  form 

;>!«!' +Pia>'+...  +  PiO«' - /)  (o,*  +  o,*  +  ...4-o«'  +  2a,a,co8(12)...  )- 0. 
This  means  of  course  that  f7.  =  0  denotes  every  screw  which  has  the  pitch  p 

Take  any  screw  a  and  draw  a  cylindroid  through  cl    The  two  screw?*  of 
pitch  p  on  this  cylindroid  belong  to  U  and  a  fourth  screw  0  may  be  takcti 
on  thLs  cylindroid  so  that  a,  0,  and  the  two  screws  of  pitch  p  form  10 
harmonic  pencil 

By  drawing  another  cylindroid  through  a  another  screw  of  the  d-sj"st<ia 
can  be  similarly  constructe*!.  If  these  five  cylindroids  be  drawn  thruagii  t 
we  can  coast  met  five  different  screws  of  the  ^-sj'stem.  To  these*  one  jcitw 
will  be  reciprocal,  and  this  is  the  polar  of  a.  We  have  thus  the  mtaa*  uf 
constructing  the  (M)lar  of  a. 

Seeing  however  that  t^.  =  0  includc^s  nothing  more  or  less  than  all  \hfi 
p  pilch  screws  in  the  universe  and  that  in  the  c«>nstniction  just  gireo  fcc ' 
the  {lolar  of  a  there  has  been  no  reference  t4>  the  screws  of  reference,  rm- 
metry  n*<|uin»s  that  the  |H>lar  of  a  must  bi»  a  scn»w  which  though  differmt 
from  a  must  be  symmetrically  placed  with  n'fen^'nce  thereto.  The  tdj 
nu*th«Ml  of  Mvuring  this  Ls  for  the  |M)lar  of  a  with  n*s|K*ct  to  this  parlictilftr 
function  U>  lie  on  the  same  stmight  line  as  a. 
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Hence  we  deduce  that  the  screw  with  co-ordinates 

and  the  screw  with  co-ordinates  proportional  to 

l^dU       l_d£         l^dU 
Pi  dai  '     p2  doa'  '"  Pi  da^  * 

in  which  U  is  the  expression 

Pifli'  +  PiOj* ...  -^PfiOf?  +  X (ai«  +  Oa* ...  +  2aia, cos  (12)  ...) 
must  be  coUinear,  and  this  is  true  for  all  values  of  X. 

We  hence  see  that  the  co-ordinates  of  a  screw  collinear  with  a  must  be 
proportional  to 

\^dR  X^dR 

''''^2iH  da,'     "^"^2^,  da,-' 
where 

iJ  =  «!« +  Oj*  +  ...  +  2aia,  cos  (12)  4- ... 

Thus  we  obtain  the  results  of  §  47  in  a  different  manner. 

227.    Dynamical  application  of  Polar  Screws. 

We  have  seen  (§  97)  that  the  kinetic  energy  of  a  body  twisting  about  a 
screw  0  with  a  twist  velocity  -^  and  belonging  to  a  n-system  is 


M(~^JW0^+...-¥Un'0n% 


the  screws  of  reference  being  the  principal  screws  of  inertia. 

If  we  make  Ui'^i'4- ... +t^'^n'  =  0,  then  0  must  belong  to  a  quadratic 
n-system.  This  system  is,  of  course,  imaginary,  for  the  kinetic  energy  of 
the  body  when  twisting  about  any  screw  which  belongs  to  it  is  zero*. 

The  polar  rj  of  the  screw  0,  with  respect  to  this  quadratic  n-system,  has 
co-ordinates  proportional  to 

~  ^i>  •••   —  ^n- 
Pi  Pn 

Comparing  this  with  §  97,  we  deduce  the  following  important  theorem : 

A  quiescent  rigid  body  is  free  to  twist  about  all  the  screws  of  an  enclosing 
(n  -h  l)'System  A,     If  the  body  receive  an  impulsive  wrench  on  a  screw  rj 

*  In  a  letter  to  the  writer,  Professor  Klein  pointed  oat  many  years  ago  the  importance  of  the 
aboTe  screw  S3r8tem.  He  was  led  to  it  by  expressing  the  condition  that  the  impnlsive  screw 
should  be  reciprocal  to  the  corresponding  instantaneous  screw. 

B.  16 
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belonffing  to  A,  then  the  body  will  commence  to  twist  about  the  ecrew  $.  of 
which  fj  is  the  polar  with  respect  to  the  quadratic  n-system  comp^jsed  <*/ 
the  imaginary  screws  about  which  the  body  w<mld  twist  with  zero  kinetic 
energy. 

If  a  rigid  body  which  has  freedom  of  the  nth  order  be  displaced  from  a 
position  of  stable  equilibrium  under  the  action  of  a  B^'stem  of  forct«  by  a 
twist  of  given  amplitude  about  a  screw  0,  of  which  the  co-ordinates  refem*d 
t()  the  n  principal  f*crews  of  the  potential  are  ^i,...  ^«,  then  the  pHcntial 
energy  of  the  new  position  may,  as  we  have  seen  (§  103)  be  expressed  by 

If  this  expression  be  equated  to  zero,  it  denotes  a  quadratic  ii-s\'^teiD. 
which  is  of  course  imaginary.  We  may  term  it  the  potential  qua^initir 
n-system. 

The  potential  quadratic  n-system  possesses  a  physical  importance  in 
every  respect  analognus  to  that  of  the  kinetic  (|uadratic  w-systvm :  b\ 
reference  to  (§  102)  the  following  theorem  can  be  de<luceil. 

If  a  rigid  b(Kly  be  displaced  from  a  position  of  stable*  e<)uilibrium  by  a  iwvft 
about  a  screw  0,  then  a  wrench  acts  upon  the  body  in  its  new  |Mjsitton  *^ 
a  screw  which  is  the  polar  of  0  with  respect  to  the  potential  quadratic 
n-system. 

The  constructions  by  which  the  harmonic  screws  were  determined  in  the 
ease  of  the  second  and  the  third  orders  have  no  analogies  in  the  fourth  order. 
We  shall,  therefore,  here  state  a  general  algebraical  method  by  which  they 
can  be  determined. 

Let  (7=0  be  the  kinetic  quadratic  n-system,  and  V^O  the  poteniiaJ 
quadratic  n-system,  then  it  follows  fn>m  a  well-known  algebraical  tho«tn*in 
that  one  set  t>f  screws  of  reference  can  in  general  be  found  which  will  ri'ilucv 
both  U  and  V  to  the  sum  of  n  H<)uares.  These  screws  of  reference  are  the 
harmonic  screws. 


We  may  here  also  make  the  remark,  that  any  quadratic  n-B\*stem 
generally  be  tmnsfunne<l  in  one  way  to  the  sum  of  n  siiuart*  temi.s 
co-reciprocid   scretvs  of  reference;    for    if    V^  and   p^   bt*    tnuiHfoma'tl  ^ 
that  each  c<»nxi>»t«  of  the  sum  of  n  sijuan*  torms,  then  the  form    for   th»- 
fxpreshiuii  of  p^  (§  3b)  shows  that  the  screws  are  co- reciprocal. 

228.    On  the  degrees  of  certain  aurfhces. 

W<'  have  aln^ady  hiul  (»oi*asion  (§  210)  to  drmonstratt*  that  the  gt*mnil 
lumditioii  that   tuo  sen^us  hlmll  intciM.-ct  involvfh  thi*  i-o  uidumtett  xA  t-a<:k 


■*-  - 
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of  the  screws  in  the  third  degree.  We  can  express  this  condition  as  a 
determinant  by  employing  a  canonical  system  of  co-reciprocals.  For  if  two 
screws  6  and  ^  intersect,  then  there  must  be  some  point  a?,  y,  z  which  shall 
satisfy  the  six  equations  (§  43) : 

(as  +  (h)y -  (Os  +  a4)'2^  =  a(ai  -  a,)  -p.  (aj  4-  a,), 
(ai  4-  flf,)^  -(05+  a«)a?  =  6  (a,  -  a4)-p.(a,  +04), 
(a,  4-  aja;-  («!  4-  aj)y  =  c  (a«  -  a.)  -p. (a„  4-  a«), 

(^«  +  ^«)y-(^.  +  ^4)-^  =  a(^i-^0-;?.(^i  +  ^2), 

{0,+  0,)x^(0,-he,)y  =  c{0,-0,)''p,{0,-^'0,). 

From  these  equations  we  eliminate  the  five  quantities  x,  y,  z,  p^,  p.  and 
the  required  condition  that  0  and  a  shall  intersect,  is  given  by  the  equa- 
tion 

0         ,  (a,  4-  a«),  -  (a,  +  a*),       («!  4-  Oj),  0       ,  a  (oi  -  Og)    =0. 

-  (a,  4-  a«),  0        ,  (a,  4-  '^2).        (a,  4-  a*),  0       .  6  (a,  -  a^) 

(0,4-04),  -(2i4-a,),  0        ,        (054-0,),  0       ,  c(a5-o«) 

0         ,  (^5  +  ^.),  -(^34-^4),           0         ,  (^i  +  ^,)>  a(^i-^a) 

-(^e+^«),  0        ,  (^i-f^,X           0        ,  {0,^-0,\  b(0,-0,) 

(0,+  04l  -(^i-h^a),  0,0,  {0,-^-0,1  c(0,-0,) 

Four  homogeneous  equations  between  the  co-ordinates  of  0  indicate 
that  the  corresponding  screw  lies  on  a  certain  ruled  surface.  Let  us  suppose 
that  the  degrees  of  these  equations  are  /,  m,  w,  r  respectively,  then  the  degree 
of  the  ruled  surface  must  not  exceed  Slmrir. 

For  express  the  condition  that  0  shall  also  intersect  some  given  screw  a, 
we  then  obtain  a  fifth  homogeneous  equation  containing  the  co-ordinates  of 
0  in  the  third  degree.  The  determination  of  the  ratios  of  the  six  co-ordi- 
nates ^1, ...  ^e  is  thus  effected  by  five  equations  of  the  several  degrees  I,  m, 
n,  r,  3.  For  each  ratio  we  obtain  a  system  of  values  equal  in  number  to 
the  product  of  the  degrees  of  the  equations,  i.e.  to  Slmnr,  This  is  accord- 
ingly a  major  limit  to  the  number  of  points  in  which  in  general  a  pierces 
the  sur£Eu;e,  that  is  to  say,  it  is  a  major  limit  to  the  degree  of  the  surface. 
Of  course  we  might  affirm  that  it  was  the  degree  of  the  surface  save  for  the 
possibility  that  through  one  or  more  of  the  points  in  which  a  met  the  surface 
more  than  a  single  generator  might  pass. 

As  an  example,  we  may  take  the  simple  case  of  the  cylindroid,  in  which 
/,  m,  n,  r  being  each  unity  the  locus  is  of  the  third  degree.     The  screws  of 

16--2 
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a  three-system  which  satisfy  an  equation  of  the  nth  degree  must  have  a* 
their  locus  a  surface  of  degree  not  exceeding  Sn.  The  most  important 
application  of  this  is  when  n«2,  in  which  case  the  screws  form  a  quadratic 
two-system.  The  degree  of  this  surface  cannot  exceed  six,  on  the  other 
hand,  if  the  quadratic  condition  which  we  may  Mrrite 

A  e,*  +  B0^*  +  Cd,»  +  2F0A  +  20tf j^,  +  2B0^0^  -  0. 

should  break  up  into  two  linear  fieu^tors  each  of  these  linear  (actoni  will 
correspond  to  a  cylindroid,  i^,  a  surface  of  the  third  degree.  Hence  the 
degree  of  the  surfi^ce  must  in  general  be  neither  less  than  six  nor  greaWr 
than  six,  and  hence  we  learn  that  the  surface  whieh  is  the  locus  of  tht^ 
screws  of  a  quadratic  two-system  is  of  the  sixth  degree. 

A  particular  case  of  special  importance  arises  when  the  pitches  of  all  the 
screws  on  the  surface  are  to  be  the  same.  The  statement  of  this  conditii>n 
is  of  course  one  equation  of  the  second  degree  in  the  co-ordinati«  of  iht 
screw.     In  the  case  of  canonical  co-reciprocals,  this  equation  would  he 

But  the  condition  that  0  and  a  shall  intersect  will  now  submit  to 
modification.  We  sacrifice  no  generality  by  making  a  of  zero  pitch.  9«> 
that  if  0  has  a  given  pitch  p^,  the  condition  that  a  and  0  shall  int^^r^^rt 
is  no  longer  of  the  third  degree.     It  is  the  linear  equation 

2v«t  ^PbCob  (off). 

If  therefore  the  co-ordinates  of  0  satisfy  three  homogeneous  equations  of 
degrees  /,  m,  n  respectively,  in  addition  to  the  equation  of  the  second  degrw 
expressing  that  the  pitch  is  a  given  quantity,  then  the  locus  is  a  surfiM^e  i4 
degree  not  exceeding  Htnn. 

As  the  simplest  illustration  of  this  result  we  observe  that  if  /»  m,  m  be 
each  unity,  the  locus  in  question  is  the  locus  of  the  screws  of  given  pitch  in 
a  three-system.  This  locus  cannot  therefore  be  above  the  second  dcgn^ 
and  we  know,  of  course  (Chapter  XIV.)  that  the  locus  is  a  quadric 

If  /  and  m  were  each  unity  and  if  n  »  2  we  should  then  have  the  locos 
of  screws  of  given  pitch  belonging  to  a  four-system  and  whose  co-<»rdinat4!» 
satisfied  a  certain  equation  of  the  second  degree.  This  locus  is  a  surface  tyf 
the  fourth  dogrtn;.  In  the  special  case  where  the  given  pitch  is  zem.  the 
surface  so  defined  is  known  in  the  theor}'  of  the  linear  complex.  It  is  there 
presented  as  the  locus  of  lines  belonging  to  the  complex  and  whose  co- 
ordinates further  satisfy  both  a  linear  equation  and  a  quadratic  equatioQ. 


Mr  A.  Panton  has  kindly  pointed  out  to  me  that  in  this  particular 
the  HurfSice  has  two  double  lines  which  are  the  screws  of  zen>  pitch  on  the 


228]  FREEDOM  OF  THE   FOURTH  ORDER.  245 

cylindroid  reciprocal  to  the  enclosing  four-system.  It  has  also  eight  singular 
tangent  planes  (four  through  each  double  line)  touching  all  along  a  generator. 
The  cylindi'oid  is  a  very  special  case  of  this  surface  in  which  one  of  the 
double  lines  is  at  infinity.  If  the  system  be  reciprocal  to  the  cylindroid 
0(ic"  +  y*)-hA:a?y  =  O,  then  the  cylindroid  to  which  the  surfieu^e  reduces  is 
0(ic'  +  y*)--Awy  =  O.  The  singular  tangent  planes  are  represented  by  the 
two  tangent  planes  at  the  limits  of  the  cylindroid. 


CHAPTER  XVII. 


FREEDOM   OF  THE   FIFTH   OIIDER. 


229.    Screw  Reciprocal  to  Five  Screws. 

There  is  no  more  important  theorem  in  the  Theorj'  of  Screws  than  ihmi 
which  asserts  the  existence  of  one  ncrew  reciprocal  to  five  given  novwu. 
At  the  commencement,  therefore,  of  the  chapter  of  which  this  theorem  it 
the  foundation,  it  may  be  well  to  give  a  demonstration  founded  on  elementJUT 
principles. 


Let  one  of  the  five  given  screws  be  tj^jified  by 

"-*-%-^*=  *  (pitch  =p4), 

«*  Pk  yu 


while  the  desired  screw  is  defined  by 

x  —  x      y  —  y'     z  -  2 


(pitch  =  p). 


a  /9  7 

The  condition  of  reciprocity  (§  20)  produces  five  e<|uations  of  the  following 
type:— 

« [(P  +  P*)  0*  +  fkHk  -  Pk^k]  +  /9  [(p  +  Pk)  fik-^oikSk-  Jk^k] 

+  7[(p  +  P»)7»  +  )9*'*-«*yJ  +  a*(7y'-/90  +  /9»(«u'-7«^') 

From  these  five  e<|uations  the  relative  values  of  thi»  six  tpiantitieai 

a.  /9.  7»  7y'  -  fis\  «^'  -  7-^'.  fi^'  -  ay 

can  b<*  detrnnine<l   by  linear  s4)lution.     Intr«Kiucing  tlu'M*  valui*s  into  i\^ 
identitv 

giv«*s  thi*  4*«|uation  which  d4*U'riiiinr>  p. 
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To  express  this  equation  concisely  we  introduce  two  classes  of  subsidiary 
magnitudes.     We  write  one  magnitude  of  each  class  as  a  determinant. 


pi  A  +  z^ 

Pi  A  +  Z^(X^ 
p8  A  +  z^n^ 


^iJu  />i7i  +  ^iA 
^tjt,  PsTi  +  ^sA 

^474>    P474  +  ^4A 


yitti,  «!,  A,  7i  ! 

yaOa,  Ota,  A»  72 

ysOj,  a„  A,  7s 

^404,  ^4,  Ai  74 

y8«8»  «8>  A»  75 


=  p. 


By  cyclical  interchange  the  two  analogous  functions  Q  and  R  are  defined. 
/>iai  +  yi7i-"'2^iA,  PiA  +  '2^iai--^i7i.  />i7i  +  ^iA--yiai,  A,  7i     =-^- 

PaOa  +  yiYa-^aA*  Rifi^-^  Z^- X/y^,  P97a  + ^aA- yaOta,  A,   72 

piOt-^y^t-Zifiz,  P»A  +  ^8af-^»78,  pi73  +  ^»A--y8af,  A»  78 

;    p4a4  +  y474-'^4A,    P4A+  '2^404 -^474>    PiJ*-^  ^i^A^  V^i,    A,    74 

p8a5  +  y875-'^5A,  pt^t-^ZsOs-x^ys,  pan  +  ^S^'-yfflky  A,  7* 
By  cyclical  interchange  the  two  analogous  functions  ilf  and  iV  are  defined. 
The  equation  for  p  reduces  to 

The  reduction  of  this  equation  to  the  first  degree  is  an  independent 
proof  of  the  principle,  that  one  screw,  and  only  one,  can  be  determined 
which  is  reciprocal  to  five  given  screws ;  p  being  known,  a,  yS,  7  can  be  found, 
»nd  also  two  linear  equations  between  x\  y\  /,  whence  the  reciprocal  screw  is 
completely  determined. 

For  the  study  of  the  screws  representing  a  five-system  we  may  take  the 
first  screw  of  a  set  of  canonical  coreciprocals  to  be  the  screw  reciprocal  to 
the  system.    Then  the  co-ordinates  of  a  screw  in  the  system  are 

0,  ^a,  ^s,...  ^«, 

while  if  X,  /i,  I'  be  the  direction  cosines  of  6  and  x,  y^  z  €k  point  thereon,  and 
p^  the  pitch  we  have  (§  43) 

{Pb  +  ^)  ^8  \  —  z  cos  /A  -h  y  cos  1/  =  0. 

We  can  obtain  at  once  the  relation  between  the  direction  and  the  pitch 
of  the  screw  belonging  to  the  system  and  passing  through  a  fixed  point. 
If  p,  =  0  and  z  and  y  be  given,  then  the  equation  shows  that  the  screw  is 
limited  to  a  plane  (§  110). 

230.    Biz  Screws  Reciprocal  to  One  Screw. 

When  six  screws,  Aiy  ...  -4«  are  reciprocal  to  a  single  screw  T,  a  certain 


^■.  "^   .> 
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relation  must  subsist  between  the  six  screwa  This  relation  may  be  ex- 
pressed by  equating  the  determinant  of  §  39  to  zero.  The  determinant 
(which  may  perhaps  be  called  the  sextant)  may  be  otherwise  expressed  a» 
follows : — 

The  equations  of  the  screw  Ai^  are 

We  shall  presently  show  that  wo  are  justified  in  assuming  for  7  the 
equations 

?-|-^  (pitch -pX 

The  condition  that  Ai^  and  T  be  reciprocal  is 

(p  +  P*)  (««»  +  )9A  +  774)  +  «?4  (7A  - /Sy*)  +  y*  (074  -  7«*) 

Writing  the  six  equations  of  this  type,  found  by  giving  k  the  ralues 
1  to  6,  and  eliminating  the  six  quantities 

pa,  p0,  py,  a,  /8,  7, 

we  obtain  the  result : — 

ttiPi  +  7iyi  -  A«i,  fiipi  +  «!*,  -  7i4:,.  7,p,  +  /3,a:i  - ai^,,  «,,  fit,  7,  ;  «  0. 

«•/>»+ 78yi-A»8»  Ap8+«t^8-7rr8,  7ipj  +  ^A-««y8.  «i.  A.  ti 

««P4  +  74y4  -  ^4^4,     fiiPA  +  V4  -  7rr4.    74p4  +  fi^i  "  a4y4.    «4,    A.    74 

««pi+7fyf-/8»'f»  Apf+Vf-7A»  7tPi  + /9a  -  ^lyi*  «i»  A.  7^ 

^Pt  +  7«yi  - /^•'•t  Ap«  +  Of'*  -  7t««»  7iP«  + /8tX^  -  o,y„  a,,  A,  7,  ' 

By  transformation  to  any  parallel  aaes  the  value  of  this  determinant 
ufmlterecL     The  evanescence  of  the  determinant   is   therefore  a 
condition  whenever  the  six  screws  are  reciprocal  to  a  single  screw, 
we  sacrificed  no  generality  in  the  assumption  that  T  passed  thixMigfa 
origin. 

Since  the  sexiant  is  linear  in  Xj,  y^,  t^  it  appears  that  all  parallel  scre^ 
of  given  pitch  reciprocal  to  one  screw  lie  in  a  plane.  Since  the  aexiant 
linear  in  Oi,  fix,  71,  we  have  another  proof  of  Mobius'  theorem  (§  1I0)l 

The  property  posses8e<l  by  six  screws  when  their  sexiant  vanishes  may 
eiitinriaUHl  in  diflfcn'nt  ways,  which  art'  precinely  inpiivalent. 

(a)     The  six  screws  are  all  reciprocal  to  one  screw. 
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(6)  The  six  screws  are  members  of  a  screw-system  of  the  fifth  order  and 
first  degree. 

(c)  Wrenches  of  appropriate  intensities  on  the  six  screws  equilibrate, 
when  applied  to  a  free  rigid  body. 

(d)  Properly  selected  twist  velocities  about  the  six  screws  neutralize, 
when  applied  to  a  rigid  body. 

(e)  A  body  might  receive  six  small  twists  about  the  six  screws,  so  that 
after  the  last  twist  the  body  would  occupy  the  same  position  which  it  had 
before  the  first. 

If  seven  wrenches  equilibrate  (or  twists  neutralize),  then  the  intensity 
of  each  wrench  (or  the  amplitude  of  each  twist)  is  proportional  to  the 
sexiaut  of  the  six  non-corresponding  screws. 

For  a  rigid  body  which  has  freedom  of  the  fifth  order  to  be  in  equilibrium, 
the  necessary  and  sufficient  condition  is  that  the  forces  which  act  upon  the 
\)ody  constitute  a  wrench  upon  that  one  screw  to  which  the  freedom  is 
xeciprocal.  We  thus  see  that  it  is  not  possible  for  a  body  which  has  freedom 
of  the  fifth  order  to  be  in  equilibrium  under  the  action  of  gravity  unless  the 
screw  reciprocal  to  the  freedom  have  zero  pitch,  and  coincide  in  position  with 
the  vertical  through  the  centre  of  inertia. 

Sylvester  has  shown*  that  when  six  lines,  P,  Q,  R,  S,  T,  U,  are  so  situated 
that  forces  acting  along  them  equilibrate  when  applied  to  a  free  rigid  body, 
a  certain  determinant  vanishes,  and  he  speaks  of  the  six  lines  so  related  as 
being  in  involution^. 

Using  the  ideas  and  language  of  the  Theory  of  Screws,  this  determinant 
is  the  sexiant  of  the  six  screws,  the  pitches  of  course  being  zero. 

If  ^m>  ymi  '^iit}  be  a  point  on  one  of  the  lines,  the  direction  cosines  of  the 
same  line  being  ol^,  ^m,ymy  the  condition  is 

«!,  A»  7i>  yi7i--'2^iA,  ^i<^i-^yu  «iA-yiOi    =0. 

«a»    A>    72»    ys72  — ^jA*    ^aaa--^Vy2>    ^^2"  Vt^t 

«8,  A>  7»>  yiif^i^M*  ^A-iiyysi  «»A-yA 

04,     A,     74,      y^fA-ZiPi.     ^404-^474,     ^^€^1^  Va^U 

Oa,  A,  7«>  yfii—^iPit  Z\f^  —  ^€i^>  «»A-yi«6 
«•>  A,  76,  yfTi^-Zf^&fi,  ^A-«676i  ^•A-yA 

*  Comptes  Rendut,  tome  52,  p.  816.    See  also  p.  741. 

t  In  oar  language  a  system  of  lines  thus  related  consists  of  the  terewi  of  equal  pitch  belonging 
to  a  five-tyttem.  In  the  language  of  Pliicker  (Neue  Oeometrie  des  Raumet)  a  sjstem  of  lines 
in  involation  forms  a  linear  complex.  It  may  save  the  reader  some  trouble  to  observe  here 
that  the  word  involution  has  been  employed  in  a  more  generalised  sense  by  Battaglini,  and  in 
quite  a  different  sense  by  Klein. 
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It  must  always  be  possible  to  find  a  single  screw  X  which  is  rcciprocmi 
to  the  six  screws  P,  Q,  R,  S,  1\  U.  Suppose  the  rigid  body  were  only  ft^ie 
to  twist  about  X,  then  the  six  forces  would  not  only  collectively  be  in  etiui* 
librium,  but  severally  would  be  unable  to  stir  the  body  only  frue  to  iwi»t 
about  X, 

In  general  a  body  able  to  twist  about  six  screws  (of  any  pitch)  would 
have  perfect  freedom ;  but  the  body  capable  of  rotating  about  each  of  ihtr 
six  lines,  P,  Q,  R,  S,  T,  U,  which  are  in  involution,  is  not  necessarily  perfectly 
free  (Mobius). 

If  a  rigid  body  were  perfectly  free,  then  a  wrench  about  any  screw  coakl 
move  the  body ;  if  the  body  be  only  free  to  rotate  about  the  six  line*  in 
involution,  then  a  wrench  about  every  screw  (except  A')  can  move  iu 

The  canjugcUe  axes  discussed  by  Sylvester  are  presented  in  the  Theory  i4 
Screws  as  follows: — Draw  any  cylindroid  which  contains  the  reciprocal 
screw  X,  then  the  two  screws  of  zero  pitch  on  this  cylindroid  are  a  pair  of 
conjugate  axes.  For  a  force  on  any  transversal  intersecting  this  pair  of 
screws  is  reciprocal  to  the  cylindroid,  and  is  therefore  in  involution  with  the 
original  system. 

Draw  any  two  cylindroids,  each  containing  the  reciprocal  screw,  then  all 
the  screws  of  the  cylindroids  fonn  a  screw  system  of  the  third  order. 
Therefore  the  two  pairs  of  conjugate  axes,  being  four  screws  of  lero  pitch, 
must  lie  upon  the  same  quadric.  This  theorem,  due  to  Sylvester,  is  pit>ved 
by  him  in  a  different  manner. 

The  cylindroid  also  presents  in  a  clear  manner  the  solution  of  the 
problem  of  finding  two  rotations  which  shall  bring  a  body  from  one  position 
to  any  other  given  position.  Find  the  twist  which  would  eflfect  the  deflin<d 
change.  Draw  any  cylindroid  through  the  corresponding  screw,  then  the 
two  screws  of  zero  pitch  on  the  cylindroid  are  a  pair  of  axes  that  fulfil  the 
required  conditions.  If  one  of  these  axes  were  given  the  cylindroid  won 
be  defined  and  the  other  axis  would  be  detenninate. 

231.    Four  Screws  of  a  FlTe-tyttem  on  erery  Qnmdiic. 

On  any  single  sheetiHl  hy|K»rbi>loid  four  screws  of  any  given  pitch  p 
in  geneml  Ik»  dt*t«»rmimHl  which  behmg  U)  any  given   system  of  the  6fC 
order.     A  jwiir  of  these  screws  lie  on  each  kind  of  generator. 

Let  A'  be  the  screw  n*ci|*nK*al  to  the  system.     Take  any  three  genefmt«i 
At  B,  C  of  one  syst«'m  on  the  hyperboloid,  and  regarding  them  as  screwt        <j/ 
pitch— /)dniw  the  rylindn)id  XA  and  take  on  this  il' the  siHX>nd  sctpw  *-«i-.>/ 
pilch  —  p.     Then  the  two  sonws  of  pitch  p  wliieh  can  be  drawn  as  IransvvrMfc-** 
junmH  A,  B,  (\  /I   are  coincident  with  two  generators  of  the  hyperbok**iJ 
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while  they  are  also  reciprocal  to  the  cylindroid  because  they  cross  two  screws 
thereon  with  pitches  equal  in  magnitude  but  opposite  in  sign.  They  are 
therefore  reciprocal  to  X.  In  like  manner  it  can  be  shown  that  two  of  the 
other  system  of  generators  possess  the  same  property. 

On  every  cylindroid  there  is  as  we  know  (§  26)  one  screw  of  a  given  five- 
system.  This  important  proposition  may  be  otherwise  proved  as  follows. 
Let  0  be  the  co-ordinates  of  a  screw  on  the  cylindroid,  then  these  co-ordinates 
mast  satisfy  four  linear  equations.  There  must  be  a  fifth  equation  in  the 
six  quantities  0i,  ...  6^  inasmuch  as  ^  is  to  lie  on  the  given  five-system. 
Thus  from  these  five  equations  one  set  of  values  of  ^i,  ...  0^  can  be 
determined. 

On  a  quadratic  two-system  (§  224)  there  will  always  be  two  screws 
belonging  to  any  given  five-system.  For  the  quadratic  two-system  is  the 
surface  whose  screws  satisfy  four  homogeneous  equations  of  which  three  are 
linear  and  one  is  quadratic.  If  another  linear  equation  be  added  two 
screws  on  the  surface  can,  in  general,  be  found  which  will  satisfy  that 
equation. 

232.    Impulsive  Screws  and  Initaiitaiieoui  Screws. 

We  can  determine  the  instantaneous  screw  corresponding  to  a  given 
impulsive  screw  in  the  case  of  freedom  of  the  fifth  order  by  geometrical 
considerations.  Let  X,  as  before,  represent  the  screw  reciprocal  to  the  freedom, 
^tnd  let  p  be  the  instantaneous  screw  which  would  correspond  to  X  as  an 
impulsive  screw,  if  the  body  were  perfectly  free;  let  17  be  the  screw  on  which 
^he  body  receives  an  impulsive  wrench,  and  let  f  be  the  screw  about  which 
^^Jie  body  would  commence  to  twist  in  consequence  of  this  impulse  if  it  had 
sn  perfectly  free. 


The  body  when  limited  to  the  screw   system   of  the   fifth   order  will 

^x>nunence  to  move  as  if  it  had  been  free,  but  had  been  acted  upon  by  a 

^c^rtain  unknown  wrench  on  X,  together  with  the  given  wrench  on  17.     The 

:Kiovement  which  the  body  actually  acquires  is  a  twisting  motion  about  a 

^screw  0  which  must  lie  on  the  cylindroid  (f ,  />).     We  therefore  determine  0 

^%o  be  that  one  screw  on  the  known  cylindroid  (f,  p)  which  is  reciprocal  to  the 

,^ven  screw  X.     The  twist  velocity  of  the  initial  twisting  motion  about  0,  as 

"well  as  the  intensity  of  the  impulsive  \vrench  on  the  screw  X  produced  by 

Uhe  reaction  of  the  constraints,  are  also  determined  by  the  same  construction. 

YoT  by  §  17  the  relative  twist  velocities  about  0,  f ,  and  p  are  known ;  but 

since  the  impulsive  intensity  17'"  is   known,  the  twist  velocity  about  f  is 

known  (§  90);  and  therefore,  the  twist  velocity  about  0  is  known;  finally, 

from  the  twist  velocity  about  p,  the  impulsive  intensity  X"'  is  determined. 
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233.    Analytical  Method. 

A  quiescent  rigid  body  which  has  freedom  of  the  fifth  order  receives  an 
impulsive  wrench  on  a  screw  17 :  it  is  required  to  determine  the  instantaiieoa<« 
screw  0,  about  which  the  body  will  commence  to  twist. 

Let  X  be  the  screw  reciprocal  to  the  freedom,  and  let  the  co-ordioates  be 
referred  to  the  absolute  principal  screws  of  inertia.  The  given  wrench  com* 
pounded  with  a  certain  wrench  on  X  must  constitute  the  wrench  whkh,  if 
the  body  were  free,  would  make  it  twist  about  0,  whence  we  deduce  the  ui 
equations  {h  being  an  unknown  quantity) 

hpi0i  as  fl'"ffi  +  X'"Xi 


Multiplying  the  first  of  these  equations  by  X,,  the  second  by  X,,  ^.,  adding 

the  six  equations  thus  produced,  and  remembering  that  0  and  X  are  redpitical. 

we  deduce 

i;'"2i;»X,  +  X'"2X,»  =  0. 

This  equation  determines  X'"  the  impulsive  intensity  of  the  reacitoo  of 
the  constraints.  The  co-ordinates  of  the  required  screw  0  are,  thcreiurv. 
proportional  to  the  six  quantities 

^iSXt»~  X|2i;iX|  i;iSX|»~X^Si;>Xi 

■  • .  •  ^^"^^  . 

Pi  P^ 

234.    Principal  Screws  of  Inertia. 

We  can  now  determine  the  co-ordinates  of  the  five  principal  scxevs  of 
inertia ;  for  if  f  be  a  principal  screw  of  inertia,  then  in  general 

x"'x, 

wbeDOC  f.  =  ^--^^, 

with  similar  values  for  („  ...  {«•     Substituting  these  values  in  the  eqoatioii 

and  making  ^  a  a;,  we  have  for  a  the  equation 

pAi'  ^  P^^.hhl.^  P^\^  P»^'  ^.  Mi!.„o. 

Pl-^         Pi-'^         Pt-  J^         P4-*  />!-«         />•-* 

This  e(|uation  is  of  the  fiflh  degree,  corresponding  to  the  five  principal 
screws  of  inertia.  If  x*  denote  one  of  the  roots  of  the  equation,  thvn  xhc 
correMp>nding  principal  screw  of  inertia  has  co-ordinates  proportional  to 

Xi  X,  X,  X4  X»  Kg 

p,-ar"   pT-*'   Pj-*'*  P4-«'*  Pi-*"  ;^-'" 
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We  can  easily  verify  as  in  §  84  that  these  five  screws  are  co-reciprocal  and 
are  also  conjugate  screws  of  inertia. 

It  is  assumed  in  the  deduction  of  this  quintic  that  all  the  quantities 
X,...  X«  are  diflferent  from  zero.  If  one  of  the  quantities,  suppose  Xi,  had 
been  zero  this  means  that  the  first  absolute  principal  Screw  of  Inertia 
would  belong  to  the  n-systera  expressing  the  freedom. 

Let  us  suppose  that  X,  =  0  then  the  equations  are 


Of  course  one  solution  of  this  system  will  be  V"  =  0,  f,  =  0 ...  f,  =  0.  This 
means  that  the  first  absolute  principal  Screw  of  Inertia  is  also  one  of  the 
principal  Screws  of  Inertia  in  the  n-system,  as  should  obviously  be  the  case. 
For  the  others  ^i  =  0  and  we  have  an  equation  of  the  fourth  degree  in 

In  the  general  case  we  can  show  that  there  are  no  imaginary  roots  in  the 
quintic,  for  since  the  screws 

Xl  Xj  Aj 


and 


Pi-af'      P9-^'      i>6--^" 
Xi  x^  \^ 

Pi—X  Pi  —  X  Pe  —  ^ 


are  conjugate  screws  of  inertia,  we  must  have  (§  81) 
If  a^  =  a  + 1)9 ;  y'  =  a  —  i^  then  this  equation  reduces  to 

but  as  these  are  each  positive  terms  their  sum  cannot  be  zero.     This  is  a 
particular  case  of  §  86.     (See  Appendix,  note  2.) 

236.     The  limiti  of  the  rooti. 

We  can  now  show  the  limits  between  which  the  five  roots,  just  proved  to 
be  real,  must  actually  lie  in  the  equation 

Pi  -  ^  Pt-X 
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and  suppose  qi,  q^,  q^,  q^,  9»,  9e  to  be  in  descending  order  of  magnitude. 
Thus  -^'    +-^-    4....  +  -^«0. 

y-9i    y-9«         y-9« 

That  is     Xi»(y- 9>)(y-  9i)(y -gJ (y  -9»)(y -  ?•)  +  ••• 

+  V(y  -  9i)  (y  -  9»)(y  -  ?»)(y  -  ?*)  (y-?*^— ^ 

In  the  lefV-hand  member  of  this  equation  substitute  the  valuer 

9i>  9si  q%f  94>  9b>  9« 

Huccessively  for  y ;  five  of  the  six  terms  vanish  in  each  case,  and  the  valntf!"  **i 
the  remaining  ti^rm  (and  therefore  of  the  whole  member)  are  alteniat<-/5 
positive  and  negative. 

The  five  vahies  of  y  must  therefore  lie  in  the  intervals  between  the  n  ^ 
quantities 9,.  9,, ...  q^,  the  roots  are  accordingly  proved  to  be  real  and  diMi 
(unless  one  of  the  quantities  X,,  \,,  X,,  X4,  X^,  Xt  =  0  and  a  further  cooditi* 
hold,  or  unless  some  of  the  quantities  7,,  ...  9,  be  equal). 

The  values  of  p^,  ...  />,  are  ±a,  ±b,  ±c;  and  we  suppose  a,  6,  e,  pcMnti\r - 
and  a>b>c. 

The  values  of  y  lie  in  the  successive  intervals  between 

111111 

c*   6'    a*       a'       b'       c' 

and  consei|uentlj'  of  the  n)ots  of  the  e<|uation  in  x. 

Two  are  |xisitive  and  lie  between  a  and  b,  and  Kawcen  6  and  c  rt>s|H»oiivciT 

Two  are  negative  and  He  between  —  a  and  —  6,  and  between  —  b  and  -  ^ 
respectively. 

The  last  is  either  positive  and  >  a  or  negative  and  <  —  a. 

236.    The  Peotenoid. 

A  surface  of  some  int<.*rest  in  connection  with  the  freedom  of  the  fifth 
t»nk'r  may  l)e  invi^tigat(t<l  as  follows. 

Ix»t  a  hv   the    pitch    of   the   one  screw   a>,  to  which  the  five  H\jiWfi;   ;^ 
reciprocal. 

Take  any  [K>int  O  on  oi  and  draw  thn)Ugh  O  any  two  right  lines  (>>*.  mnd 
(iZ   whieli  are  at   right  angles  luid    v\hieh   Hi?   in   the   plane   |K»qK*n«iic*i[.vf 

to     <i). 
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Then  if  d  be  a  screw  of  the  five-system  with  direction  cosines  cos  X, 
cos  /I,  COS  f,  and  if  w,  y,  z  be  a  point  on  the  screw  6  and  p«  its  pitch  we  must 
have  (§  216) 

( p(  +  a)  cos  X  +  ^  cos  ^  -  y  cos  c  =  0, 


Everything  that  we  wish  to  specify  about  the  five-system  may  be 
conveniently  inferred  from  this  equation. 

For  example,  let  it  be  desired  to  find  the  locus  of  the  screws  of  a  five* 
system  which  can  be  drawn  through  a  given  point  w,  i/,  /  and  have  the 
given  pitch  p(. 

We  have  (  P»  +  ")  cob  X  +  j'  cos  ;*  —  y*  cob  i*  =  0, 

If  X,  y,  z  be  a  point  on  6  we  may  substitute  ai  —  w,  y'—y,  if  —  z  for  cos X, 
ooe  /I,  C06  V,  and  we  obtain 

(p,  +  a)(a:--«)  +  y(y'-y)-y'(/-2')  =  0, 

whence  we  see  that  the  locus  is  a  plane,  as  has  been  already  proved  other* 
wise.    (When  the  pitch  is  zero,  this  is  Mtibius'  theorem,  §  110.) 

If  we  change  the  origin  to  some  other  point  P  which  may  with  complete 
generality  be  that  point  whose  co-ordinates  are  o.  A,  o  and  call  X,  Y,  Z  the 
oo-ordinates  with  these  new  axes,  the  equation  becomes 

(p#  +  o)cosX  +  ^co8^-(y"  +  A)cos»i  =  0. 
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Let  the  radius  vector  of  length  p^  +  a^  Rhe  marked  oflf  along  each  acre v 
$  drawn  through  P,  then  the  equation  becomes 

RX  =  hZ, 

or  squaring  {X^  +  F'  +  Z^)  X^  =  h^Z\ 

This  represents  a  surface  of  the  fourth  degree.  A  model  of  the  sur£M>e 
has  been  constructed*.  It  is  represented  in  Fig.  41,  and  from  its  resemblaooe 
to  the  valves  of  a  scallop  shell  the  name  pectenoid  is  suggested. 

The  geometrical  nature  of  a  pectenoid  is  thus  expressed.  Given  a  screw 
a  of  pitch  p«  and  a  point  0  situated  anywhere.  If  a  screw  0  drawn  thnmgli 
0  be  reciprocal  to  a  then  the  extremity  of  a  radius  vector  from  0  along  0  equal 
to  /n.  +  Pi  will  trace  out  a  pectenoid. 

All  pectenoids  are  similar  surfaces,  they  merely  differ  in  size  in  aocordaooe 
with  the  variations  of  the  quantity  h.  The  perpendicular  from  O  upon  a  is 
a  nodal  line,  and  this  is  the  only  straight  line  on  the  surface.  The  pectenoid 
though  unclosed  is  entirely  contained  between  the  pair  of  parallel  planes 
Za>  +  A,  Z^^h,  Sections  parallel  to  the  plane  of  Z  are  hyperbolaa.  Anj 
plane  through  the  nodal  line  cuts  the  pectenoid  in  a  circle. 

A  straight  wire  at  right  angles  to  the  nodal  line  marked  on  the  nKwiel 
indicates   the   screw  reciprocal  to  the  five-system.     A   second  wire  ^tAru 
from  the  origin  and  projects  from  the  surface.     It  is  introduced   to  show 
concisely  what  the  pectenoid   expresses.     If  this   wire   be   the   axis  of  a 
screw  0  whose  pitch  when  added  to  the  pitch  of  the  screw  a,  is  equal  to 
the  intercept   from   the   origin    to   the   surface   then   the   two   screws  an^ 
reciprocal.     The  interpretation  of  the  nodal   line  is  found  in  the  obvious 
truth  that  when  two  screws  intersect  at  right   angles   they  are   reciprocal 
whatever  be  the  sum  of  their  pitches.     One  of  the  circular  sections  madt^ 
by  a  plane  drawn  through  the  nodal  line  is  also  indicated  in  the  model    The   -^ 
physical  interpretation  is  found  in  the  theorem  already  mentioned,  that  nil  M. 
screws  of  the  same  pitch  drawn  through  the  same  point  and  reciprocal  t^*...^. 
a  given  screw  will  lie  in  a  plane. 

With  the  help  of  the  pectenoid  we  can  give  another  proof  of  the  theorei 
that  all  the  screws  of  a  four-system  which  can  be  drawn  through  a  point  Ik 
on  a  cone  of  the  second  degree  (§  123). 

Let  0  be  the  point  and  let  a  and  /3  be  two  screws  on  the  c}*lindroF^< 
reciprocal  to  the  system.     Let  ^  be  a  screw  thn)ugh  0  belonging  to  tl 
four-system  and  therefore  reciprocal  to  a  and  to  ^. 

Then  for  the  pectenoid  relating  U)  0  and  a,  wt*  have 
where  3/»0,  N^O  reprew*nt  plane5  |Missiiig  thn»ugh  (>. 

*  TramsaeiUmM  of  the  lioyal  Irish  Academ:^,  Vol.  xxt.  PUt«  lit.  (1K71). 
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In  like  manner  for  the  pectenoid  relating  to  0  and  ^,  we  have 

where   M'  =  0,  N'  =  0  also   represent   planes   passing   through    0,   whence 
eliminating  p^  we  have 

(pa  -pfi)  MM'  -  hNM'  +  VN'M  =  0. 

The  equation  of  the  pectenoid  can  also  be  deduced  directly  as  follows. 

Let  five  screws  of  the  five-system  be  given.  Take  a  point  0  on  one  of 
these  screws  (a)  and  through  0  draw  four  screws  )8,  7,  S,  e  which  belong  to 
the  four-system  defined  by  the  remaining  four  screws  of  the  original  five. 
Let  there  be  any  three  rectangular  axes  drawn  through  0.  Let  ^i,  a,,  a,  be 
the  direction  cosines  of  a  and  let  /3i,  ^,,  ^%  be  the  direction  cosines  of  P, 
and  similarly  for  7,  S,  e.  Let  6  be  some  other  screw  of  the  five-system 
ivhich  passes  through  0  and  let  ^1,  ^j,  ^,  be  its  direction  cosines,  then  if 
twists  of  amplitudes  a',  ff,  7',  5',  e',  &  neutralize  we  must  have 

«'«!  +  fffi^  +  771  +  S'Si  -h  €'61  +  ffe^  =  0, 
a'aa-f.)8'A-h77a-hS'Sa  +  €'€,-h^^2  =  0, 
a'a,  -h  fffi^  -h  7V,  +  S' S,  -h  €€,  -h  ^ ^3  =  0, 
bccanse  the  rotations  neutralize,  and  also 

op.  a,  +  )8>^/8l  +  7'py7i  +  S'paSi  +  €>,€i  -h  ^;)e^i  =  0, 
a'p.Oa  -h  /8'p^i92  +  7'py7s  +  ^'Ph^%  +  e'p.ea  +  ffp^Q^  =  0, 
o>.a,  4-  /8';)^/9,  +  7>y7s  -h  S'paS,  -h  e'p.e,  +  ^p,^,  =  0, 
whence  by  elimination  of  a',  /S', ...  ^,  we  have 

=  0. 


«!                 A 

7i 

81          e, 

^. 

««       A 

72 

Sj         €2 

^a 

a,         A 

7s 

Sj             €j 

^. 

p«Oi     p^^l 

Py7i 

Pa^i      Pt^i 

M 

i>««a     P^A 

i>y7t 

PaSa     p.ea 

pA 

p.Os     P^A 

Py7s 

Ph^     P.e, 

M 

IS  the  form 

-n- 

Le,  -h  3/e,  -h  i^^. 

Letp,  =  p-A  and   B^^x^p,  Ot-y-^p,  0s  =  z-^p   then  by  reduction   and 
transformation  of  axes  we  obtain 

pz  =  ay, 

where  y  and  ^  are  planes  at  right  angles  and  a  is  constant.     This  is  the 
equation  of  the  pectenoid. 


CHAPTER  XVIII. 
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237.  IntrodnotioiL 

When  a  rigid  body  has  freedom  of  the  sixth  order,  it  is  peHectlT  fret. 
The  Hcrew  system  of  the  sixth  order  inclu<les  even*  screw  in  space.  The 
statement  that  there  is  no  reciprocal  screw  to  such  a  systein  is  mervly  a 
different  way  of  asserting  the  obvious  proposition  that  when  a  body  \» 
perfectly  free  it  cannot  remsun  in  e<]uilibrium,  if  the  forces  which  act  upoo 
it  have  a  resultant. 

238.  ImpoUiTe  Screws. 

Let  A  I,  Af,  ...  denote  a  series  of  instantaneous  screws  which  correspond 
respectively  to  the  impulsive  screws  /?,,  /i,,  ...  the  body  being  perfectly 
free.  Corresponding  to  each  pair  ^,,  /2,  is  a  certain  specific  parmmetirr. 
This  [Mirameter  may  be  conveniently  defined  to  be  the  twist  velocity  pro- 
duced about  A I  by  an  impulsive  wrench  on  if,,  of  which  the  intensity  is  oot' 
unit.  If  six  pairs,  ^,,  /f,;  .^,,  72,,  ...  be  known,  and  also  the  corresipoodini; 
s[)ecific  iiarameters,  then  the  impulsive  wrench  on  any  other  screw  R  can 
be  resolve*!  into  six  impulsive  wrenches  on  Ri,..,R^,  these  will  producr 
six  known  twist  velocities  on  il,, ...  A^,  which  being  compounded  deierminr 
the  screw  A,  the  twiKt  velocity  about  A,  and  therefore  the  specific  para- 
meter of  R  and  A.  We  thus  see  that  it  is  only  necessary  to  be  given  six 
corrt'Hjionding  pairs,  and  their  specific  pammeters,  in  order  to  dvterminr 
completely  the  effect  of  any  other  impulsive  wrench. 

1/  seven  jxiirs  of  correnponding  instanUineoua  and  impuUite  mcremm  be 
(j\i*tn,  then  the  relation  between  every  other  pair  w  abioiutely  lietermimed. 
It  apiM'ars  from  §  2H  that  apprDpriate  twist  veliicities  about  il,,...*4.  can 
neutralis4*.  When  thin  is  th«'  vi\si\  the  eorn»s})oncling  impulsive  wrt^ncb*-* 
on  W,,.../^,  must  tH|uilibnite,  and  therefore  the  relative  values  of  tb^ 
int4'h^itie?«  are  known.  It  follows  tluit  the  h{K*cific  ]Nirameter  of  each  |iatr 
/t|.  Ri  is  pn>|>ortional  U»  th«'  quotient  tibtainiHi  by  dividing  the  sexiani  k4 


237-239]  FREEDOM   OF  THE   SIXTH  ORDER.  259 

il,,...ile,  by  the  sexiant  of  B,,...i28.  With  the  exception  of  a  common 
factor,  the  specific  parameter  of  every  pair  of  screws  is  therefore  known, 
when  seven  corresponding  screws  are  known.  It  will  be  shown  in  Chap.  XXI. 
that  three  corresponding  pairs  are  really  sufficient. 

When  seven  instantaneous  screws  are  known,  and  the  corresponding 
seven  impulsive  screws,  we  are  therefore  enabled  by  geometrical  construction 
alone  to  deduce  the  instantaneous  screw  corresponding  to  any  eighth  impulsive 
screw  and  vice  versd. 

A  precisely  similar  method  of  proof  will  give  us  the  following  theorem : — 

If  a  rigid  body  be  in  position  of  stable  equilibrium  under  the  influence 
of  a  system  of  forces  which  have  a  potential,  and  if  the  twists  about  seven 
given  screws  evoke  wrenches  about  seven  other  given  screws,  then,  without 
further  information  about  the  forces,  we  shall  be  able  to  determine  the 
screw  on  which  a  wrench  is  evoked  by  a  twist  about  any  eighth  screw. 

We  may  present  the  results  of  the  present  section  in  another  form.  We 
must  conceive  two  corresponding  systems  of  screws,  of  which  the  correspond- 
ence is  completely  established,  when,  to  any  seven  screws  regarded  as 
belonging  to  one  system,  the  seven  corresponding  screws  in  the  other  system 
are  known.  To  every  screw  in  space  viewed  as  belonging  to  one  system 
will  correspond  another  screw  viewed  as  belonging  to  the  other  system. 
Six  screws  can  be  found,  each  of  which  coincides  with  its  correspondent. 
To  a  screw  system  of  the  nth  order  and  mth  degree  in  one  system  will 
correspond  a  screw  system  of  the  nth  order  and  mth  degree  in  the  other 
system. 

We  add  here  a  few  examples  to  illustrate  the  use  which  may  be  made  of 
screw  co-ordinates. 

239.    Theorem. 

When  an  impulsive  force  acts  upon  a  free  quiescent  rigid  body,  the 
directions  of  the  force  and  of  the  instantaneous  screw  are  parallel  to  a  pair 
of  conjugate  diameters  in  the  momental  ellipsoid. 

Let  Vw'Vt  be  the  co-ordinates  of  the  force  referred  to  the  absolute 
principal  screws  of  inertia,  then  (§  35) 

and  from  (§  41)  it  follows  that  the  direction  cosines  of  17  with  respect  to  the 
principal  axes  through  the  centre  of  inertia  are 

17—2 
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If  a,  6,  c  be  the  radii  of  gyration,  then  the  inBtantaneous  ncrew  cor- 
responding to  17  ha8  for  co-ordinates 

,^i      _5i       ,^1      _V*       ,V^      _5? 
a  a  o  0  c  c 

The  condition  that  17  and  its  instantaneous  screw  shall  be  parallel  tn  a 
pair  of  conjugate  diameters  of  the  momental  ellipsoid  is 

or  ^/>,V  =  p,  =  0. 

But  if  the  impulsive  wrench  on  17  be  a  force,  then  the  pitch  of  iy  is  ft-n». 
whence  the  theorem  is  proved. 

240.  Theorem. 

When  an  impulsive  wrench  acting  on  a  free  rigid  body  producw  an 
instantaneous  rotation,  the  axis  of  the  rotation  must  be  perpemlictilar  to 
the  impulsive  screw. 

Let  i/i, ...  i/c  be  the  axis  of  the  rotation,  then 

or 

«  (^1  -  Vi)  (Vi  +  ih)  +  6  (^j  -  V*)  (Vi  +  ^4)  +  C  (17,  - 17,)  (fft  +  v)  -  0, 

whence  the  screw  of  which  the  co>ordinates  are  +ai7i,  — ai^,  +6i|i. -. 
perpendicular  to  17,  and  the  theorem  is  proved. 

From  this  theorem,  and  the  last,  we  infer  that,  when  an  impalsive/o 

acting  on  a  rigid  body  produces  an  instantaneous  rotation,  the  direction  oc J 

the  force,  and  the  axis  of  the  rotation,  are  parallel  to  the  principal  axi«  <    .^m4 
a  section  of  the  momental  elli])soid. 

241.  Principal  Axis. 

If  17  be  a  principal  axLs  of  a  rigid  Ixxly,  it  is  recpiired  to  prove  that 

reference  being  made  to  the  absolute  principal  screws  of  inertia. 

For  in  thin  case  a  force  along  a  line  0  intersecting  17,  oompoanded  w^a^th 
a  couple  in  a  plane  pt^qn^ndicular  to  rj,  must  constitute  an  impulmve 
to  which  f)  cH)rres|)on(Ls  as  an  instanUintHms  screw,  whence*  we  deduce  (J  11 
h  an<l  k  Inking  the  samt'  for  each  c<K>nlinate, 

Pi  dVi 


.       h    dli      , 
P*  dfft 
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Elxpressing  the  condition  that  p^  =  0,  we  have 

but  we  have  already  seen  (§  131)  that  the  two  last  terms  of  this 
equation  are  zero,  whence  the  required  theorem  is  demonstrated. 

The  formula  we  have  just  proved  may  be  written  in  the  form 

^Pi  •  PiVi '  PiVi  =  0. 

This  shows  that  if  the  body  were  free,  then  an  impulsive  force  suitably 
placed  would  make  the  body  commence  to  rotate  about  rf.  Whence  we  have 
the  following  theorem*: — 

A  rigid  body  previously  in  unconstrained  equilibrium  in  free  space  is 
supposed  to  be  set  in  motion  by  a  single  impulsive  force ;  if  the  initial  axis 
of  twist  velocity  be  a  principal  axis  of  the  body,  the  initial  motion  is  a  pure 
rotation,  and  conversely. 

It  may  also  be  asked  at  what  point  of  the  body  one  of  the  three 
principal  axes  coincides  with  t)  ?  This  point  is  the  intersection  of  0  and  rj. 
To  determine  the  co-ordinates  of  0  it  is  only  necessary  to  find  the  relation 
l>etween  h  and  k,  and  this  is  obtained  by  expressing  the  condition  that  0  is 
reciprocal  to  rj,  whence  we  deduce 

2A  +  Aru,«  =  0. 

Thus  0  is  known,  and  the  required  point  is  determined.  If  the  body  be 
fixed  at  this  point,  and  then  receive  the  impulsive  couple  perpendicular  to 
rf,  the  instantaneous  reaction  of  the  point  will  be  directed  along  0. 

242.    Harmonic  Screws. 

We  shall  conclude  by  stating  for  the  sixth  order  the  results  which  are 
included  as  particular  cases  of  the  general  theorems  in  Chapter  IX. 

If  a  perfectly  free  rigid  body  be  in  equilibrium  under  the  iufluence  of  a 
conservative  system  of  forces,  then  six  screws  can  generally  be  found  such 
that  each  pair  are  conjugate  screws  of  inertia,  as  well  as  conjugate  screws  of 
tifae  potential,  and  these  six  screws  are  called  harmonic  screws.  If  the  body 
be  displaced  from  its  position  of  equilibrium  by  a  twist  of  small  amplitude 
about  a  harmonic  screw,  and  if  the  body  further  receive  a  small  initial 
twisting  motion  about  the  same  screw,  then  the  body  will  continue  for  ever 
to  perform  small  twist  oscillations  about  that  screw.  And,  more  generally, 
whatever  be  the  initial  circumstances,  the  movement  of  the  body  is  com- 
pounded  of  twist  oscillations  about  the  six  harmonic  screws. 

*  Townsend,  Educational  Timei  Rq>rint,  Vol.  xzi.  p.  107. 


CHAPTER  XIX. 

IIOMiXlRAPHIC  SCREW   SYSTEMS^. 

243.  Introduction. 

Several  of  the  most  important  parts  of  the  Theory  of  Screws  can  br 
embraced  iu  a  more  general  theory.  I  propone  in  the  present  chapter  u» 
sketch  this  general  theory.  It  will  be  found  to  have  points  of  cooneiKio 
with  the  modern  higher  geometry ;  in  pjirticular  the  theory  of  Homographic 
Screws  is  specially  connected  with  the  general  theory  of  correspondenct- 
believe  it  will  be  of  some  interest  to  show  how  these  abstract  geome 
theories  may  be  illustrated  by  dynamics. 

244.  On  Plane  Homographic  Systems. 

It  may  be  convenient  first  to  recite  the  leading  principle  of  the  purvVtr 
geometrical  theory  of  homography.      We  have  already  had  to  menliuo   m 
special  case  in  the  Introduction. 

Let  a  be  any  point  in  a  plane,  and  let  /J  be  a  corresponding  point  hcl 
us  further  suppose  that  the  correspondence  is  of  the  one-to-one  type,  so  Uuu 
when  one  a  is  given  then  one  /9  is  known,  when  one  fi  is  given  then  it  is  thr 
correspondent  of  a  single  a.  The  relation  is  not  generally  interchangeabW. 
Only  in  very  special  circumstances  will  it  be  true  that  /9,  regarded  at  in  iht 
first  system,  will  correspond  to  a  in  the  second  s}^tem« 

The  general  relation  between  the  points  a  and  0  can  be  expreased  by  tbe 
following  equations,  where  ai,  a,,  a,  are  the  ordinary  trilinear  co-ordinaici^  %4 
a,  and  0i,  /S^f  fit,  the  co-ordinates  of  /3, 

/8,  =  (ll)a,+(12)a,  +  (13)a„ 

;9,=  (21)a.  +  (22)a,  +  (23)a., 

^,  =  (31)a,+(82)a.+  (33)a,. 

Ill  thtfM*  expressions  (11),  (12),  &c.,  are  the  c^onstants  defining  the  particular 
character  of  I  he  htimographic  Hybti-m. 

*  Prvc,  Itoy.  Irtik  Acad.  Ser.  u.  Vol.  ut.  p.  435  (ISSI). 
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There  are  in  general  three  points,  which  coincide  with  their  corre- 
spondents.    These  are  found  by  putting 

Introducing  these  values,  and  eliminating  oti,  a^,  as,  we  obtain  the  following 
equation  for  p : — 

0=      (11) -p,      (12),  (13) 

(21),  (22) -p,      (23) 

(31),  (32),  (33) -p 

If  we  choose  these  three  points  of  the  vertices  of  the  triangle  of  reference, 
the  equations  relating  y  with  x  assume  the  simple  form, 

where yi, /a,/,  are  three  new  constants. 

245.  Homographic  Screw  Systenui. 

Given  one  screw  a,  it  is  easy  to  conceive  that  another  screw  /8  correspond- 
ing thereto  shall  be  also  determined.  We  may,  for  example,  suppose  that 
the  co-ordinates  of  ^  (§  34)  shall  be  given  functions  of  those  of  a.  We  might 
imagine  a  geometrical  construction  by  the  aid  of  fixed  lines  or  curves  by 
which,  when  an  a  is  given,  the  corresponding  /3  shall  be  forthwith  known  : 
again,  we  may  imagine  a  connexion  involving  dynamical  conceptions  such  as 
that,  when  a  is  the  seat  of  an  impulsive  wrench,  /3  is  the  instantaneous  screw 
about  which  the  body  begins  to  twist. 

As  a  moves  about,  so  the  corresponding  screw  /8  will  change  its  position 
and  thus  two  corresponding  screw  systems  are  generated.  Regarding  the 
connexion  between  the  two  systems  from  the  analytical  point  of  view,  the 
co-ordinates  of  a  and  /3  will  be  connected  by  certain  equations.  If  it  be 
invariably  true  that  a  single  screw  /3  corresponds  to  a  single  screw  a,  and  that 
conversely  a  single  screw  a  corresponds  to  a  single  screw  /3;  then  the  two 
systems  of  screws  are  said  to  be  homographic, 

A  screw  a  in  the  first  system  has  one  corresponding  screw  fi  in  the 
second  system ;  so  also  to  ^  in  the  first  system  corresponds  one  screw  af 
in  the  second  system.  It  will  generally  be  impossible  for  a  and  a  to  coincide, 
but  cases  may  arise  in  which  they  do  coincide,  and  these  will  be  discussed 
further  on. 

246.  BelationB  among  the  Co-ordinates. 

From  the  fundamental  property  of  two  homographic  screw  systems  the 
co-ordinates  of  fi  must  be  expressed  by  six  equations  of  the  type — 


A  =/«  (ai ,  ...  a«). 


i 
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If  these  six  equations  be  solved  for  a,,  ...  ««  we  must  have 

a,  =  Fy  (fiy ,  . . .  fi^) 


cu  — -FfC^i.  ...  A)« 


Ah  a  ningle  a  is  to  correspond  to  a  single  fi,  and  vice  verm,  these  ei|aaliufi9 
must  be  linear:  whence  we  have  the  following  important  result: — 

In  two  homoffraphtc  screw  systems  the  co-ordinates  of  a  screw  in  one  system 
are  linear  functions  with  constant  coefficients  of  the  co-ordinates  of  the  cvrre- 
sponding  screw  in  the  other  system. 

If  we  denote  the  constant  coefficients  by  the  notation  (11),  (22),  &c.,  then 
we  have  the  following  system  of  e(|uations : — 

fi,  =  (11)  a,  +  (12)  a.  +  (13)  a,  +  (14)  a,  +  (15)  a,  +  (16)  «.. 

A  ^  (21)  a,  +  (22)  a.  -h  (23)  0,  +  (24)  a,  +  (25)  a.  +  (26)  «., 

A  =  (61)  o,  +  (62)  o,  +  (63)  o,  +  (64)  a,  +  (65)  o,  +  (66)  «,. 

247.  The  Double  Screws. 

It  is  now  easy  to  show  that  there  arc  in  general  six  screws  which  cuiudde 
with  their  corresponding  screws ;  for  if  A  =  />^i »  /^s  =  P^>  ^^<^f  ^^  ubiain  mo 
equation  of  the  sixth  degree  for  the  determination  of  p.  We  iberufcinr 
have  the  following  result : — 

In  two  homographic  screw  systems  six  screws  can  in  general  be  found,  each 
of  which  regarded  as  a  screw  in  either  system  coincides  wUh  its  carrespandemt 
in  the  other  system, 

248.  The  Seren  Pairs. 

In  two  homographic  rows  of  points  we  have  the  anhanuonic  rmlio 
any  four  ])ointM  equal  to  that  of  their  correspondents.  In  the  case  of  imxjamm 
homographic  screw  systems  we  have  a  set  of  eight  screws  in  one  of  the— 
systems  specially  related  to  the  corresponding  eight  screws  in  the  othecr^ 
system. 

We  first  n»mark  that,  given  seven  pairs  of  corresponding  screws  in  the  %m<» 
systems,  then  the  screw  a>rresponding  to  any  other  given  screw  is  del<T- 
mined.  Fur  from  the  six  e<|uatiuns  just  written  by  substitution  of  kDowo 
values  of  9,,  ...  a«  and  f3i,  ...  fi^,  we  can  deduce  six  equations  between  (111 
(12),  i'tr.  As,  however,  ihi*  n>-onlinatt»s  are  homogeneous  and  their  ratitj^  an 
aloiir  involvf<|,  wt*  can  us<'  only  thf  nitios  of  the  iN|uations  so  that  each  pair 
of  s(*rews  gives  five  relations  between  the  36  quantities  (11),  (12X  Ac     Thr 
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seven  pairs  thus  give  35  relations  which  suffice  to  determine  linearly  the 
ratios  of  the  coefficients.  The  screw  /8  corresponding  to  any  other  screw  a  is 
completely  determined  ;  we  have  therefore  proved  that 

When  seven  corresponding  pairs  of  screws  are  given,  the  two  homographic 
screw  systems  are  completely  determined, 

A  perfectly  general  way  of  conceiving  two  homographic  screw  systems 
may  be  thus  stated : — Decompose  a  wrench  of  given  intensity  on  a  screw  a 
into  wrenches  on  six  arbitrary  screws.  Multiply  the  intensity  of  each  of  the 
six  component  wrenches  by  an  arbitrary  constant ;  construct  the  wrench  on 
the  screw  13  which  is  the  resultant  of  the  six  components  thus  modified; 
then  as  a  moves  into  every  position  in  space,  and  has  every  fluctuation  in 
pitch,  so  will  /3  trace  out  the  homographic  screw  system. 

It  is  easily  seen  that  in  this  statement  we  might  have  spoken  of  twist 
velocities  instead  of  wrenches. 

249.    Homographic  n-systenui. 

The  seven  pairs  of  screws  of  which  the  two  systems  are  defined  cannot  be 
always  chosen  arbitrarily.  If,  for  example,  three  of  the  screws  were  co- 
cylindroidal,  then  the  three  corresponding  screws  must  be  co-cylindroidal, 
and  can  only  be  chosen  arbitrarily  subject  to  this  imperative  restriction. 
More  generally  we  shall  now  prove  that  if  any  n  + 1  screws  belong  to  an 
fi-system  (§  69),  then  the  n  + 1  corresponding  screws  will  also  belong  to  an 
n-system.  If  n  +  1  screws  belong  to  an  n-system  it  will  always  be  possible  to 
determine  the  intensities  of  certain  wrenches  on  the  n  -f  1  screws  which  when 
compounded  together  will  equilibrate.  The  conditions  that  this  shall  be 
possible  are  easily  expressed.  Take,  for  example,  n^S,  and  suppose  that 
the  four  screws  a,  /9,  7,  S  are  such  that  suitable  wrenches  on  them,  or  twist 
velocities  about  them,  neutralize.  It  is  then  obvious  (§  76)  that  each  of  the 
determinants  must  vanish  which  is  formed  by  taking  four  columns  from 
the  expression 

«ij     a«,     «j,     flUi     «•!    ^€ 

fiif    A»    A»    A>    A»    A 

7i>     72»     78,     74,     7».     7« 
Si,     S2,     S,,     S4,     85,     8, 

It  is,  however,  easy  to  see  that  these  determinants  will  equally  vanish  for 
the  corresponding  screws  in  the  homographic  system  ;  for  if  we  take  as  screws  of 
reference  the  six  common  screws  of  the  two  sj^^tems,  then  we  have  at  once 
for  the  co-ordinates  of  the  screw  corresponding  to  a 

(11)  a.,     (22)0,,     (33)0,,     (44)  cu,     (55)  a„    (66)0.. 
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When  these  subetitutions  are  made  in  the  determiuanUi  it  is  plain   that 
they  still  vanish;  we  hence  have  the  important  result  that 

The  screws  corresponding  homographically  to  the  screws  of  an  m-syslem 
form  anoOier  n-system. 

Thus  to  the  screws  on  a  cylindroid  will  correspond  the  screws  on  a 
cylindroid  It  is,  however,  important  to  notice  that  two  reciprocal  ncrews 
have  not  in  general  two  reciprocal  screws  for  their  correspondcsnts.  We  thus 
see  that  while  two  reciprocal  screw  systems  of  the  nth  and  (6  —  ii)ih  orden 
respectively  have  as  correspondents  systems  of  the  same  orders,  yet  that 
their  connexion  as  reciprocals  is  divorced  by  the  homographic  trmnsfonna- 
tion. 


Reciprocity  is  not,  therefore,  an  invariantive  attribute  of  screws  or 
systems.  There  are,  however,  certain  functions  of  eight  screws  analogous  to 
anharmonic  ratios  which  are  invariants.  These  functions  are  of  ooosidermUe 
interest,  and  they  are  not  without  physical  significance. 

250.    Analogy  to  Anharmonic  Ratio. 

We  have  alreiuly  (§  230)  discus8e<l  the  important  function  of  six  iicrvws 
which  is  called  the  SexiafU.  This  function  is  most  concisely  written  as  the 
determinant  (aiff^ytS^e^^^)  where  a,  )9, 7,  S,  e,  ^  are  the  screws.  In  SylvesterV 
language  we  may  speak  of  the  six  screws  as  being  in  involutiim  when  their 
sexiaut  vanishes.  Under  these  circumstances  six  wrenches  on  the  six  screws 
can  equilibrate ;  the  six  screws  all  belong  to  a  5-Mystem,  and  they  pooacss  cnr 
common  reciprocal.     In  the  case  of  eight  screws  we  may  use  a  very  concise 

notation;  thus  12  will  denote  the  sexiant  of  the  six  screws  obtained  bv 
leamtig  out  screws  1  and  2.  It  will  now  be  easy  to  show  that  functions  of  the 
following  fonn  are  invariants,  i.e,  the  same  in  both  systems: — 

12^34 
i3.2i" 

It  is  ill  tht*  Hrst  place  obvious  that  as  the  co-ordinates  of  each  screw  enter  to 
the  same  degree  in  the  nu monitor  and  the  denominator,  no  embarrasmH^nt 
can  arise  from  the  arbitrary  common  factor  with  which  the  six  co-ordinates  k4 
itach  screw  may  be  affected.  In  the  second  place  it  is  plain  that  if  we  r\*plac^> 
each  of  the  co-orilinates  by  those  of  the  corresponding  screw,  the  functiuQ 
will  still  nmain  unaltered,  as  all  the  factors  (1 1 ),  (22),  &c.,  will  divide  out.  Wr 
thus  siH*  that  the  function  just  writU^n  will  be  absolutely  uualtervd  whm 
each  scrfw  is  changt*d  into  its  corresponding  screw. 

\\y  the  aid  of  thi'se  invariant  functions  it  is  easy,  when  seven  padr^  ^4 
screws  are  given,  to  construct  the  screw  corresponding  to  any  given  %*tghth 
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screw.     We  may  solve  this  problem  in  various  ways.     One  of  the  simplest 
will  be  to  write  the  five  invariants 


12.38      13.48     14.58     15.68     16.78 


13.28     14.38     15.48     16.58     17.68 

These  can  be  computed  from  the  given  eight  screws  of  one  system  ;  hence 
we  have  five  linear  equations  to  determine  the  ratios  of  the  coeflScients  of  the 
required  eighth  screw  of  the  other  system. 

It  would  seem  that  of  all  the  invariants  of  eight  screws,  five  alone  can 
be  independent.  These  five  invariants  are  attributes  of  the  eight-screw 
system,  in  the  same  way  that  the  anharmonic  ratio  is  an  attribute  of  four 
collinear  points. 

261.    A  Physical  CorreBpondence. 

The  invariants  are  also  easily  illustrated  by  considerations  of  a  me- 
chanical nature.  To  a  wrench  on  one  screw  corresponds  a  twist  on  the 
corresponding  screw,  and  the  ratio  of  the  intensities  of  the  wrench  and  twist 
is  to  be  independent  of  those  intensities.  We  may  take  a  particular  case  to 
illustrate  the  ai-gument: — Suppose  a  free  rigid  body  to  be  at  rest.  If  that 
body  be  acted  upon  by  an  impulsive  system  of  forces,  those  forces  will 
constitute  a  wrench  on  a  certain  screw  a.  In  consequence  of  these  forces  the 
body  will  commence  to  move,  and  its  instantaneous  motion  cannot  be 
different  from  a  twist  velocity  about  some  other  screw  ^.  To  one  screw  a 
will  correspond  one  screw  )8,  and  (since  the  body  is  perfectly  free)  to  one 
screw  /8  will  correspond  one  screw  a.  It  follows,  from  the  definition  of  homo- 
graphy,  that  as  a  moves  over  every  screw  in  space,  j8  will  trace  out  an  homo- 
graphic  system....  From  the  laws  of  motion  it  will  follow,  that  if -Fbe  the 
intensity  of  the  impulsive  wrench,  and  if  V  be  the  twist  velocity  which  that 
wrench  evokes,  then  F-^-V  will  be  independent  of  F  and  F,  though,  of  course, 
it  is  not  independent  of  the  actual  position  of  a  and  ^. 

252.     Impulsive  and  Instantaneous  Systems. 

It  is  known  (§  230)  that  when  seven  wrenches  equilibrate  (or  when 
seven  twist  velocities  neutralize),  the  intensity  of  the  wrench  (or  the  twist 
velocity)  on  any  one  screw  must  be  proportional  to  the  sexiant  of  the  six  non- 
corresponding  screws. 

Let  -Fw,  -Fmi  •••  ^78  b^  the  intensities  of  seven  impulsive  wrenches  on  the 
screws  1,  2, ...  7,  which  equilibrate,  then  we  must  have 

-^18  _  -^  __  __.  :^78 

18      28     '"      7^' 
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Similarly,  by  omitting  the  first  screw,  we  can  have  seven  impulsive  wreocht« 
which  equilibrate,  where 

12      l3      U        *"l8' 

hence  we  have 

T2.38^^„.J^ 

13.28**  ^11  .^'^i.' 

Let  the  instantaneoun  twJHt  velocity  corresponding  to  Fy^  be  denot42d  by 
K|a,  then,  as  when  seven  wrenches  e<}uilibrate,  the  seven  correBponding  twi24 
velocities  must  also  equilibrate,  we  must  have  in  the  corresponding  sjrstem, 

r2.  38  ^F„F, 
i3.28""TuF»' 

But  we  must  have  the  twist  velocity  proportional  to  the  impukivo  intemity ; 
hence,  from  the  second  pair  of  screws  we  have 

and  fit>m  the  third  pair, 
hence  we  deduce 


V    '  V    "A*    '  V  • 


and,  conse4|uently,  the  function  of  the  eight  impulsive  screws 

12^38 
13.28' 

must  be  identical  with  the  Kame  function  of  the  in>iUiutaneou«  aerewsL 


It  should,  however,  be  remarked,  that  the  impulsive  and  i 
screws  do  not  exhibit  the  most  general  type  of  two  homographic  syBteiiML 
more  special  type  of  homography,  and  one  of  very  great  interest,  c 
the  two  sets  of  screws  referred  to. 

263.    Special  type  of  Homography. 

If  the  genenil  linear  transformation,  which  changes  each  screw  a  into  11*9*  ^t^ 
correspondent  0,  be  siR'cialized  by  the  restriction  that  the  oo-ordinalcs  of  ^  ^ 

are  given  by  the  etiuations 

a      ^  ^^ 

;>i  da, 
pi  da^ 


.       1    dU 

p%  dm 
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where  U  is  any  homogeneous  function  of  the  second  order  in  ai,...as,  and 
where  piy.pt  we  the  pitches  of  the  screws  of  reference,  then  the  two 
systems  are  related  by  the  special  type  of  homography  to  which  I  have 
referred. 

The  fundamental  property  of  the  two  special  homographic  systems  is 
thus  stated: — 

Let  OL  and  fi  be  any  two  screws,  and  let  0  and  if)  be  their  correspondents, 
tlien,  when  a  is  reciprocal  to  <f>,  /8  will  be  reciprocal  to  0. 

We  may,  without  loss  of  generality,  assume  that  the  screws  of  reference 
are  co-reciprocal,  and  in  this  case  the  condition  that  fi  and  0  shall  be  co- 
reciprocal  is 

Pil3i0i  +  Pifi202  -  ...  -^pA^t  =  0 ; 

but  by  substituting  for  ^i, ...  0^,  this  condition  reduces  to 

Similarly,  the  condition  that  a  and  ^  shall  be  reciprocal  is 

dU  dU     „ 

It  is  obvious  that  as  17  is  a  homogeneous  function  of  the  second  degree, 
these  two  conditions  are  identical,  and  the  required  property  has  been 
proved. 

264.    Reduction  to  a  Canonical  form. 

It  18  easily  shown  that  by  suitable  choice  of  the  screws  of  reference  the 
function  U  may,  in  general,  be  reduced  to  the  sum  of  six  square  terms.  We 
now  proceed  to  show  that  this  reduction  is  generally  possible,  while  still 
retaining  six  co-reciprocals  for  the  screws  of  reference. 

The  pitch  p«  of  the  screw  a  is  given  by  the  equation  (§  38), 

the  six  screws  of  reference  being  co-reciprocals,  the  function  p«  must  retain 

the  same  form  after  the  transformation  of  the  axes.     The  discriminant  of 

the  function 

U-k-Xpa 

equated  to  zero  will  give  six  values  of  X ;  these  values  of  X  will  determine 
the  coeflScients  of  IT'  in  the  required  form.  I  do  not,  however,  enter  further 
into  the  discussion  of  this  question,  which  belongs  to  the  general  theory  of 
linear  transformation& 
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Tlie  truttformation  hariDg  been  effected,  as   important   result   is  ioi- 
mediately  deduced.     Let  the  traosformed  function  be  denoted  by 

(ll>«»«+...+(66)a.», 
then  we  have 


Pi 


whence  it  appears  that  the  six  screws  of  reference  are  the  common  acrewv  of 
the  two  systems.     We  thus  find  that  in  this  special  case  of  homography 

The  six  common  $crew$  of  the  two  systems  are  co-reciprocal. 

The  correspondence  between  impulsive  screws  and  instantaneous  rtcrewn 
is  a  particular  case  of  the  type  here  refenvtl  to.  The  six  ct>mmon  ncrews  irf 
the  two  sjrsteras  are  therefore  what  we  have  calle<)  the  principal  screws  of 
imertia^  and  they  are  co-reciprocal. 

2S5.    Correspondence  of  a  Screw  and  a  fystem. 

We  shall  sometimes  have  cases  in  which  each  screw  of  a  system  cor- 
responds not  to  a  single  screw  but  to  a  system  of  screws.     For  the  sake  of 
illustration,  suppose  the  case  of  a  quio^cent  rigid  body  with  two  d^^recs  of 
freedom  and  let  this  receive  an  impulsive  wrench  on  some  screw  situated 
anywhen*  in  space.     The  movement  which  the  body  can  accept  is  limite^i 
It  can,  indeed,  only  twist  about  one  of  the  singly  infinite  number  of  screws, 
which  con!«titute  a  cylindroid.     To  any  screw  in  space  will  correspond  oot* 
screw  on  the  cylindroid.     But  will  it  be  correct  to  say,  that  to  one  sfcrew  no 
the  cylindroid  corresponds  one  screw  in  space  ?    The  fiM^t  is,  that  there  are 
a  quadruply  mfinite  number  of  screws,  an  impulsive  wrench  on  any  one  of 
which  will  make  the  body  choose  the  same  screw  on  the  cylindroid  fiir  its 
instantaniHHis  movement.     The  relation  of  this  quadruply  infinite  group  U 
clearly  exhibited  in  the  present  theory.     It  is  shown  in  §128  that,  gi%*en  a 
screw  a  on  the  cylindn)id,  there  is,  in  general  one.  but  only  one  screw  0  <mi 
the  cylindn>id,  an  impulsive  wrench  on  which  will  make  the  body  oommence 
to  twist  about  a.     It  is  further  shown  that  any  screw  whatever  which  fnlfils 
the  single  eomlititm  of  being  n^iprocal  U*  a  single  specified  screw  on  the 
cylindniid  jKisscsst-s  the  same  pn»perty.     The  scn*ws  corresponding  to  a  thus 
form  a  five-system.     The  correspondence  at  presjcut  before  us  may  thervfi^^ 
be  enunciate<l  in  the  following  genenil  manner. 

To  (ffie  screw  in  space  corresponds  one  screw  on  the  cylindroid,  atkd  to 
Mcrew  un  the  cylindroid  corresjnmds  a  five-ttyHtem  in  space. 
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266.  Correipondence  of  m  and  n  systeiiu. 

We  may  look  at  the  matter  in  a  more  general  manner.  Consider  an 
m-system  (A)  of  screws,  and  an  n-system  (5)  {m>n).  (If  we  make  m  =  6 
and  n  =  2,  this  system  includes  the  system  we  have  been  just  discussing.) 
To  one  screw  in  A  will  correspond  one  screw  in  B,  but  to  one  screw  in  B 
will  correspond,  not  a  single  screw  in  A,  but  an  (m  -f  1  —  n)-system  of  screwa 

If  m  =  n,  we  find  that  one  screw  of  one  system  corresponds  to  one  screw 
of  the  other  system.  Thus,  if  m  =  n  =  2,  we  have  a  pair  of  cylindroids,  and 
one  screw  on  one  cylindroid  corresponds  to  one  screw  on  the  other.  If 
m  =  3,  and  n  =  2,  we  see  that  to  each  screw  on  the  cylindroid  will  cor- 
respond a  whole  cylindroid  of  screws  belonging  to  the  three-system.  For 
example,  if  a  body  have  freedom  of  the  second  order  and  a  screw  be  indicated 
on  the  cylindroid  which  defines  the  freedom,  then  a  whole  cylindroid  full  of 
screws  can  always  be  chosen  from  any  three-system,  an  impulsive  wrench  on 
any  one  of  which  will  make  the  body  commence  to  twist  about  the  indicated 
screw. 

267.  Screws  common  to  the  two  Bystems. 

The  property  of  the  screws  common  to  the  two  homographic  systems 
will  of  course  require  some  modification  when  we  are  only  considering  an 
m-system  and  an  n-system.  Let  us  take  the  case  of  a  three-system  on  the 
one  hand,  and  a  six-system,  or  all  the  screws  in  space,  on  the  other  hand. 
To  each  screw  a  of  the  three-system  A  must  correspond,  a  four-system,  B, 
so  that  a  cone  of  the  screws  of  this  four-system  can  be  drawn  through  every 
point  in  space.  It  is  interesting  to  note  that  one  screw  /3  can  be  found, 
which,  besides  belonging  to  B,  belongs  also  to  A,  Take  any  two  screws 
reciprocal  to  B,  and  any  three  screws  reciprocal  to  -4,  then  the  single  screw 
fi,  which  is  reciprocal  to  the  five  screws  thus  found,  belongs  to  both  A  and 
B,  We  thus  see  that  to  each  screw  a  of  4,  one  corresponding  screw  in  the 
same  system  can  be  determined.  The  result  just  arrived  at  can  be  similarly 
shown  generally,  and  thus  we  find  that  when  every  screw  in  space  cor- 
responds to  a  screw  of  an  n-system,  then  each  screw  of  the  n-system  will 
correspond  to  a  (7  —  n)-system,  and  among  the  screws  of  this  system  one 
can  always  be  found  which  lies  on  the  original  n-system. 

As  a  mechanical  illustration  of  this  result  we  may  refer  to  the  theorem 
(1 96),  that  if  a  rigid  body  has  freedom  of  the  nth  order,  then,  no  matter 
what  be  the  system  of  forces  which  act  upon  it,  we  may  in  general  combine 
the  resultant  wrench  with  certain  reactions  of  the  constraints,  so  as  to 
produce  a  wrench  on  a  screw  of  the  n-system  which  defines  the  freedom  of 
the  body,  and  this  wrench  will  be  dynamically  equivalent  to  the  given 
system  of  forces. 
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258.    Oorresponding  8cr«ws  defined  bj  BqnatJone. 

It  is  easy  to  state  the  matter  analytically,  and  for  convenience  we  shall 
take  a  three^system,  though  it  will  be  obvious  that  the  process  is  qutu* 
general 

Of  the  six  screws  of  reference,  let  three  screws  be  chosen  on  the  three- 
system,  then  the  co-ordinates  of  any  screw  on  that  system  will  bo  a,,  a,,  «•. 
the  other  three  co-ordinates  being  equal  to  zero.  The  co-ordinates  of  the 
corresponding  screw  fi  must  be  indeterminate,  for  any  screw  of  a  foar-systcfin 
will  correspond  to  ff.  This  provision  is  secured  by  fi^,  fi%,0§  remaining  quite 
arbitrary,  while  we  have  for  ^i,  ^„  ^3,  the  definite  values, 

A -(11)  a, +  (12)0. +  (13)  a.. 
A  =  (21)  a, +  (22)0, +  (23)  a., 
13,  =  (31)  o,  +  (32)  o,  +  (33)  o,. 

If  we  take  ^84,  A,  fit  all  zero,  then  the  values  of  ^,,  /3,,  /9s,  just  written,  give 
the  co-ordinates  of  the  special  screw  belonging  to  the  three-system,  which 
is  among  those  which  correspond  to  o. 

As  o  moves  over  the  three-system,  so  will  the  other  screw  of  that  s)-nt<^ni 
which  corresponds  thereto.  There  will,  however,  be  three  cases  in  which  iht* 
two  screws  coincide ;  these  are  found  at  once  by  making 

whence  we  obtain  a  cubic  for  p. 

It  is  thus  seen  that  generally  n  screws  can  be  found  on  an  n-system,  ««• 
that  each  screw  shall  coincide  with  its  correspondent.  As  a  dynamtcml 
illustration  we  may  give  the  important  theorem,  that  when  a  rigid  bod\ 
has  n  degrees  of  freedom,  then  n  screws  can  alwa}^  be  found,  about  an) 
one  of  which  the  btxly  will  commence  to  twist  when  it  receives  an  impuUive 
wrench  on  the  same  screw.  These  screws  are  of  course  the  principal  scnm ?* 
of  inertia  (§  84). 

269.    Oeneralisation  of  Anharmonic  Ratio. 

We  have  already  seen  the  anharmonic  equality  between  four  screwn  on  ai 
cylindnnd,  and  the  four  corresponding  screws ;  we  have  also  shown  a  quasi 
anharmonic  e<|uality  between  any  eight  screws  in  space  and  their  ctir- 
respondents.  More  generally,  any  n  +  2  screws  of  an  w-system  are  cunot'ctcxl 
with  their  n  +  2  correspondents,  by  relations  which  are  analogous  t«)  an- 
harmonic properti(*s.  The  invariants  are  not  generally  so  simple  as  in  the 
eight -scn'W  oas«»,  but  we  nmy  state  them,  at  all  event**,  for  the  ca.He  of  n  ae  S 

Five  screws  belonging  to  a  three-system,  and  their  five  correspoiHKnti» 
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re  so  related,  that  when  nine  are  given,  the  tenth  is  immediately  deter- 
ained;  for  this  two  data  are  required,  that  being  the  number  required  to 
pecify  a  screw  already  known  to  belong  to  a  given  three-system. 

We  may,  as  before,  denote  by  12  the  condition  that  the  screws  3,  4,  6 
hall  be  co-cylindroidal.  This,  indeed,  requires  no  less  than  four  distinct 
onditions,  yet,  as  pointed  out  (§  76),  functions  can  be  found  whose  evanes- 
ence  will  supply  all  that  is  necessary.  Nor  need  this  cause  any  surprise, 
rhen  it  is  remembered  that  the  evanescence  of  the  sine  of  an  angle  between 
wo  lines  contains  the  two  conditions  necessary  that  the  direction  cosines  are 
lentical.     The  function 

12.34 
13.24 

Etn  then  be  shown  to  be  an  invariant  which  retains  its  value  unaltered  when 
^e  pass  from  one  set  of  five  screws  in  a  three-system  to  the  corresponding 
3t  in  the  other  system. 
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CHAPTER  XX. 

EMANANTS   AND   PITCH    INVARIANT& 

260.    The  Dyname. 

If  we  wish  to  speak  of  a  magnitude  which  may  be  a  twist  or  a  wreiidi  or 
a  twist  velocity  it  is  convenient  to  employ  the  word  Dyname  used  bj 
Pliicker*  and  by  other  writers.  The  Dyname  a  is  completely  expressed  by 
its  components  Oi,  ...  a«  on  the  six  screws  of  reference.  These  six  qoantitief 
are  quite  independent.  They  may  be  considered  as  the  co-ordioaies  of  the 
Dyname. 

Let  a!  be  the  intensity  of  the  Dyname  on  a ;  then  a'  is  a  facUvr  in  each  of 
a,,  ...  0E«,  and  if  the  Dyname  be  replaced  by  another  on  the  same   ixrew 
a,   but   of   intensity   X2,    the   co-ordinates    of    this   new   Dyname   will   be 

Let  /3  be  a  second  Dyname  on  another  screw  quite  arbitiary  as  to  iu 
position  and  as  to  its  intensity  ff'.     Let  the  co-ordinates  of  fi,  referred  to  the 
same  screws  of  reference,  be  /Sj,  ...  /j^.     If  we  suppose  a  Dyname  of  intenaiu 
yfi'  on  the  screw  /3,  then  its  co-ordinates  will  be  yl3i,  ...  y/9«.     Lei  xm  dov 
compound  together  the  two  Dynames  of  intensities  xa'  and  yff"  on  the  screwi 
a  and  /3.     They  will,  according  to  the  laws  for  the  composition  of  twists  and 
wrenches  (§  14),  fonn  a  single  Dyname  on  a  third  screw  lying  on  the  moat 
cylindroid  as  a  and  /9.     The  position  of  the  resultant  screw  is  such  thai  n 
divides  the  angle  between  a  and  /9  into  parts  whose  sines  have  the  ratio  of  y 
to  X.     The  intensity  of  the  resultant  Dyname  is  also  determined  (as  in  the 
parallelogram  of  force)  to  be  the  diagonal  where  x  and  y  are  the  sidca,  and 
the  angle  between  them  is  the  angle  between  a  and  0.     It  is  important  U> 
notice  that  in  the  determination  of  this  resultant  the  screws  to  which  the  ci>- 
onlinates  an*  referre<l  bear  no  part ;  the  position  of  the  resultant  Dyname  im 
the  cylindroid    as   well  as   its  intensity  each   depend   solely  upon  the  Xw%> 
original  Dynames,  and  on  the  numerical  magnitudes  x  and  y. 

*  riUckcr.  '  Fau(Umental  vicwi  rcgmrdinic  Mechanics.'  Phil,  Trmm,  186S,  Tol.  CLvt.  p^  Ml 
—880. 
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We  have  now  to  form  the  co-ordinates  of  the  resulting  Dyname,  or  its 
components  when  decomposed  along  the  six  screws  of  reference.  The  first 
Dyname  has  a  component  of  intensity  orai  on  the  first  screw ;  and  as  the 
second  Dyname  has  a  component  y/8i,  it  follows  that  the  sum  of  these  two 
must  be  the  component  of  the  resultant.  Thus  we  have  for  the  co-ordinates 
of  the  resultant  Dyname  the  expressions 

^ai  +  yA,  •••  ^Oe  +  yA. 

261.    Emananti. 

Let  us  suppose  that  without  in  any  particular  altering  either  of  the 
Dynamos  a  and  13  we  make  a  complete  change  of  the  six  screws  of  reference. 
Let  the  co-ordinates  of  a  with  regard  to  these  new  screws  be  Xj,  ...  \<,,  and 
those  of  /8  be  fii,  ...  /Xq.  Precisely  the  same  argument  as  has  just  been  used 
will  show  that  the  composition  of  the  Dynamos  xa!  and  y/8'  will  produce  a 
Dyname  whose  co-ordinates  are  xX^  +  y/Xi, . . .  x\  +  y/x«.  We  thus  see  that  the 
Dyname  defined  by  the  co-ordinates  xa^  +  y^^y  ,.,  xo^-^-y/St,  referred  to  the 
first  group  of  reference  screws  is  absolutely  the  same  Dyname  as  that  defined 
by  the  co-ordinates  x\  +  yfii,  ...  x\  +  y/i«  referred  to  the  second  group 
of  reference  screws,  and  that  this  must  remain  true  for  every  value  of 
X  and  y. 

In  general,  let  ^i,  ...  0^  denote  the  co-ordinates  of  a  Dyname  in  the  first 
system,  and  0i,  ...  <^«  denote  those  of  the  same  Dyname  in  the  second  system. 
Let/(^i, ...  ^a)  denote  any  homogeneous  function  of  the  first  Dyname,  and  let 
F{il>i, ...  ^^j)  be  the  same  function  transformed  to  the  other  screws  of  refer- 
ence.   Then  we  have 

f{Oi, ...  Oe)  =  F((l>i, ...  (I>t) 

as  an  identical  equation  which  must  be  satisfied  whenever  the  Dyname  de- 
fined by  ^i,  ...  ^«  is  the  same  as  that  defined  by  <^i,  ...  <^«.  We  must  there- 
fore have 

/(a?Oi  -h  y/8j, ...  a?a«  +  yA)  =  F(x\i  +  y/ii,  ...x\  +  yfjL^). 

These  expressions  being  homogeneous,  they  may  each  be  developed  in 

ascending  powers  of  - .     But  as  the  identity  must  subsist  for  every  value  of 

this  ratio,  we  must  have  the  coefficients  of  the  various  powers  equal  on  both 
sides.  The  expression  of  this  identity  gives  us  a  series  of  equations  which 
are  all  included  in  the  form  * 

•  See  Procetdingt  Roy.  Irish  Acad.,  Ser.  ii.  Vol.  in. ;  Science,  p.  661  (18S2). 
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The  functions  thus  arising  are  well  known  as  "emananUt"  in  the  theon 
of  modem  algebra.  The  cases  which  we  shall  consider  are  those  of  ji  *  1  and 
n  B  2.     In  the  former  case  the  einanant  may  be  written 

262.  Angle  between  Two  Screws. 

It  will  of  course  be  understood  that/  Ls  perfectly  arbitrary,  but  rwraiti*  of 
interest  may  l>e  most  reasonably  anticipated  when  /  has  been  choeen  with 
special  relevancy  to  the  Dyname  itself  as  distinguished  from  the  influeocr 
due  merely  to  the  screws  of  reference.  We  shall  first  take  for  /  the  square 
of  the  intensity  of  the  Dyname,  the  expn^on  for  which  is  found  ($  Ul 
to  be 

ii  =  ai»+...  -Ha,»+2a,a,(12)  +  ..., 

where  (12)  denotes  the  cosine  of  the  angle  between  the  first  and 
screws  of  reference,  which  are  here  taken  to  be  perfectly  arbitrmr 
second  group  of  reference  screws  we  shall  take  in  a  special  form.     Tbey 
to  be  a  canonical  co-reciprocal  system,  so  that 

Introducing  these  values,  we  have,  as  the  first  emauant, 
2a./3»  +  S(a,A+a,)8,)(12) 

=  (mi  +  ^i)  {\  +  \.)  +  (Ml  -^  M4)  (K  +  X,)  +  (>^  +  ;^) (X,  +  x.) ; 

but  in  the  latter  form  the  expression  obviously  denotes  the  cosiDe  of  t 
angle  between  a  and  3  where  the  intensities  are  both  unity ;  hence, 
be  the  screws  of  reference,  we  must  have  for  the  cosine  of  the  angle  bel 
the  two  screws  the  result 

Sa.A  +  2(a,A  +  a,A)(12). 

263.  Screws  at  Ri^bt  Angles. 

In  general   we  have  the  following  formula  for  the  cosine  of  the 
between  two  Dyname^  multiplii»d  into  the  product  of  their  intensities: 

Thin  expression,  e<|uated  to  zen>,  gives  the  condition  that  the  two  Dj 
be  rectangular. 
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If  three  screws,  a,  ^8,  7,  are  all  parallel  to  the  same  plane,  and  if  ^  be  a 
crew  normal  to  that  plane,  then  we  must  have 


dA 


d/3. 


>»  dR  >»  cdjK      ^ 


dyi 


dye 


264.  Conditioiis  that  Three  Screws  shall  be  parallel  to  a 
'lane. 

SiDce  a  screw  of  a  three-system  can  be  drawn  parallel  to  any  direction, 
t;  will  be  possible  to  make  any  three  of  the  quantities  ^j, ...  d«  equal  to  zero, 
fence,  we  have  as  the  condition  that  the  three  screws,  a,  /3,  7  shall  be 
II  parallel  to  a  plane  the  evanescence  of  all  the  determinants  of  the  type 


dR 

dR 

dR 

da^' 

da,' 

da. 

dR 

dR 

dR 

dA' 

dA' 

dA 

dR 

dR 

dR 

d7.' 

d7.' 

dy. 

266.     Screwi  on  the  same  Axis. 

The  locus  of  the  screws  d  perpendicular   to  a  is  represented   by  the 

quation 

yj  dli         yj  dR     ^ 

^'d^r"^'di;.- 

If  we  assume  that  the  screws  of  reference  are  co-reciprocal,  then  the 
[juation  just  written  can  only  denote  all  the  screws  reciprocal  to  the  one 
jrew  whose  co-ordinates  are 

l^dR         l^dR 
Pi  da/  *"  pjdoa* 

It  is  manifest  that  all  the  screws  perpendicular  to  a  given  line  cannot  be 
3ciprocal  to  a  single  screw  unless  the  pitch  of  that  screw  be  infinite,  ether- 
ise the  condition 

(P*  +?•)  c^  <^  —  d  sin  <^  =  0 

ould  not  be  fulfilled.    We  therefore  see  that  the  co-ordinates  just  written 
Etn  only  denote  those  of  a  screw  of  infinite  pitch  parallel  to  a. 
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If  a?  be  a  variable  parameter,  then  the  co-ordinates 

X  dR  X  dR 

"•■^4p.  da,  •••"•■*■  ^.55, 

rau8t  denote  a  screw  of  variable  pitch  x  on  the  name  screw  as  o.  Wt*  an 
thus  conducted  to  a  more  general  form  of  the  results  previously  obtaim-d 
(§  47). 

These  expressions  may  be  written 

X  X 

ai+,,-co8ai,  5,+  -.     coso^,... 
where  a,,  o,,  ...  are  the  angles  which  a  makes  with  the  screws  of  reference. 

266.    A  general  Ezpression  fbr  the  Virtual  OoefBctent. 

We  may  also  consider  that  function  of  the  co-ordinates  of  a   DyTiaim-— »' 
which,  being  always  proportional  to  the  pitch,  becomes  exactly  equal  to 
pitch  when  the  intensity  is  equal  to  unity.     More  generally,  we  may 
the  function  to  be  equal  to  the  pitch  multiplied  into  the  square  of 
intensity,  and  it  is  easy  to  assign  a  physical  meaning  to  this  iunctioiL     I 
is  half  the  work  done  in  a  twist  against  a  wrench,  on  the  same 
the  amplitude  of  the  twist  is  equal  to  the  intensity  of  the  wrench, 
to  any  co-ordinates,  we  denote  this  function  by   V  expretised  in  terms 
X,,...  X«.     If  we  express  the  same  function  by  reference  to  six  0(>-reci| 
axes  with  co-ordinates  ai, ...  otc,  we  have  the  result 

Forming  now  the  fii^^t  emanant,  we  have 

but  the  expression  on  the  left-hand  side  denotes  the  product  of  the  tvt) 
intensities  into  double  the  virtual  coefficient  of  the  two  screws;  heooe 
the  right-hand  member  nmst  denote  the  .same.  If,  therefore,  after  tk 
differentiations  wc  make  the  intensities  equal  to  unity,  we  have  for  the 
virtual  coefficient  between  two  screws  X  and  /a  referred  to  amy  screws  oC 
reference  whatever  one-half  the  expression 

dV  dV 

^^dX,""^^dK' 

8up{)usi*,  fur  inst4ince,  that  X  is  reciprocal  to  the  tirbt  screw  of  refenfoct 
then 

rfx,    " 
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This  can  be  verified  in  the  following  manner.     We  have 

dKi  dXi  dXi ' 

and,  therefore,  if  X  be  reciprocal  to  the  first  screw  of  reference,  the  formula 
to  be  proved  is 

A  few  words  will  be  necessary  on  the  geometrical  signification  of  the 
differentiation  involved.     Suppose  a  Dyname  X  be  referred  to  six  co-ordinate 
screws  of  absolute  generality,  and  let  us  suppose   that   one  of  these  co- 
ordinates, for  instance  Xi,  be  permitted  to  vary,  the  corresponding  situation 
of  X  also  changes,  and  considering  each  one  of  the  co-ordinates  in  succession, 
we  thus  have  six  routes  established  along  which  X  will  travel  in  correspond- 
ence with  the  growth  of  the  appropriate  co-ordinate.     Each  route  is,  of 
course,  a  ruled  surface ;  but  the  conception  of  a  surface  is  not  alone  adequate 
to  express  the  route.     We  must  also  associate  a  linear  magnitude  with  each 
generator  of  the  surface,  which  is  to  denote  the  pitch  of  the  corresponding 
screw.     Taking  X  and  another  screw  on  one  of  the  routes,  we  can  draw  a 
cylindroid  through -these  two  screws.     It   will   now   be   proved   that  this 
cylindroid  is  itself  the  locus  in  which  X  moves,  when  the  co-ordinate  cor- 
related thereto  changes  its  value.     Let  0  be  the  screw  arising  from   an 
increase  in  the  co-ordinate  Xj;  a  wrench  on  0  of  intensity  ^'  has  components 
of  intensities  0i\ . . .  0^'\     A  wrench  on  X  has  components  Xi", . . . X«".     But 
£rom  the  nature  of  the  case, 

If  therefore  0"  be  suitably  chosen,  we  can  make  each  of  these  ratios  —  1, 
iQo  that  when  0^'  and  X"  are  each  resolved  along  the  six  screws  of  reference, 
^1  the  components  except  0^'\  —  Xi""  shall  neutralize.  But  this  can  only  be 
;|)ossible  if  the  first  reference  screw  lie  on  the  cylindroid  containing  0  and  X. 
£ence  we  deduce  the  result  that  each  of  the  six  cylindroids  must  pass 
through  the  corresponding  screw  of  reference ;  and  thus  we  have  a  complete 
"view  of  the  route  travelled  by  a  screw  in  correspondence  with  the  variation 
^f  one  of  its  co-ordinatea 

Let  the  six  screws  of  reference  be  1,  2,  3,  4,  5,  6.  Form  the  cylindroid 
^X>  1),  and  find  that  one  screw  17  on  this  cylindroid  which  has  with  2, 3, 4, 5, 6, 
«  common  reciprocal  (§  26).  From  a  point  0  draw  a  pencil  of  four  rays  parallel 
to  four  screws  on  the  cylindroid.  Let  0^1  be  parallel  to  one  of  the  principal 
screws ;  Ok  be  parallel  to  X,  O17  to  t),  and  Oh  to  the  first  screw  of  reference. 
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Let  the  angle  A  Oh  be  denoted  by  A,  the  angle  A  (hi  by  B,  and  the  angte 
A0\  by  if>.  To  find  the  component  X,  we  must  decompuete  X'.  a  twiftt  on 
X,  into  two  components,  one  on  17,  the  other  on  the  Hret  screw  of  reference. 
The  component  on  rj  can  be  resolved  along  the  other  five  screws  of  refereooe, 
since  the  six  form  one  system  with  a  common  reciprocal.  If  we  denote  by 
ff'  the  component  on  17,  we  then  have 

Hm(B-A)     8in(<(>-B)     sin(<^-il)' 

and  if  a  and  6  be  the  pitches  of  the  two  principal  screws  on  the  cylindroid. 
we  have  for  the  pitch  of  X  the  equation 

/>  =  a  cos*  <^  +  6  sin"  ^ ; 

*^  lt\  ^  '£k  ^  '  because  the  ettect  of  a  change  in  Xi  is  to  move  the  screw 
along  this  cylindroid. 

We  have  X,  =  w'  -  .—/\-     A , 

8in(<^-il) 

and  as  the  other  co-ordinates  are  to  be  left  unchanged,  it  is  neoeoHuy 
fl  be  constant,  so  that 

dX,       ,^m{B-A) 
04^^'^  sin«(*-il)' 

and  hence  i^^{f>  —  a)  sin  2^  -^^°    ,^ — tv  • 

aXj     ^  ^17  sm(o  -  il) 

Hence,  substituting  in  the  equation 

we  deduce  a  -  fc  tan  ^  tan  il : 

but  this  is  the  condition  that  X  and  the  first  screw  of  reference  shall 
recipn)cal  (§  iO). 

267.    Analogy  to  Orthogonal  TransfiMrmatkm. 

The  enianants  of  the  siKJoiid  degree  are  represented  by  the  equatioD 

when  /'  is  the  function  into  which  /  becomes  transformed   when   the 
unlihHit-'  an-  chan^^t^il  from  one  nta  t)f  screws  of  reference  to  another.        ^' 
wf  laki-  for  j   either  of  the  tunction>  already  considered,  tbeee  equalja«>-* 
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reduce  to  an  identity ;  but  retaining  /  in  its  general  form,  we  can  deduce 
some  results  of  very  considerable  interest.  The  discussion  which  now  follows 
was  suggested  by  the  reasoning  employed  by  Professor  W.  S.  Burnslde*  in 
the  theory  of  orthogonal  transformations. 

Let  us  suppose  that  we  transform  the  function  /  fh)m  one  set  of  co- 
reciprocal  screws  of  reference  to  another  system.  Let  pi,  ...^e  be  the 
pitches  of  the  first  set,  and  ji,  ...  q^  be  those  of  the  second  set.  Then  we 
must  have 

for  each  merely  denotes  the  pitch  of  the  Dyname  multiplied  into  the  square 
of  its  intensity.  Multiply  this  equation  by  any  arbitrary  factor  x  and  add 
it  to  the  preceding,  and  we  have 

(       d  d  \'  -        .  . 

Regarding  j3u  ,,.  ^^  as  variables,  the  first  member  of  this  equation 
equated  to  zero  would  denote  a  certain  screw  system  of  the  second  degree. 
tf  that  system  were  "central"  it  would  possess  a  certain  screw  to  which 
bhe  polars  of  all  other  screws  would  be  reciprocal,  and  its  discriminant 
07ould  vanish ;  but  the  screw  fi  being  absolutely  the  same  as  /i,  it  is  plain 
^hat  the  discriminant  of  the  second  side  must  in  such  case  also  vanish.  We 
bhus  see  that  the  ratios  of  the  coefficients  of  the  various  powers  of  x  in  the 
Following  well-known  form  of  determinant  must  remain  unchanged  when 
one  co-reciprocal  set  of  screws  is  exchanged  for  another.     In  writing  the 


determinant  we  put  12  for  j — ^-j— 

^  dai.da^ 


ll+ay, 

.  12 

21 

,  22  +  xpt, 

31 

,  32 

41 

,  42 

51 

,  52 

61 

,  62 

&c. 


14 

4 

,  15 

,  16 

24 

,  25 

,  26 

34 

,  36 

] 

,  36 

44  +  a!p4, 

45 

J 

,  46 

54 

56  + 

a?P», 

,  56 

64 

,  65 

,  66  +  xp. 

=  0. 


13 

23 

33  + ay, 

43 

53 

63 

Take  for  instance  the  coefficient  of  af  divided  by  that  of  of,  which  is 
easily  seen  to  be 


*  Willianison,  Differeiiiial  Calculus^  p.  412. 
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and  we  learn  that  this  expression  will  remain  absolutely  unaltered  prorided 
that  we  only  change  from  one  set  of  co-reciprocals  to  another.  In  this  /  ii 
perfectly  arbitrary. 

268.    Property  of  the  PitchM  of  Six  Cto-rooiprocmls. 

We  may  here  introduce  an  important  property  of  the  pitches  of  a  set  of 
co-reciprocal  screws  selected  from  a  screw  system. 

There  is  one  screw  on  a  cylindroid  of  which  the  pitch  is  a  nuudmiiiii, 
and  another  screw  of  which  the  pitch  is  a  minimum.    These  screws  are 
parallel  to  the  principal  axes  of  the  pitch   conic  (§  18).     Belonging   to  m 
screw  system  of  the  third  order  we  have,  in  like  manner,  three  screws  of 
maximum  or  minimum  pitch,  which  lie  along  the  three  principal 
the  pitch   quadric  (§  173).     The  general   question,  therefore,  arises, 
whether  it  is  always  possible  to  select  from  a  screw  system  of  the  Nth 
a  certain  number  of  screws  of  maximum  or  minimum  pitch. 

Let  $1,  ...  Othe  the  six  co-ordinates  of  a  screw  referred  to  n  oo-reci 
screws  belonging  to  the  given  screw  system.     Then  the  function  p^,  or 

is  to  be  a  maximum,  while,  at  the  same  time,  the  co-ordinates  satisfy 

condition  (§  35) 

2di»  +  225»^aC08(12)  =  l. 

which  for  brevity  we  denote  as  heretofore  by 

/«=1. 

Applying  the  oixlinary  rules  for  maxima  and  minima,  we  deduce  the     mix 
equations 


ipA-p»~^^-o. 


From  these  six  equations  O^, ...  0^  can  be  eliminated,  and  we  obuin  t^ 
determinantal  equation  which,  by  writing  xs  1  -r^^,  becomes 

1— arp,,     cos(21),     co8(31),     co8(41),     cos(51),     cos(61) 

co«(12),     l-x/>, .     cos  (32),     cos  (42),     cos  (52),     cos  (62)  | 

cos  (13),  cos  (23),  1-x/),.  cos  (43).  cos  (53),  cos  (63) 
cos  ( 14),  cos  (24),  coH  (34),  1  -  ^4 .  cos  (54),  cos  (64) 

cos  (15),  COM  (25),  co8(35),  cos  (45),  l-ay»,  cos  (65) 

cos  (16),  cos  (26),  cos  (36).  cos  (46),  cos  (56),  l--ip, 
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It  is  easily  seen  that  this  equation  must  reduce  to  the  form 

af  =  0. 

In  £BkCt,  seeing  it  expresses  the  solution  of  the  problem  of  finding  a  screw 
►f  maximum  pitch,  and  that  the  choice  may  be  made  from  a  system  of  the 
ixth  order,  that  is  to  say,  from  all  conceivable  screws  in  the  universe  it  is 
obvious  that  the  equation  could  assume  no  other  form. 

What  we  now  propose  to  study  is  the  manner  in  which  the  necessary 
evanescence  of  the  several  coefficients  is  provided  for.  After  the  equation 
las  been  expanded  we  shall  suppose  that  each  term  is  divided  by  the 
oefficient  of  a^  that  is,  by  PipiPzpiPsPe- 

From  any  point  draw  a  pencil  of  rays  parallel  to  the  six  screws.  On 
3ur  of  these  rays,  1,  2,  3,  4,  we  can  assign  four  forces  which  equilibrate 
t  the  point.  Let  these  magnitudes  be  Xi,  X^y  JT,,  ^^4.  We  can  express 
he  necessary  relations  by  resolving  these  four  forces  along  each  of  the  four 
irections  successively.     Hence 


Zi  +  X^  cos  (12)  +  Z3  cos  (13)  +  X,  cos  (14) 

Zi  cos  (21)  +  Z,  +  Z,  cos  (23)  +  Z4  cos  (24) 

Zi  cos  (31)  +  Za  cos  (32)  -f  Z3  +  Z4  cos  (34) 

Zi  cos  (41)  +  Za  cos  (42)  -f  Z,  cos  (43)  +  X, 


0. 
0. 
0. 
0. 


Eliminating  the  four  forces  we  have 


1, 

cos  (21), 

i  COS  (31), 
i  cos  (41), 


COS  (12), 

1. 

cos  (32), 

cos  (42), 


cos  (13), 
cos  (23), 

1, 
cos  (43), 


cos  (14) 

cos  (24) 

cos (34) 

1 


=  0. 


Thus  we  leaiii  that  every  deteiminant  of  this  type  vanishes  identically. 

Had  we  taken  five  or  six  forces  at  the  point  it  would,  of  course,  have  been 
ossible  in  an  infinite  number  of  ways  to  have  adjusted  five  or  six  forces  to 
quilibrate.  Hence  it  follows  that  the  determinants  analogous  to  that  just 
Titten,  but  with  five  and  six  rows  of  elements  respectively,  are  all  zero. 

These  theorems  simplify  our  expansion  of  the  original  harmonic  deter- 
linant.  In  fact,  it  is  plain  that  the  coefficients  of  a^,  of  Xy  and  of  the 
bsolute  term  vanish  identically.     The  terms  which  remain  are  as  follows : — 


A-«  +  ^  a;*  +  -fi«*  +  6V  =  0. 


> 
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in  which 


^i«  = 


A  = 

vl 

B^ 

v8"»'(l. 
PiPt 

2) 

» 

C  = 

"PiPtP*' 

1. 

COS  (12), 

COf 

,(13) 

C08(12), 

1. 

coc 

.(23) 

COS  (13), 

cos  (23), 

1 

If  by  S  (123)  we  denote  the  scalar  of  the  product  of  three  nnit 
along  1,  2,  3,  then  it  is  easy  to  show  that 

S«(123)-i;«. 

We  thus  obtain  the  following  three  relations  between  the  pitches  and  th-^ 
angular  directions  of  the  six  screws  of  a  co-reciprocal  system^, 

Pi 

piPf 

PihP^ 
The  first  of  thene  formulae  gives  the  remarkable  result  that,  the  smm  o) 
reciprocals  of  the  pitches  of  the  six  screws  of  a  co-reciprocal  syetem  is 
to  zero. 

The  following  elegant  proof  of  the  Hrst  formula  was  communicated  to 
by  my  friend  Professor  Everett.     Divide  the  six  co- reciprocals  into  any  t 
groups  A  and  B  of  three  cuc*h,  then  it  appears  from  §  174  that  the  pi 
quadric  of  each  of  these  group*  is  identical.      The  three  screws  of  A 
parallel  to  a  triad  of  conjugate  diameters  of  the  pitch  quadric,  and  the  fsim 
of  the  reciprocals  of  the  pitches  is  proportional  to  the  sum  of  the  square^^ 
the  conjugate  diameters  (§  176).     The  three  screws  of  B  are  parallel 
another  triad  of  conjugate  diameters  of  the  pitch  quadric,  and  the  sum 
the  reciprocals  of  the  pitches,  unth  their  signs  changed,  is  proportional  to  C 
sum  of  the  S4juares  of  the  conjugutt*  diameterH,      Remembering  that  « 
sum  of  th(»  8<juares  of  the  two  st»ts  of  conjugate  diameters  i«  equal, 
required  theon»m  is  at  once  evident. 

*  ProcttdinQi  of  thr  Rojfa!  Irish  Aradrm^,  8eriM  in.  Vol.  i.  fk.  S75  (1S90|.     A  Mt  «f 
•ervwi  Ar«  in  K'^nrml  dcU*rmtned  br  50  pAmint^trm.     If  thote  tcrew*  be  rvetproeal  IS  ct 
rouai  be  fulfilled.     The  above  arv  three  uf  the  condiUou*,  mi*  aUo  |  271. 
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269.  Property  of  the  PitcheB  of  n  Co-reciprocaLi. 

The  theorem  just  proved  can  be  extended  to  show  that  the  sum  of  the 
eciprocals  of  the  pitches  of  n  co-reciprocal  screws,  selected  from  a  screw  system 
fthe  nth  order,  is  a  constant  for  each  screw  system. 

Let  A  be  the  given  screw  system,  and  B  the  reciprocal  screw  system, 
'ake  6  —  n  co-reciprocal  screws  on  B,  and  any  n  co-reciprocal  screws  on  A. 
^he  sum  of  the  reciprocals  of  the  pitches  of  these  six  screws  must  be  always 
ero ;  but  the  screws  on  B  may  be  constant,  while  those  on  A  are  chan^^ed, 
rhence  the  sum  of  the  reciprocals  of  the  pitches  of  the  n  co-reciprocal  screws 
n  A  must  be  constant. 

Thus,  as  we  have  already  seen  from  geometrical  considerations,  that  the 
um  of  the  reciprocals  of  the  pitches  of  co-reciprocals  is  constant  for  the 
crew  system  of  the  second  and  third  order  (§§  40,  176),  so  now  we  see  that 
he  same  must  be  likewise  true  for  the  fourth,  fifth,  and  sixth  ordei-s. 

The  actual  value  of  this  constant  for  any  given  screw  system  is  evidently 
characteristic  feature  of  that  screw  system. 

270.  Theorem  as  to  Signs. 

If  in  one  set  of  co-reciprocal  screws  of  an  n-system  there  be  k  screws  with 
egative  pitch  and  n  —  k  screws  with  positive  pitch,  then  in  every  set  of 
y-reciprocai  screws  of  the  same  system  there  will  also  be  k  screws  with  negative 
itch  and  n  —  k  screws  with  positive  pitch. 

To  prove  this  we  may  take  the  case  of  a  five-system,  and  suppose  that  of 
ve  co-reciprocals  A^,  A^,  A^,  A^,  A^  the  pitches  of  three  are  positive,  say 
k'»  ^'.  ^'»  while  the  pitches  of  the  two  others  are  negative,  say  —  m^. 

Let  S  be  any  screw  of  the  system,  then  if  ^j,  ...  ^5  be  its  co-ordinates 
ith  respect  to  the  five  co-reciprocals  just  considered,  we  have  for  the  pitch 
f  0  the  expression 

wh'^i*  -f  m^e^  +  m,«^,«  -  m^0!  -  m^0f. 

Let  us  now  take  another  set  of  five  co-reciprocals  Bi,  B^,  B^,  B4,  B^ 
elonging  to  the  same  system,  then  the  pitches  of  three  of  these  screws  must 
e  -f  and  the  pitches  of  two  must  be  — .  For  suppose  this  was  not  so,  but 
iiat  the  five  pitches  were,  let  us  say  ni',na*,  n^,  n^,  —  w,'.  Let  the  co-ordinates 
f  S  with  respect  to  these  new  screws  of  reference  be  ^,  ^, ...  ^,  then 
he  pitch  will  be 
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Eqiiating  these  two  values  of  the  pitch  we  ought  to  have  for  every  screw  8 

But  it  can  easily  be  seen  that  this  equation  is  impossible. 

Let  H  be  the  screw  to  which  all  the  screws  of  the  five-system  are  re- 
ciprocal, and  let  us  choose  for  S  the  screw  reciprocal  to  il,,  ii,,  A^,  B^,H. 
The  &ct  that  S  is  reciprocal  to  if  is  of  course  implied  in  the  aasampUoD  that 
S  belongs  to  the  five-system,  while  the  fact  that  S  is  reciprocal  to  each  of  tke 
screws  i4,,  -4,,  il,,  B^  gives  us 

Hence  we  would  have  the  equation 

which  would   require   that  all   the   co-ordinates   were  zero,   which  is  im- 
possible. 

In  like  manner  any  other  supposition  inconsistent  with  the  the<»em  of 
this  article  would  be  shown  to  lead  to  an  absurdity.  The  theorem  is  Xhtrt- 
fore  proved. 

We  can  hence  easily  deduce  the  important  theorem  that  three  of  tbe 
screws  in  a  complete  co-reciprocal  system  of  six  must  have  positive  pitrh 
and  three  must  have  negative  pitch*. 

For  in  the  canonical  system  of  co-reciprocalrf  the  pitches  are  4- a.  -a. 
-f  6,  —  6,  +  c,  —  c,  i.e.  three  are  positive  and  three  are  negative,  and  as  in  ihii 
case  the  n-system  being  the  six-system  includes  every  screw  in  space  we  *r 
that  of  any  six  co -reciprocals  three  of  the  pitches  must  be  positive  and  thrt^ 
must  be  negative. 

271.    Identical  Formula  in  a  Co-reoiprocal  Sjstem. 

Let  any  screw  a  be  incline<l  at  angles  al,  or2, ...  a6  to  the  respective  mx 

screws  of  a  co-reciprocal  system. 

Then  we  have  for  the  co-onlinate  a^ 

(  pm+Pn)  cos  al  —  rf«,  sin  al 
«« =  _   _  -.  

*  Thti  interevtinR  th««omn  wa«  comrounicaUHl  to  me  br  Klein,  who  Imd   pfowd  It  m  a 
property  of  Uie  parmmeterfl  of  "f*ii  fundauienUl  complexet  in  involntiun*'  {JH^^iIl  Amm, 
i.  p.  a04) 
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If  we  substitute  these  values  for  a,, ...  On  iu  the  expression 

we  obtain  the  equation 

.  fco^  al     cos'  a2  cos'  a6"l 

^    I    Pi  P*  P«    J 


jp.[ 


cos  al  (  pi  cos  gi  —  dgi  sin  al) 

- — ■ — ■ ~  ~j~ ... 

cos  a6  (p^  cos  a6  —  da^  sin  a6) 

_l 


-] 


(picosal  — d^sinal)"  ( j?<  cos  a6  -dge  sin  a6)' 

Pi  1>« 

As  ca,  &c.,  (i.i,  &c.,  Ply  &c.  are  independent  of  p.  we  must  have  the  three 
co-efficients  of  this  quadratic  in  p,  severally  equal  to  zero. 

272.  Three  PitcheB  Posithre  and  Three  Negative. 

The  equation 

cos'  al     cos'  a2  cos'  a6  _  ^ 

also  shows  that  three  pitches  of  a  set  of  six  co-reciprocals  must  be  positive 
and  three  must  be  negative.  For,  suppose  that  the  pitches  of  four  of  the 
co-reciprocals  had  the  same  sign,  and  let  a  be  a  screw  perpendicular  to  the 
two  remaining  co-reciprocals,  then  the  identity  just  written  would  reduce  to 
the  sum  of  four  positive  terms  equal  to  zero. 

From  this  formula  and  also 

Pi         Pj  P6 

,                             sin'ai     sin'a2             sin'ae     ^ 
^e  have  h h  . . .  H =  0. 

Pi  Pa  P6 

273.  Iiinear  Pitch  Invariant  FunctionB. 

We  propose  to  investigate  the  linear  functions  of  the  six  co-ordinates  of 
«  screw  which  possess  the  property  that  they  remain  unaltered  notwith- 
standing an  alteration  in  the  pitch  of  the  screw  which  the  co-ordinates 
denote.  It  will  first  be  convenient  to  demonstrate  a  general  theorem  which 
introduces  a  property  of  the  six  screws  of  a  co-reciprocal  system. 

The  virtual  coefficient  of  two  screws  is,  as  we  know,  represented  by  half 
the  expression 

(pa  +p^)  cos  ^  —  d  sin  ^, 

where  /)«  and  p^  are  the  pitches,  Q  is  the  angle  between  the  two  screws, 
and  d   the  shortest  perpendicular  distance.    The   pitches  only  enter  into 
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this  expression  by  their  sum;    and,  consequently,  if  /lu   be  changed   in 
p«  +  X,  and  p$  be  changed  into  p/t  —  a,  the   virtual   coefficient  will  re 
unaltered  whatever  x  may  be. 

We  have  found,  however  (§  37),  that  the  virtual  coefficient  admitu  • 
representation  in  the  form 

To  augment  the  pitch  of  a  by  x,  we  substitute  for  a,,  a,,  ...  the  sev 
values  (§  265), 

a, +  2— cosch,      a,  ^-^  cos  a,.  ... 

where  O),  a,,  ...  are  the  angles  made  by  the  screw  a  with  the   screws    o/ 
reference.     Similarly,  to  diminish  the  pitch  of  fi  by  x,  we  sobulitute  for 
01,  fii,  ...  the  several  values 

/8i-2p^cos6„     A-^coe6„6c. 
With  this  change  the  virtual  coefficient,  as  above  expressed,  becomes 


or, 


2p,(a.+  ^cofla,)(A-^cos6,), 


2pa,/8,  +  203icosch  +  /9icosa,+  ...  -a,  cosfri -a,co6b|-  ...) 

x^  /COS  tti  cos  6,     cos  a,  cos  6,  oos  a«  cos  bk 

T  "  f     ...     r* 


)• 


^\  P^  Pi  Pi 

We  have  already  shown  that  such  a  change  must  be  void  of  effect  upon 
the  virtual  coefficient  for  all  values  of  x.  It  therefore  follows  that  \bt 
coefficients  of  both  x  and  x*  in  the  expressions  just  written  most  be 
Hence  we  obtain  the  two  following  properties: 

0  =  O,  cos  ai  +  . ..  + /8«  cos  a,)  -  (Oi  cos  6i  +  ...  +  «t  008  fcg), 
^     cosoicosbi  coscucosbb 

Pi  Pn 

The  second  of  the  two  formulie  is  the  important  one  for  our 
purpose.  It  will  be  noted  that  though  the  two  screws,  a  and  ff,  are  com- 
pletely arbitrar)',  yet  the  six  direction  cosines  of  a  with  regard  to  the  sctpw* 
cif  n*ference,  and  the  nix  direction  cosines  of  ff  with  regard  U*  the  wtoe 
scn.*wH  of  reference,  muKt  be  connectixl  by  this  relation.  Of  coarse  \h^ 
iN|uation  in  this  form  i.s  only  true  when  the  six  screws  of  reference  sr* 
c(h  reciprocal.  In  the  more  general  case  the  equivalent  identity  wooU  be 
of  a  much  more  complicated  type. 


274]  EMANANTS  AND   PITCH   INVARIANTS.  289 

274.    A  Pitch  Invariant. 

Let  Ai,  ...  A«  be  the  direction  angles  of  any  ray  whatever  with  regard  to 
ix  co-reciprocal  screws  of  reference,  then  the  function 

U=ai  cos  Ai  +  . . .  +  a«  cos  A, 
s  a  pitch  invariant. 

For,  if  we  augment  the  pitch  of  a  by  a?,  we  have  to  write  for  a^,.,.  a^ 

he  expressions 

/p  /p 

ai  +  ft—  cos  Oi ...  a«  +  s—  cos  a„ 

ind  then  U  becomes 

a,  cos  Ai  +  . . .  +  «« cos  h^ 

.  X  /cos  Oi  cos  h  cos  a«  cos  A.\ 

+  9 -  +  '"  + — ; 

)ut  from  what  we  have  just  proved,  the  coefficient  of  x  is  zero,  and  hence 
?e  see  that 

Oi  cos  Ai  +  . . .  +  «« cos  A« 

^mains  unchanged  by  any  alteration  in  the  pitch  of  a. 

If  we  take  three  mutually  rectangular  screws,  a,  ^8,  7,  then  we  have  the 
hree  pitch  invariants 

Z  =  ^1  cos  tti  +  . . .  -f  ^6  cos  a,, 
M  =  01  cos  61  +  ...  +  ^6  cos  6fl, 
N  =  01  cos  Ci  +  ...  +  ^6 cos  Ca. 
It  is  obvious  that  any  linear  function  of  Z,  M,  N,  such  as 

/Z  +  ^Jlf  +  Ai\r, 

8  a  pitch  invariant. 

We  can  further  show  that  this  is  the  most  general  type  of  linear  pitch 
nvariant. 

For  the  conditions  under  which  the  general  linear  function 

A 101-^  ...  4-  A.n0n 

hall  be  a  pitch  invariant  are  that  equations  of  the  type 

^lJ?^^+...  +  4l5?i^  =  0;&c. 

Pi  Pe 

hall  be  satisfied  for  all  possible  rays. 

Though  these  equations  are  infinite  in  number,  yet  they  are  only  equi- 
alent  to  three  independent  equations ;  in  other  words,  if  these  equations 
re  satisfied  for  three  rays,  a,  6,  c,  which,  for  convenience,  we  may  take  to 
e  rectangular,  then  they  are  satisfied  for  every  ray. 

a  19 


290  THB  THEORY   OF  8CRBW&  [274- 

For,  take  a  ray  €,  which  makes  direction-angles  X,  /a,  y  with  e,  fc,  c,  Ui« 
we  have 

cos  6,  =  cos  X  cos  Oi  +  cos  /i  cos  fcj  +  cos  V  cos  Ci, 


cos  6,  =  COS  X  cos  Og  +  COS  /i  COS  &c  +  cos  1^  cos  Cg. 


Hence 


il,cos6|               il,cos€«           ^-,il,cosa,  .           -iljcosii 
»-!_... -|.  'scosXi  ^  +  cosuS— = = 

Pi  P«  Pi  Pi 

^  ill  cose, 
+  cosyS 

Pi 

If,  therefore,  we  have 

jiljcosa,  ^         v:4_>^^^_0.    v^iCO^Ci^Q 
Pi  '    ^       Pi  '  Pi 

then,  for  every  ray,  we  shall  have 

Pi 

It  thus  follows  that  the  coefticients  of  a  linear  function  which 
the  proi^erty  of  a  pitch  invariant  must  be  subjected  to  three  ooodiiiooft 
There  are  accordingly  only  three  coefficients  left  disposable  in  the  nwrt 
general  tyjxj  of  linear  pitch  invariant.     Now, 

is  a  pitch  invariant  which  contains  three  disposable  quantities,/,  y.  *i  ^ 
therefore  repre.sents  the  most  general  form  of  linear  function  which  posK««* 
the  nnpiired  property. 

We  have  thus  solved  the  problem  of  finding  a  perfectly  genorml  expmnoo 
for  the  linear  pitch  invariant  function  of  the  co-ordinates  of  a 


It  is  convenient  to  take  the  three  fundamental  rays  as  mutually  red- 
angular;  but  it  in,  of  cour^,  easy  to  show  that  any  linear  pitch  innriasi 
can  be  expressiKl  in  tenns  of  three  pitch  invariants  unless  their  determtDUf 
rays  are  coplanar.  We  may  express  the  result  thus : — Let  X»,  If,  *V,  0  W 
four  linear  pitch  invariants,  no  three  of  which  have  coplanar  deienntBiaf 
rays.  Then  it  is  always  possible  to  find  four  parametem,  X,  /4,  r,  p,  soch  ^ 
the  following  etjuation  shall  be  satisfied  identically : — 

\L  +  fiM  -f  vN  -^pO^O. 

276.    Oeometrical  meaning. 

Thi?  nature  of  the  pitch  invariant  function  can  be  otherwise  seen.  It  ^ 
wfll  known  that  in  the  com{K)sition  of  two   or   more   twist    TelodlMi  *^ 
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discover  the  direction  of  the  resultant  screw  and  the  magnitude  of  the 
resultant  twist  velocity  by  proceeding  as  if  the  twist  velocities  were  vectors. 
Neither  the  pitches  of  the  component  screws  nor  their  situations  affect  the 
magnitude  of  the  resultant  twist  velocity  or  the  direction  of  the  resultant 
screw.  This  principle  is,  of  course,  an  immediate  consequence  of  the  law 
of  composition  of  twist  velocities  by  the  cylindroid. 

Let  any  ray  a  make  an  angle  X  with  the  ray  0,  and  angles  Oi, ...  a«  with 
the  six  screws  of  reference.  The  twist  velocity  ^  on  ^  if  resolved  on  a  has 
a  component  dcosX.  This  must  be  equal  to  the  sum  of  the  several  com- 
ponents  0i,  0^,  ...  resolved  on  a;   whence  we  have 

0  cos  \=  $1  cos  Oi  +  ...  +  ^e  cos  a«. 

If  we  make  0  =  unity,  we  obtain 

cos  X  =  ^1  cos  tti  +  ...  +  ^6  cos  a,. 

This  gives  a  geometrical  meaning  to  the  pitch  invariant.  It  is  simply  the 
cosine  of  the  angle  between  the  screws  0  and  a.  As,  of  course,  the  pitch 
is  not  involved  in  the  notion  of  this  angle,  it  is,  indeed,  obvious  that  the 
expression  for  any  function  of  the  angle  must  be  a  pitch  invariant. 

We  now  see  the  meaning  of  the  equation  obtained  by  equating  the  pitch 
invariant  to  zero.     If  we  make 

d,cosai  + ...  +^6cosae  =  0 

it  follows  that  a  and  0  must  be  at  right  angles.  The  equation  therefore 
signifies  the  locus  of  all  the  screws  that  are  at  right  angles  to  ou 

The  two  equations 

d,  cosai  +  ...  +^e  cos  0^  =  0, 

^,  cos  6i  +  ...  +  ^fCos  6,  =  0, 

denote  the  screws  perpendicular  to  the  two  directions  of  a  and  /8.  In  other 
words,  these  two  equations  define  all  the  screws  perpendicular  to  a  given 
plane. 

276.     Screwi  at  infinity. 

Let  us  now  take  the  case  where  a,  /9,  y  are  three  rectangular  screws,  and 
examine  the  conditions  satisfied  by  0^  ..,  0%  when  subjected  to  the  three 
following  equations : 

d,  cosoi-f  ...  -f  ^«co8a,  =  0, 

^1  cos  6,  +  ...  +  ^i  cos  6,  =  0, 

01  COS  C,  +  ...  +  ^t  cos  Cj  =  0. 

The  screws  which  satisfy  these  conditions  must  all  be  perpendicular  to  the 

19—2 
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three  directions  of  a,  /9,  7.  For  real  and  finite  rays  this  is  iropooBible ;  ht 
real  and  finite  rays  could  not  be  {)erpendiciilar  to  each  of  three  rmys  whick 
were  themselves  mutually  rectangular.  This  is  only  possible  if  the  np 
denoted  by  ^,,  ...  0^  are  lines  at  infinity. 

It  follows  that  the  three  equations,  £  =  0;  M^O;  N^O,  obUuned  br 
equating  the  three  fundamental  pitch  invariants  to  zero,  roust  in  gi*mni 
express  the  collection  of  screws  that  are  situated  in  the  plane  at  infinilr. 

We  can  write  the  three  equations  in   an   equivalent   form   by  the  ui 

equations 

^       ^cosa,        cos&i      ,  cose, 

^,  =/ "hg        -  +  A     --, 

Pi  Pi  Pi 


>,      ^  cos  a«        cos  6,     ,  cos  c^ 


/>•  P«  Pt 

where  /,  g,  h  are  any  quantities  whatever ;  for  it  is  obvioas  that,  by  mihrti- 
tuting  these  values  for  ^1, ...  0^  in  either  L,  or  M,  or  N,  these  quanUtiesirt 
made  to  vanish  by  the  formulce  of  the  type 

cos  Or,  cos  61  cos  cu  cos  6«      ^ 

— -f  ...  +      — ^ «  0. 

Pi  p. 

Wo  have,  con.se(|uently,  in  the  expressions  just  written  for  tf|,  ...  ^«,  ^ 
values  of  the  co-ordinates  of  a  screw  which  lies  entirely  in  the  [Jane  ti 
infinity. 

277.    Kxpretsioii  for  the  Pitch. 

It  is  known  that  if  a,  /9,  7  be  the  direction-angles  of  a  ray,  and  if  P,  Q,  ^ 
be  ite  shortest  perpendicular  distances  from  three  rectangular  axes,  tbco 

P  sin  a  cos  a  +  Q  sin  /9  cos  /9  4-  A  Hin  7  cos  7  «  0. 

Let  1;,  f ,  f  be  three  screws  of  zero  pitch,  which  intersect  at  right  angles  ^ 
let  0  be  another  screw,  then,  if  aj^  be  the  virtual  coefficients  of  if  and  t, 

2«r^  =  /)#  cos  a  —  P  sin  a, 
whence,  by  the  theon^m  just  mentioned,  we  have 

;)i  =  2  v^  cos  a  +  2  v^i  cos  yS -f  2  v^  cos  7. 

Let  <!,,  ...  <i,  b4»  the  angles  nuwle  by  17  with  the  six  co-reciprocal  scrv**  ^ 
ri'forence,  then 

cot<a=  Zf  tss^,  cosaj  +  ...  -t-^^coeri^, 
and,  Himilarly,  for  the  two  other  angles, 

CiPAff^  M  =  0^  cos  6,  -»- ...  4-  tf«  ctwfc,, 

COS7  =^  «^jCO«Ci-f-  ...  +  ^iCOSCg, 
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and  i*  +  if' +  iV'=l,  whence  we  have  for  the  pitch  the  homogeneous  ex- 
pression 

_  2£tgr^  +  2Mm(^  +  2Nm^e 

It  appears  from  this  that  the  three  equations, 

indicate  that  0  must  be  one  of  a  pencil  of  rays  of  zero  pitch  radiating  from 
a  point. 

The  equations  i  =  0;  -Jf=0;  iV  =  0,  define  a  screw  of  indeterminate 
pitch. 

Why  the  screws  in  the  plane  at  infinity  (§  46)  should  in  general  present 
themselves  with  indeterminate  pitch  is  a  point  which  requires  some  ex- 
planation. The  twist  about  such  a  screw,  as  around  any  other,  consists,  of 
course,  of  a  rotation  and  a  translation.  If,  however,  the  finite  parts  of  the 
body  are  only  to  be  moved  through  a  finite  distance,  the  amplitude  of  the 
I;wi8t  must  be  infinitely  small,  for  a  finite  rotation  around  an  axis  at  infinity 
vould,  of  course,  imply  an  infinitely  great  displacement  of  parts  of  the  body 
vhich  were  at  finite  distances.  The  amplitude  of  the  rotation  is  therefore 
nfinitely  small,  so  that,  if  the  pitch  is  finite,  the  displacement  parallel  to 
,he  axis  of  the  screw  is  infinitely  small  also.  It  thus  appears  that  the  effect 
>f  a  small  twist  about  a  screw  of  any  finite  pitch  at  infinity  is  to  give  the 
inite  parts  of  the  body  two  displacements,  one  of  which  is  infinitely  insig- 
lificant  as  regards  the  other.  We  can  therefore  overlook  the  displacement 
lue  to  the  pitch,  and  consequently  the  pitch  of  the  screw  unless  infinite  is 
mmaterial ;  in  other  words,  in  so  far  as  the  screw  is  the  subject  of  our 
Qvestigation,  its  pitch  is  indeterminate. 

In  like  manner  we  can  prove  that  a  screw  in  the  plane  at  infinity,  when 
Bgarded  as  the  seat  of  a  wrench,  must,  when  finite  forces  are  considered, 
>e  regarded  as  possessing  an  indeterminate  pitch.  For,  let  the  force  apper- 
aining  to  the  wrench  be  of  finite  magnitude,  then  its  effect  on  bodies  at 
inite  distances  would  involve  a  couple  of  infinite  moment.  It  therefore 
bllows  that  the  force  on  the  screw  at  infinity  must  be  infinitely  small  if  the 
jflFects  of  the  wrench  are  finite.  The  moment  of  the  couple  on  the  screw 
)f  finite  pitch  is  therefore  infinitely  small,  nor  is  its  magnitude  increased 
)y  importation  from  infinity ;  therefore,  at  finite  distances,  the  effect  of  the 
K>uple  part  of  the  wrench  may  be  neglected  in  comparison  with  that  of  the 
bree  part  of  the  wrench.  But  the  pitch  of  the  screw  is  only  involved  so 
ar  as  the  couple  is  concerned ;  and  hence  whatever  be  the  pitch  of  the 
icrew  lying  in  the  plane  at  infinity,  its  effect  is  inoperative  so  far  as  finite 
)perations  are  concerned* 
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There  is  here  a  phenomenon  of  duality  which,  though  full  of  ngnificaiicc 
in  non-Euclidian  space,  merely  retains  a  shred  of  its  importance  in  the  space 
of  ordinary  conventions.  A  displacement,  such  as  we  have  been  coDssdenng. 
may  of  course  arise  either  from  a  twist  about  a  screw  of  infinite  pitch  at  ao 
indefinite  distance,  or  a  twist  about  a  screw  of  indefinite  pitch  at  an  infinite 
distance. 

278.    A  Ssrstem  of  BmananU  which  are  Pitch  InTariaiita*. 

From  the  formula 

2«r.^  =  (/).  +  pfi)  cos  (a/9)  -  d^  sin  (o^). 


we  obtain 


d^  sin  (a^)  =  i  (/>•  +  Pfi)  («i  j^  +  •••  +  ««  joj  ^ 


-("^.'■•••■'"•dA)^'^'''^^ 


or  from  symmetry 


-K.^-^Oi'^y 


d    .  .    d 


\     da,  ^"da,n  V/i.  )' 


We  thus  obtain  an  emanant  function  of  the  co-ordinates  of  a  and  0  which 
expresses  the  product  of  the  shortest  distance  between  a  and  0  into  the  m»^ 
of  the  angle  between  them.  The  evanescence  of  this  emanant  is  of  course 
the  condition  (§  228)  that  a  and  0  intersect. 

Thb  emanant  is  obviously  a  pitch  invariant  for  each  of  the  two  bck^ 
involved  It  will  be  a  pitch  invariant  for  a  whatever  be  the  screw  0  Ut 
us  take  for  0  the  first  screw  of  reference  so  that 

A  =  l;    A  =  0  ...  A-0. 
Then 

d   /?>.  +  p.\ 
da,  \  ^R.  J 
must  be  a  pitch  invariant.     It  may  be  written 

^   (  P-  \  . />.  dR^ 
da,  KJrJ  ^  2  •  'da,  ' 

*  Thi«  article  ia  due  to  Mr  A.  Y.  O.  rempbtU 
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but  we  know  that  the  last  term  is  itself  a  pitch  invariant,  and  hence  we  have 
the  following  result. 

I/pm  be  the  pitch  of  a  screw  a  expressed  in  terms  of  the  co-ordinates,  and 
if  iJ.  denote  the  function  «!*+... +08^  + 2a,a2  cos  (12) -h  ...  =  1,  then  the 
several  functions 

d    (  Pa\ 

da^ 

remain  unaltered  if  instead  of  ai  .,,a^  the  co-ordinates  of  any  other  screw  on 
the  sam£  straight  line  as  a  should  be  substituted. 

This  is  easily  verified  by  the  known  formulae  that  if  a  be  any  screw  and 
0  another  screw  on  the  same  axis  as  a  whose  pitch  is  p«  +  x,  then 

^  X     dR         ^  X     dR 

''^  =  «' +  ^,  •  5c^  '  -  ^' =  "•  +  4;,/ ^ ' 

whence 

=  2p.a. -p.  cos  («!)  =  £-(  J^j. 


CHAPTER  XXL 

DEVELOPMEKTS  OF  THK  DYNAMICAL  THEORY. 

279.    Ezpressioii  fbr  the  Blinetio  Energy. 

Let  us  suppose  that  a  Ixxly  of  mass  M  is  twisting  around  a  screw  «  with 
the  twist  velocity  d.  It  is  obvious  that  the  kinetic  energy  of  the  body  mort 
be  the  product  of  Ma}  and  some  expression  which  has  the  dimensions  of  tbf 
square  of  a  linear  magnitude.  This  expression  has  a  {larticular  geornelhctl 
significance  in  the  Theory  of  Screws.  an<l  the  symbols  of  the  theory  afford  i 
representation  of  the  expression  in  an  extremely  concise  manner. 

Let  17  be  the  impulsive  screw  which  corresjMinds  to  a  as  an  instantaiit**'!!.* 
screw,  the  body  being  sup(H)sed  to  l)e  |H»rfectly  unconstrained. 

As  usual  />•  is  the  pitch  of  a  and  (aiy)  is  the  angle  between  a  and  i^ 

From  the  formula^  of  §  80  we  have,  where  //  is  a  common  factor, 

//,;,  =  +  6a,;         //174  =  -  ba^\ 

Hff,  =  +  ca.;         //i7«  =  -<?«•; 
whence 

and  we  obtain 

H=-P'-    . 

COS  (017) 
The  kinetic  energy  is 

Aid'  (ri«a,'  -I-  a  V  +  ^V  +  l/a,^  +  c'a^^  +  c'V) 

^  *''*'  COS  (017)  ^"***'^'  "  ^'^^'  "^  ^^'^* "  '^^*  "*"  ^"•''*  ^  ^^^^ 
Cits  {at)) 

•   Trams.  lU^y,  Inth  Acad.,  Vol.  iiil.  p.  W  (1S96). 
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which  is  the  required  expression  for  the  kinetic  energy.  It  is  remarkable 
that  the  co-ordinates  of  the  rigid  body  are  introduced  by  the  medium  of  the 
impulsive  screw  alone. 

280.    Ezpression  for  the  Twiit  Velocity. 

If  an  impulsive  wrench  of  unit  intensity  on  a  screw  17  be  applied  to  a 
quiescent  rigid  body  of  unit  mass  which  in  consequence  commences  to  twist 
about  an  instantaneous  screw  a,  it  is  required  to  find  the  initial  twist 
velocity  d. 

The  impulsive  wrench  may  be  replaced  by  component  impulsive  forces 
Vi> '"  V*  on  the  six  principal  screws  of  inertia  and  component  impulsive 
couples  with  moments  arji,  —arj^y  61;,,  —  61/4,  0175,  —  ci/e  about  those  screws 
of  inertia. 

The  force  rji  is  expressed  by  the  velocity  it  produces  in  the  unit  mass 
parallel  to  the  direction  of  17.  The  component  twist  velocity  of  a  is  dflj 
about  the  first  principal  screw,  and  accordingly  the  velocity  of  translation 
parallel  to  that  screw  is  adai.     Hence  we  have 

but  aa,  =  — ^-r—\Vi» 

'whence  we  obtain* 

cos  (atf) 

OL  = . 

Pa 

It  will  be  noted  that  in  this  expression  the  co-ordinates  of  the  rigid  body 
are  introduced  through  the  medium  of  the  impulsive  screw  alone. 

A  special  case  arises  when  the  impulsive  wrench  is  a  couple,  in  which 
case  of  course  |>,  s  00  .  As  the  effect  of  an  impulsive  couple  is  to  produce 
a  pure  rotation  only,  we  must  under  these  circumstances  have  />.  =  0. 
Poinsot's  well-known  construction  exhibits  the  axis  of  the  initial  rotation 
as  the  diameter  of  the  momental  ellipsoid  conjugate  to  the  plane  of  the 
impulsive  couple.  As  three  conjugate  diameters  of  an  ellipsoid  could  not 
lie  in  the  same  plane,  it  follows  that  in  the  case  of  p,  =  00  we  can  never 
have  a  and  rj  at  right  angles.  As  p.  is  zero  while  cos  (arj)  is  not  zero,  we 
must  have  d  infinite. 

This  might  have  been  inferred  from  the  fact  that  as  the  intensity  of  the 
impulsive  wrench  was  not  zero  while  the  pitch  of  the  screw  on  which  it  lay 
was  infinite,  the  moment  of  the  impulsive  couple  was  infinite  and  conse- 
quently the  initial  twist  velocity  must  be  infinite. 

*  Tram.  Roy.  Irish  Acad.,  Vol.  xxxi.  p.  100  (1S96). 
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Unless  in  this  exceptional  case  where  /\  is  infinite  it  is  always  true  thai 
when  p^  is  zero,  a  and  17  are  at  right  angles. 

It  is  universally  true  that  when  the  impulsive  screw  and  the  instan- 
taneous screw  are  at  right  angles  (the  body  being  quite  free),  the  pitch  «»( 
the  instantaneous  screw  must  be  zero. 

For  if  p^  were  not  zero  when  co6(ai7)  was  zero  then  d  must  be  zenx  As 
some  motion  must  result  from  the  impulse  (the  mass  of  the  body  Uring 
finite)  we  must  have  p^  infinite.  The  initial  motion  is  thus  a  tranalali<ia 
Therefore  the  impulse  must  have  been  merely  a  force  through  the  cenUT 
of  gravity ;   a  and  17  must  be  parallel  and  cos  (at;)  could  not  be  zero. 

The  expression  for  the  kinetic  energy  in  §  279, 

assumes  an  indeterminate  fonn  when  the  impulsive  wrench  reduces  U>  i 
coupla  For  we  then  have  p^  =  0,  but  as  008(017)  is  not  zero  the  exprvivioo 
for  «r^,  i.e. 

i  {(P*  +  /N>  cos  (017)  -  c/.,  sin  (at;)], 
becomes  infinite. 

The  expression  for  the  kinetic  energy  arising  from  an  impulsive  wrvndi 
of  unit  intensity  on  a  screw  17  applied  to  a  free  body  of  unit  mass  whick 
thereupon  begins  to  twist  with  an  instantaneous  movement  about  a  scf^v  2 
has  the  concise  form 

cos  (017) 

SSL  Conditioni  to  be  fUlflUed  by  two  iMdni  of  laipiilslTO  aai 
Instantaneoaa  Borewi. 

Let  a  be  a  screw  about  which  a  free  rigid  body  is  made  to  twiit  ifi 
consequence  of  an  impulsive  wrench  administered  on  some  other  screw  f> 
Let  0  be  another  instantaneous  screw  corresponding  in  like  manner  to  ( <^ 
an  impulsive  screw.  Then  we  have  to  prove  that  the  two  following  (90001* 
are  satisfied  ^ : 

._/?•      COS  (y9i7)  +      ^^^^^  cos  (of )  -  2w^ , 

cu«(ai7)     ^^      cos(0lj    •*' 
*  Proemdim§9  0/ Uu  Cmmb,  Phil.  Soe.,  VoL  ix.  Put  iM.  p^  19i. 
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To  demonstrate  the  first  of  these  formulae.     Expand  the  left-hand  side  and 
it  becomes 

+  ^^^^  {(A  +  A)  (17,  +  V.)  +  (A  +  A)  (17,  +  ^4)  +  (A  +  A)  (17.  +  V.)] 


But,  as  already  shown, 

p. 


%  =  +  ««!,    irr7--\^«  =  -«^»  •••» 


cos  (ai;)  *     cos  (at)) 

cosdl)^^"'^''^''   ^^Mfe^'""''^"***' 
whence,  by  substitution,  the  expression  reduces  to 

+  6  (A  +  A)  (a,  -  a^)  +  6  (a3  +  ^4)  (A  -  A) 
+  c(A  +  A)(a,-Ofe)  +  c  (0f5  +  a,)(/35-A) 
=  2aaj3i  -  2aa^2  +  2603/8,  -  2ba^^  +  2ca8)86  -  2ca^^ 

To  prove  the  second  formula  it  is  only  necessary  to  note  that  each  side 
reduces  to 

+  a'a^i  +  a»a./8,  +  ft'otj^S,  +  b'a^^  +  d'a^t  +  c^aj3.. 

It  will  be  observed  that  these  two  theorems  are  quite  independent  of  the 
particular  screws  of  reference  which  have  been  chosen. 

282.    CoAjugate  Screwi  of  Inertia. 

We  have  already  made  much  use  of  the  important  principle  that  is 
implied  in  the  existence  of  conjugate  screws  of  inertia.  If  a  be  reciprocal 
to  {  then  must  17  be  reciprocal  to  /9.  This  theorem  implied  the  existence 
of  some  formula  connecting  ^^  and  'cr^.     We  see  this  formula  to  be 

p>  _      Pfi 

cos  (017)'*'^''      cosifi^)"^^' 

We  have  now  to  show  that  if  tr^  =  0,  then  must  v^  ^  0. 

Let  us  endeavour  to  satisfy  this  equation  when  tr^  is  zero  otherwise 
than  by  making  v^  zero.  Let  us  make  pa  infinite,  then  m^  will  reduce 
to  ^/>«coo(a^  (for  we  may  exclude  the  case  in  which  pf  is  aim)  infinite 
because  in  that  case  v^  =  0,  inasmuch  as  any  two  screws  of  infinite  pitch 
are  necessarily  reciprocal). 


300  THE  THEORY  OF  SCREWS.  [282, 

The  formula  becomes,  when  />«  is  very  large, 


cos  (017)    ^     cos  (ti()  *  ^*        ^  *  ^ 


In  this  case  as  the  twist  about  a  is  merely  a  translation,  we   must   havf 
cos  ai;  s  1,  so  that 

m^  is  to  vanish,  but  this  cannot  be  secured  by  making  p^  zero,  becaoae  Uua 
cannot  happen  without  cos  (fi^)  being  zero,  except  the  pitch  of  f  be  infiniu 
(§280)  which  is  the  case  already  excluded.  It  is  therefore  necessary  that 
co6(a()  be  zero,  but  this  requires  that  a  aud  f  be  reciprocal,  Le.  that  m^  »  0. 

Let  us  now  suppose  that  we  try  to  satisfy  the  original  e<]uatiooA  by 
making  Wfi^^O,  p^  =  0.  Here  again  we  find  that  p^  =  0  entails  co6(y3f)  ano, 
except  Pi  BOO.  This  in  general  makes  «r«^  infinite  so  that  the  equation  i» 
not  satisfied.  If  a  and  (  were  at  right  angles  then  no  doubt  the  e^|oatioii 
would  be  satisfie<l.  but  then  v^  is  zero.  We  thu8  see  that  notwiihiitaoiling 
the  special  form  of  the  fundamental  equation  (§  281)  it  implies  no  departnn? 
from  the  complete  generality  of  the  principle  that  whenever  w^  i^  z*rt%> 
then  must  v^  be  also  zero. 

283.    A  Fundamental  Theorem. 

Let  us  suppose  that  a  rigid  body  is  either  entirely  free  or  constrained  io 
any  manner  whatever.  Let  rj  be  an  impulsive  screw  whose  pitch  p^  is  noi 
infinite.  Let  17'"  be  the  intensity  of  an  impulsive  wrench  on  that  scrvw.  it 
being  understoo<l  that  rj'"  is  to  l)e  neither  zero  nor  infinity.  Let  a  be  iht 
instantaneous  screw  about  which  the  body,  having  been  previously  quieseeot. 
will  commence  to  twist  with  an  instantaneous  twist  velocity  a  It  is  abo 
supposed  that  p^  is  neither  zero  nor  infinity. 

Let  {  be  the  impulsive  screw  similarly  related  to  0,  and  let  the  affiliated 
symbols  have  the  corresponding  significations  and  limitations. 

Let  C  be  the  impuUive  screw  similarly  related  to  7,  and  let  the  affiliated 
symbols  have  the  correspi>ndin«,^  significations  and  limitationa 

The  instantane<»us  movement  of  the  Ixniy  must  necessarily  be  the  sam^ 
as  if  it  hiul  been  <|uite  fri'i*  and  hivd  rtH!i>iviHl  in  addition  to  the  impukitr 
wrench  of  inti^nsity  rj'"  on  the  screw  rj,  un  impulsive  wrench  of  int4*njhitT  ^* 
situate<l  on  some  screw  p  belonginj^  to  the  system  of  screws  reciprtical  to  ihe 
freedom  of  the  IxMly. 

Ia'I  these  two  wrenches  conqxiund  into  a  single  wrench  of  intensilt  m" 
on  a  screw  m. 
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Then  we  have  (§  279), 

,„  cos  (aft)) 
a  =  ft) , 

;>« 

and  also  (§  278), 

ft)i  =  ~ COS  (aft)),       ft)a  = COS  (aft)),   . . .    ft)e  =^- —  COS  (Oft)). 

Pa  Pa  Pa 

But  from  the  fact  that  ft)'"  is  the  resultant  of  17'"  and  p"  we  must  have  by 
resolving  along  the  screws  of  reference 

01    ft)i  =  i;    %  +  p    /^i,     ft)    0)2  =  1?    i7a  +  p   /^a, ...«    0>6  =  i7    176  +  P    Pe (l), 

whence  we  obtain  by  substitution, 

apiffi  =  i7'"i7i  +  p''pi ,     aPiOa  =  ly^'i/a  +  p'"pa .  •  •  •  ai^eOo  =  i7'"i76  +  p"V6  •  •  •(")• 

If  we  multiply  the  first  of  these  equations  hy  pi/Si,  the  second  by  j^aA*  &c., 
and  then  add,  we  obtain 

as  however  p  is  on  the  reciprocal  system  we  must  have,  except  when  p'"  =  00  , 
to  be  subsequently  considered, 

In  like  manner, 

dS/),*ai7i  =  V«^yi,. 

We  shall  similarly  find 
whence  by  multiplication 

^     f   b     «^ii^«^h^f«  =  '^     f     r    ^^ijy^^falS^ip. 

But  we  have  chosen  the  intensities  17'",  f '",  J""'  so  that  no  one  of  them  is 
either  zero  or  infinity,  whence 

«r^«r^y«rf.  =  «r^«r^a«rf^ (iv). 

It  remains  to  see  whether  this  formula  will  continue  to  be  satisfied  in  the 
cases  excepted  from  this  demonstration. 

Let  us  take  the  case  in  which  p^  is  infinite,  which  makes  17, . . .  infinite. 
We  have  in  the  case  of  p,  very  large. 


(ill), 


p^  cos  (171 ) 

^^="~2^r'' 


the  equations  (ii)  become 


iy>,  cos  (lyi )       „     .        ^«  «  -  ^"'P^  c^»  (^6 )  J.  ^"  .  . 
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multiplying  the  equations  severally  by  j>,,  />,, ...  and  adding,  we  get 
d2/)/a,)8i  =  i  i7'>,  (/9,  cos  (171 )  +  /9, 008  (172  )+...+  A  c«i  (i|6 )) 

=  V'^T/^  (since  />,  is  indefinitely  large), 

whence  we  proceed  as  before  and  we  see  that  the  theorem  (iii)  remains  true. 
even  if  p^  or  p^  or  p^  be  infinite. 

If  />«  be  zero,  then  in  general  cosaa»  is  zero.  But  in  this  case  p^-i-amm 
becomes  d^  the  length  of  the  perpendicular  from  the  centre  of  gravity  iipi« 
a     Hence  we  have 

_  />i«i  PA  PA% 

and  the  proof  proceeds  as  before  so  that  in  this  case  also  the  theorem  boldi 
good. 

Finally,  let  p«  be  infinite,  to  must  then  be  of  zero  pitch  and  pam  ihroogii 

the  centre  of  gravity  and 

•  /// 

We  have 

ck>|  =  ^co6(ai),     CD,  =  ^  cos (03 X    Ws  =  i  COS (05), ... 
so  that  the  equations  (i)  become 

i  «'"  cos  (ai )  =  ri'^'fi,  +  p>, .         i  o)'"  cos  (ai )  =  V"ih  +  p"'fH. 

a>    coe(a3)  =  i7  17,  +  p  p,,         Jo)    cos(a3)=i7   i74  +  f>  f>4. 

o»    cos (05)  =1;   i7»  +  p   Pi.         iw    cos (05)  =  17   n«  +  f>  pi. 

Multiplying  these  e^juations  by  -fa/Sj,  —a/9,,  +6/3,,  —  6/9„...   and  adding 
we  have 

Ja)'''[a(A-A)co«(ai)  +  6(A~-A)cos(a3)  +  c(A-A)co6((i5)]»f'"«i# 

Let  <r  be  the  screw  belonging  to  the  recipnx»l  system  on  which  tbew  » 
an  impulsive  wrench  of  intensity  a"  due  to  the  reactions  when  an  impoki^ 
wrench  is  administered  on  f.     Then  we  have 

/5«/9.  -  r"f.  +  «r"'<r. ;     -  /(}<i/3,  =  f  "'f.  +  ,r'V.. 
whence 

/8a  (/9,  -  /9,)  ciiH  (01 )  =  f '"  cos  (f  i )  coh  (ai )  +  <x"'  cos  (<n  )  co«  (ai ), 

with  similar  expressions  for  the  two  other  pairs,  whence  by  addition 

^>(/9i-A)c<>s(ai)+6(/9,-/9,)a>s(a:0  +  c(/9.-/9Joo8(a5)}-r'<^(«f^ 
for  since  a  and  a  are  reciprocal  and  />«  »  oo  we  must  have  co«  (o^)  «  0. 
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We  thus  obtain 


and  similarly 


1  t\'" 


whence  IT  ^^("^  =  ^ 

>r  remembering  that  />,  is  infinite, 

7f     ^'-^  _  '^yfi 


fit;"  «r.f      tsr^ 


But  we  had  already  from  (iii), 

•  If"' 

fir  ^Y*' 

wrhence  we  deduce  that  in  this  case  also  the  formula  remains  true.     We  thus 
obtain  the  following  general  theorem. 

jy  i;,  f ,  f  6«  three  impulsive  screws  and  a,  fi,  y  the  three  corresponding 
instantaneous  screws,  then  in  all  cases,  no  matter  how  the  movements  of  the  body 
may  be  limited  by  constraints,  the  following  formula  holds  good*: 

It   is  easily  shown  that  this  relation   subsists   when   the  correspondence 
between  rj  and  a  is  of  the  more  general  type  implied  by  the  equations 

^]_dU  ^^dU  »J_^ 

"^^      Ihda,'^       '^'^p.da,''  •••''•"  p,da.' 

where  U  is  any  homogeneous  function  of  the  second   degree   in   the  co- 
ordinates. 

284.    Case  of  a  Constrained  Rigid  Body. 

Let  ff  and  f  be,  as  before,  a  pair  of  impulsive  screws,  and  let  a  and  fi 
be  the  corresponding  pair  of  instantaneous  screws.  Let  p  be  the  screw  on 
which  a  reaction  is  contributed  by  the  constraints  at  the  moment  when  the 
impulsive  wrench  is  applied  on  rj. 

The  movement  of  the  body  twisting  about  a  is  therefore  the  same  as  if 
it  had  been  free,  and  one  impulsive  wrench  had  been  imparted  about  17 
Eind  another  simultaneously  about  p,  so  that  the  following  conditions  are 
satisfied : 

api«i  =  ^  Vi-^P  Pu 


*  Trans,  Roy,  Irish  Acad.,  Vol.  xxx.  p.  575  (1S94). 
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MultipIyiDg  by  />ia,, ...  /)«a,,  respectively »  and  adding,  we  have 

where  u^  =  /),'ai'  +  . . .  +  />«'at' ; 

because,  as  p  belongs  to  the  reciprocal  system,  we  must  have 

Similarly,  if  we  multiplied  the  six  equations  by  pifiu  ... pt0^,  respeciiTer— |y, 
and  added,  we  should  get,  since  p  is  reciprocal  to  /3  also, 

•  f*f 

where  Umfi  =  P^oli^i  +  . . .  +  p%(iS%- 

Eliminating  d  and  17'"  we  have  the  concise  result*. 

In  a  similar  way  we  can  deal  with  the  pair  of  screws,  /3  and  (,  and  bj 
eliminating  <r,  the  reaction  of  the  constraints  in  this  case,  we  obtain  the 
result 

Finally,  from  these  two  equations  we  can  eliminate  u^,  and  we  obtain 

This  formula  is  a  perfectly  general  relation,  connecting  any  two  paiiv  of 
impulsive  and  instantaneous  screws  17,  a  and  {,  /9.     It  holds  whether  the 
body  be  free  or  constrained  in  any  way  whatever.     If  the  body  be  perfectlj 
free,  then  it  is  easy  to  show  that  it  reduces  to  the  result  already  found,  rii 

p.  ^      P$ 

cos  (017)"^^^     cos  (/3f  )'*'•*• 

286.    Another  Proof. 

From  the  theory  of  impulsive  and  instantaneous  screi^-s  in  an  n-»pt^^ 
we  know  (§  97)  that  if  Oi, ...  a,»  be  the  co-ordinates  of  an  instantaneous  9Cft«. 
then  the  co-ordinates  171, ...  ly,.  of  the  reduced  impulsive  screw  may  be  deter- 
mined as  follows : 


Hv, 

Hvn 

Pn 

Multiplying  wverally  by  />,a,,  .^.pn^n*  ^nd  adding,  we  have 

•  Tntns.  Ha^.  Irish  Acad.,  Vol.  xxx.  p.  678  (ISM). 
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[ultiplyiug  «imilarly  by  pifii,  ...pnfim  and  adding, 

lliminating  H,  we  find 

We  may  also  prove  this  formula  by  physical  consideration.  Let  a,  ^  be 
le  two  screws  which  correspond,  as  instantaneous  screws,  to  17  and  f,  as 
npulsive  screws. 

Let  us  take  on  the  cylindroid  a,  /3,  a  screw  0,  which  is  conjugate  to  a 
ith  respect  to  inertia  (§81).  Then,  by  known  principles,  the  screw  0  so 
efined  must  be  reciprocal  to  17. 

Hence  PiVi^i  +  •  • .  +  PnVn0n  =  0. 

l8,  however,  a  and  0  are  conjugate,  we  have 

Iso,  since  0  is  co-cylindroidal  with  a  and  /3,  there  must  be  relations  of  the 
ind 

substituting  these  in  the  two  previous  equations,  we  get 

^-^iKi  +  H''^ffi  =  0 ; 

^^ma  +  Mt*«^  =  0  ; 
whence,  as  before, 

286.    Twiit  Velocity  acquired  by  an  Impulse. 

From  the  fact  that  the  twist  velocity  a  acquired  by  a  firee  body  in 
ODsequence  of  an  impulsive  wrench  of  unit  intensity  on  a  screw  17  is 
xpressed  (§  280)  by  the  equation 

cos  (giy) 
01  = 

p. 
re  see  that  the  second  of  the  two  formulae  of  §  281  may  be  expressed  thus: — 

lie  proof  thus  given  of  this  expression  has  assumed  that  the  body  is  quite 
ree. 

It  is  however  a  remarkable  fact  that  this  formula  holds  good  whatever 
>e  the  constraints  to  which  the  body  is  submitted.  If  the  body  receive  the 
mit  impulsive  wrench  on  a  screw  17,  the  body  will  commence  to  twist  about 

B.  20 
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a  screw  a.   But  the  initial  velocity  of  the  body  in  this  case  will  nol  generallj 
be  cos  (ai;)  -r  /)..     It  may  be  easily  shown  to  be 


Bat  we  have  also 


whence  in  all  cases 

This  formula  is  therefore  much  more  general  besides  being    more 
than  that  of  §  281. 

287.  Syitem  with  Two  Degrees  of  Freedom. 

Let  A,  B,  C,  X,  &c.,  and  A\  F,  C\  X\  frc.,  be  two  homographic  sy^^enii 
of  points  on  a  circle.  These  correspond  respectively  to  two  homogr^>hic 
systems  of  screws  on  the  cyliudroid  according  to  the  method  of  reproeoptatioo 
in  Chap.  xii.  Then  it  is  known,  from  geometrical  principles,  that  if  aaj 
two  pairs,  such  ^s  A,  A'  and  B,  R,  be  taken,  the  lines  AR,  BA'  intereect 
on  a  defiuite  straight  line,  which  is  the  axis  of  the  homography. 

In  general  this  axis  may  occupy  any  position  whatever ;  if,  however,  it 
should  pass  through  0,  the  pole  of  the  axis  of  pitch,  then  the  homograpiiy 
will  assume  a  special  type  which  it  is  our  object  to  investigate. 

In  the  first  place,  we  may  notice  that  under  these  circomiitanres  the 
homography  possesses  the  followiug  characteristic: — 

Let  A,  Bho  two  screws,  and  A\  B  their  two  correspondents;  then,  if  A 
be  reciprocal  to  R,  B  must  be  reciprocal  to  -4'. 

For  in  this  case  AR  must  pass  through  0,  and  therefore  BA'  must  paa» 
through  0  also,  Le.  B  and  A'  must  be  reciprocal 

This  cross  relation  suggests  a  name  for  the  particular  speciee  of  bonio- 
graphy  now  before  us.  The  form  of  the  letter  x  indicates  so  naiormlly  tlie 
kiud  of  relation,  that  I  have  found  it  convenient  to  refer  to  this  type  of 
homography  as  Chiastic.  No  doubt,  in  the  present  illastratioii  I  am  only 
discussing  tlu*  case  of  two  degrees  of  freedom,  but  we  shall  preeently 
that  chiastic  homography  in  significant  throughout  the  whole  theory. 

288.  A  Oeometrioal  Proof. 

It  is  known  that  in  the  circular  representation  the  virtual  ooefBcknt 
two  screwM  is  pro|N>rtional  to  the  perpendicular  distance  of  their  chord 
the  pole  of  the  axiH  of  pit<?h  (§  til ). 
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Let  a,  /3,y  he  three  screws  of  one  system,  and  let  17,  f ,  f  be  the  three 
corresponding  screws,  and,  as  usual,  let  «r«^  represent  the  virtual  coefficient 
of  a  and  ^.     Then  whenever  the  homography  is  chiastic: — 

This  is  geometrically  demonstrated  when  the  following  theorem  is 
proved : — 

If  six  points  be  inscribed  on  a  circle,  then  the  continued  product  of 
the  three  perpendiculars  let  fall  from  any  point  in  a  Pascal  line  formed 
firom  these  six  points  upon  three  alternate  sides  of  the  corresponding 
hexagon  is  equal  to  the  continued  product  of  the  three  perpendiculars  lot 
fall  from  the  same  point  on  the  other  three  sidea 

Let  act',  fifi*,  77'  be  the  three  pairs  of  sides,  and  write  the  equation 

then  this  represents  a  cubic  curve  through  the  nine  points  ao^,  a^,  ...,  and 
this  cubic  can  only  be  the  circle  and  the  Pascal  line. 

289.  Conitmction  of  Chiastic  Homography  on  the  Oylindroid. 

It  is  first  obvious  that,  if  two  corresponding  pairs  of  screws  be  arbitrarily 
selected,  it  will  always  be  possible  to  devise  one  chiastic  homography  of 
which  those  two  pairs  are  corresponding  members.  The  circular  construction 
shows  this  at  once,  for,  join  AR  and  A'B,  they  intersect  at  T,  then  the  line 
TO  is  the  homographic  axis,  and  the  correspondent  to  X  is  found  by  drawing 
A'X,  and  then  AX'  through  the  intersection  of  A'X  and  OT. 

290.  Homographic  Systems  on  Two  Oylindroids. 

The  fundamental  theorem  for  the  two  cylindroids  is  thus  expressed  : — 

Take  any  two  screws,  a  and  0,  on  one  cylindroid,  and  any  two  screws, 
If  and  ^,  on  the  other,  it  will  then  be  possible  to  inscribe  one,  and  in  general 
only  one  chiastic  homography  on  the  two  surfiEices,  such  that  a  and  17  shall 
be  correspondents,  and  also  /3  and  f . 

For,  write  the  general  equation 

If,  then,  a,  0,  17,  (  are  known,  and  if  7  be  chosen  arbitrarily  on  the  finrt 
cylindroid,  it  will  then  be  always  possible  U}  find  one,  bat  only  </rie,  scr';w  (^ 
on  the  second  cylindroid  which  satisfies  the  required  cfrnditiou. 

If  a  body  had  two  degrees  of  freedom  expretm^i  by  a  cylimiff/id  A,  and 
if  an  arbitrary  cylindroid  B  were  taken,  them  an  impulirive  wrew^h  a/l- 
miniiitered  by  any  screw  on  /i  wf/nld  roak^  the  htffly  f^nnmefifjs   W  twint 
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about  some  corresponding  screw  on  A,  and  the  two  sjrstema  of 

have  chiastic  homograpby.      If  the  body  were  given  both  in  conrtJUitio-     ^m 

and  in  position,  then,  of  course,  there   would  be  nothing  arbitrary  in 

choice  of  the  corresponding  screws.     Suppose,  however,  that  a  screw  i| 

been  chosen  arbitrarily  on  B  to  correspond  to  a  screw  a  on  il,  it  woolV"  M 

then  be  generally  possible  to  design  and  place  a  ligid  body  so  that  it  shooF'    ^[j 

begin  to  twist  about  a  in  consequeuce  of  the  impulse  on  17.     There  wool 

however,  be  no  arbitrary  element  remaining  in  the  homograpby.     Tba% 

see  that,  while  for  homograpby,  in  general,  three  pairs  of  coi 

can  be  arbitrarily  assigned,  there  can  only  be   two  pairs  so 

chiastic  homograpby,  while  for  such  a  particular  type  as  thai  which  rel 

to  impulsive  screws  and  the  corresponding  instantaneous  screws,  only 

pair  can  be  arbitrarily  chosen. 

291.    Omae  of  Normal  OyUndrolds. 

We  have  already  had  occasion  (§  118),  to  remark  on  the  cnrioiis 
ship  of  two  cylindroids  when  a  screw  can  be  found  on  either  cylindroid  wIsukA 
is  reciprocal  to  all  the  screws  on  the  other.     If,  for  the  moment,  we  ipcwj 
of  two  such  cylindroids  as  *'  normal,"  then  we  have  the  following  thecMrem  :^ 

Any  homograpby  of  the  screws  on  two  cylindroids  must  be  diiaitie  if 
the  two  cylindroids  are  normal. 

Let  a,  /3,  7  be  any  three  screws  on  one  cylindroid,  and  iy,  {,  {*  any  lime 
screws  on  the  other ;  then,  since  the  cylindroids  are  normal,  we  have 

whence  we  obtain 

unless  therefore  f  is  reciprocal  to  /3,  we  must  have 

If,  however,  f  had  been  reciprocal  to  fi,  then  one  of  these  serewa  (soppM  fi) 
must  have  been  the  screw  on  its  cylindroid  reciprocal  to  the  entire  group  <" 
screws  on  the  other  cylindroid.     In  this  case  we  must  have 

so  that  even  in  this  case  it  would  still  remain  true  that 

It  is,  intiecnl,  a  noteworthy  circumstance  that,  for  any  and  every  three  p**^ 
of  jw-rt^wH  on  two  normal  cylindroids,  the  relation  just  written  mart  ^ 
fulhlled. 
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In  general,  when  two  pairs  of  screws  are  given  on  two  cylindroids,  the 
chiastic  homography  between  the  surfaces  is  determined.  If,  however,  it 
were  possible  to  determine  two  chiastic  homographies  having  two  pairs  in 
common,  then  every  homography  is  chiastic,  and  the  cylindroids  are  normal. 

Let  a,  i;  and  )9,  f  be  the  two  pairs  of  correspondents,  and  let  7  have  the 
correspondents  ^  and  ^,  then  we  have 

whence 

Le.  the  two  cylindroids  are  normal. 

292.    General  Conditions  of  Chiaitic  Homography. 

We  shall  now  discuss  the  relations  of  chiastic  homography  between  two 
systems  of  screws  in  the  same  n-system.  The  first  point  to  be  demonstrated 
is,  that  in  such  a  case  every  pair  of  the  double  screws  are  reciprocal. 

Take  a  and  /3  as  two  of  the  double  screws,  and  17  and  f  will  coincide 
with  them ;   whence  the  general  condition, 

becomes 

One  or  other  of  these  factors  must  be  zero.    We  have  to  show  that  in  general 
it  is  impossible  for 

to  vanish. 

For,  take  7  reciprocal  to  a  but  not  to  0,  then  ««y=sO;  but  v^y  is  not 
zero,  and  therefore  vto^  would  have  to  be  zero;  in  other  words  ^  must  be 
reciprocal  to  a.  But  this  cannot  generally  be  the  case,  and  hence  the  other 
fieu^tor  must  vanish,  that  is 

In  like  manner  it  can  be  shown  that  every  pair  of  the  double  screws  must 
be  reciprocal. 

Conversely  it  can  be  shown  that  if  the  double  screws  of  two  homo- 
graphic  systems  are  co-reciprocal,  then  the  homography  is  chiastic. 

Let  the  n-double  screws  of  the  two  systems  be  taken  as  the  screws  of 
reference ;  then  if  one  screw  in  one  system  be  denoted  by  the  co-ordinates 
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itm  oomflpoodeat  in  tbe  odier  sfsccai  vill  be 

Simikriy.  the  correspondent  to 

3i.  •••  Ai 

win  haTe  lor  it#  co-ordinates 

And  the  correspoodent  to 

Tfi»  ••-  fu 
will  haire  for  ita  co-ordinate? 

where  X,  ^,  r,  are  the  constnntA  reqaiaite  to  niake  the  oi>-oidinalea  fulfil  ihe 
fandamental  conditions  as  to  dimensions. 

We  thna  compote 

and  similarly  for  the  other  terms. 

Whence,  by  substitution,  we  tind  the  following  equation  identacalhr 
satisfied: — 

It  may  Ik*  ni»te<l  tbat,  in  a  thret,'*>\'st^m,  two  homographies  aiv  chiasuc 
wheu,  in  the  plane  repres»eDtation  by  points,  the  double  points  of  the  two 
systems  form  a  triangle  which  is  ^elf-conjugate  with  respect  to  the  pitch 
conic. 

29S.    Origin  of  the  fbrmolM  of  §  281^. 

Let  a  be  a  screw  about  which  a  free  rigid  body  is  made  to  twist  is 
couse<|uence  of  an  impulsive  wrench  administered  on  some  other  sctew  f. 
Kxcept  in  the  case  where  a  aud  17  are  reciprocal,  it  will  always  be  possiblr 
(in  many  different  ways)  to  design  and  place  a  rigid  body  to  thai  two 
arbitrarily  chosen  M:rcws  a  aud  17  will  possess  the  required  relalioiL 

Let  now  fS  and  (  be  two  other  screws  (not  reciprocal) :   we  may 
the  question  as  U)  whether  a  rigid  body  can  be  designed  and  pfaioed  so 
a  shall  be  the  instantaneous  screw  corresponding  to  f|  as  an  impnkiTe 
while  /3  bears  the  same  relation  to  (. 

It  is  easy  to  see  that  it  will  not  generally  be  possible  Car  «« /3»  f .  f 
utand  in  the  required  relations.     For.  taking  a  and  fi  as  given,  than  aie 

*  FnHerMMjfi  oj  th€  Cambndft  Pkii.  boe.  Vol.  u.  Pmrt  iti.  |i.  IM. 
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iisposable  quantities  in  the  choice  of  rj,  and  five  more  in  the  choice  of  f. 
Ve  ought,  therefore,  to  have  ten  disposable  co-ordinates  for  the  designing 
nd  the  placing  of  the  rigid  body.  But  there  are  not  so  many.  We  have 
hree  for  the  co-ordinates  of  its  centre  of  gravity,  three  for  the  direction  of 
bs  principal  axes,  and  three  more  for  the  radii  of  gyration.  The  other 
ircumstances  of  the  rigid  body  are  of  no  account  for  our  present  purpose. 

It  thus  appears  that  if  the  four  screws  had  been  chosen  arbitrarily  we 
hould  have  ten  conditions  to  satisfy,  and  only  nine  disposable  co-ordinates, 
t  is  hence  plain  that  the  four  screws  cannot  be  chosen  quite  arbitrarily. 
?hey  must  be  in  some  way  restricted.  We  can  show  as  follows  that  these 
estrictions  are  not  fewer  than  two. 

Draw  a  cylindroid  A  through  a,  /9,  and  another  cylindroid  P  through  rj^, 
?hen  an  impulsive  wrench  about  any  screw  a>  on  P  will  make  the  body 
wist  about  some  screw  0  on  A,  As  a>  moves  over  P,  so  will  its  corre- 
pondent  0  travel  over  A.  It  is  shown  in  §  125  that  any  four  screws  on 
^  will  be  equianharmonic  with  their  four  correspondents  on  A,  and  that 
onsequently  the  two  systems  are  homographic. 

In  general,  to  establish  the  homography  of  two  cylindroids,  three  cor- 
esponding  pairs  of  screws  must  be  given;  and,  of  course,  there  could  be 
•  triply  infinite  variety  in  the  possible  homographies.  It  is,  however,  a 
omewhat  remarkable  fact  that  in  the  particular  homography  with  which 
ire  are  concerned  there  is  no  arbitrary  element.  The  fact  that  the  rigid 
K)dy  is  supposed  quite  free  distinguishes  this  special  case  from  the  more 
;eneral  one  of  §  290.  Given  the  cylindroids  A  and  P,  then,  without  any 
•ther  considerations  whatever,  all  the  corresponding  pairs  are  determined. 
?his  is  first  to  be  proved. 

If  the  mass  be  one  unit,  and  the  intensity  of  the  impulsive  wrench  on  <o 
«  one  unit,  then  the  twist  velocity  acquired  by  0  is  (§  280) 

cos  (0a}) 

There  cos(0w)  denotes  the  cosine  of  the  angle  between  the  two  screws  0 
nd  »,  and  where  p0  is  the  pitch  of  0.  If,  therefore,  p0  be  zero,  then  cos  (0(o) 
aust  be  zero.  In  other  words,  the  two  impulsive  screws  Wj,  cd,  on  P,  which 
orrespond  to  the  two  screws  of  zero  pitch  0i,  0t  on  A,  must  be  at  right 
ngles  to  them,  respectively.  This  will  in  general  identify  the  correspondents 
n  P  to  two  known  screws  on  A, 

We  have  thus  ascertained  two  pairs  of  correspondents,  and  we  can  now 
etennine  a  third  pair.  For  if  a>t  be  a  screw  on  P  reciprocal  to  5,,  then  its 
orrespondent  5,  will  be  reciprocal  to  coj.  Thus  we  have  three  pairs  0i,  0^,  0^ 
n  A,  and  their  three  correspondents  Wi,  Wf,  <»8  on  P.     This  establishes  the 
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homography,  and  the  correspondent  0  to  any  other  screw  m  is  aflBtgned  br 
the  condition  that  the  anharmonic  ratio  of  mit»^»^  is  the  same  as  that  of 

Reverting  to  our  original  screws  a  and  17,  /9  and  f ,  we  now  see  that  thej 
must  fulfil  the  conditions 

when  the  quantities  in  the  brackets  denote  the  anharmonic  ration 
It  can  be  shown  that  these  equations  lead  to  the  formulae  of  §  281. 

294.    Exception  to  be  noted. 

We  have  proved  in  the  last  article  an  instructive  theorem  which  dedareR 
that  when  two  cylindroids  are  given  it  is  generally  possible  in  one  way,  b«i 
in  only  one  way,  to  correlate  the  several  pairs  of  screws  on  the  two  Piir&c«». 
so  that  when  a  certain  free  rigid  body  received  an  impulse  about  the  scn^w 
on  one  cylindroid,  movement  would  commence  by  a  twisting  of  the  body 
about  its  correspondent  on  the  other  cylindroid.  It  is,  however,  easily  aeen 
that  in  one  particular  case  the  construction  for  correlation  breaks  down. 
The  exception  arises  whenever  the  principal  planes  of  the  two  cylindroidi 
are  at  right  angles. 

The  two  correspondents  on  P  to  the  zero-pitch  screws  on  A  had  been 
chosen  from  the  property  that  when  p«  is  zero  the  impulsive  wrench  mttat  be 
perpendicular  to  a.  We  thus  take  the  two  screws  on  P  which  are  respec- 
tively perpendicular  to  the  two  zero-pitch  screws.  But  suppoee  there  are 
not  two  screws  on  P  which  are  perpendicular  to  the  two  zero-pitch  screws  uo 
A,  Suppose  in  fact  that  there  is  one  screw  on  P  which  is  parallel  to  the 
nodal  axis  of  A,  then  the  construction  faila  We  would  thus  have  a  singW 
screw  on  P  with  tuH)  corresponding  instantaneous  screws  for  the  trnme  body. 
This  is  of  course  impossible,  and  accordingly  in  this  particular  case 
happens  when  the  principal  planes  of  P  and  A  are  rectangular,  it  is 
sible  to  adjust  the  correspondence. 

296.    ImpnlslTe  and  Instantaneous  Oylindroids. 

Let  X,  X'  be  two  screws  on  a  cylindroid  whereof  a  and  ff  are  the  V 
principal  screws. 

Let  0,  0^  he  the  angles  which  X  and  V  respectively  make  with  x 

We  shall  take  the  six  absolute  screws  of  inertia  as  the  screws  of 
and  we  have  as  the  co-ordinates  of  X 

a,  cos  ^  -h  >t},  sin  0, . . .  0,  cos  ^  +  /d;  sin  ^, 
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and  of  X' 

aiCos^  +  /9,8in^, ...  Os cos ^  + /Se sin ^. 

In  like  manner,  let  p  and  p'  be  two  screws  on  a  cylindroid,  of  which  the 
two  principal  screws  are  17  and  f. 

Liet  <f>,  ^  be  the  angles  which  p  and  p'  make  respectively  with  f. 

Then  the  co-ordinates  of  p  are 

i)x  cos  ^  +  fi  sin  <^, . ..  176  cos  <^  +  fa  sin  ^, 

and  of  p 

171  cos^'  +  fisin  ^', ...  176  cos  ^' +  fa  sin  ^',  &o. 

We  shall  now  suppose  that  the  two  cylindroids  a,  /8  and  17,  f  are  so 
circumstanced  that  the  latter  is  the  locus  of  the  impulsive  wrenches  cor- 
responding to  the  several  instantaneous  screws  on  the  former  with  respect 
to  the  rigid  body  which  is  to  be  regarded  as  absolutely  free.  We  shall 
further  assume  that  p  is  the  impulsive  screw  which  has  X  as  its  instantaneous 
screw,  and  that  the  relation  of  p  to  X'  is  of  the  same  nature. 

If,  however,  the  four  screws  X,  X',  p,  p  possess  the  relations  thus  indi- 
t:aited,  it  \&  necessary  that  they  satisfy  the  conditions  already  proved  (§  281). 
These  are  two-fold,  and  they  are  expressed  by  the  following  equations,  as 
already  shown :  — 

^.^   .  cos  (Xp')  +      ^^'    K  cos  (Xp')  =  2waa', 
cos(Xp)       ^  ^ '     cos(xy)       ^^ ' 

Pk  _      Pk 

cos  (Xp)  """"'^ ""  cos  (XV)  '*'^* 

We  shall  arbitrarily  choose  X'  and  p',  so  as  to  satisfy  the  conditions 

"BTa'p  =  0,     mxff  =  0, 

and  thus  the  second  of  the  two  equations  is  satisfied  These  two  equations 
will  give  ^  as  a  function  of  ^,  and  ^'  as  a  function  of  0,  We  can  thus 
eliminate  ff  and  i\>  from  the  first  of  the  two  equations,  and  the  result  will 
be  a  relation  connecting  0  and  ^.  This  equation  will  exhibit  the  relation 
between  any  instantaneous  screw  0  on  one  cylindroid,  and  the  corresponding 
impulsive  screw  ^  on  the  other. 

It  will  be  observed  that  when  the  two  cylindroids  are  given,  the  required 
equation  is  completely  defined.  The  homographic  relations  of  p  and  X  is 
thus  completely  determined  by  the  geometrical  relations  of  the  two  cylin- 
droida 
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The  calculation*  prescDts  no  difficulty  and 


0  s  co60coe<^ 


+  coe^8in^ 


-f  sin^oos^ 


+  sin  0  sin  <f> 


+  p.  cos  (Sv)  [tr.,  cos  (iSf)  - 
+  /)^  cos  (atf)  [v.,  cos  (of)  - 

.-  Pm^$n  [cos  (af )  cos  (fiff)  - 

+p.cos09f)[v.,cos09f)- 
+/}^  cos  (of)  [v.,  cos  (of)  - 

.-  P*^$i  [cos  («f )  COS  (fiv)  - 
+  p^  COS  (oi;)  [«r^,  cos  (of)  - 
+  p.  cos  (fiff)  [m^,  cos  (i8f)  - 

.+  p$  «r.,  [cos  (of)  cos  (fiff)  - 

+  p^  cos  (of)  [«^,  cos  (of)  - 

+p.cos(i8f)[tr^,cos(/9f)- 

.+  p^  w^  [cos  (of)  cos  (fin)  - 


the  result  is  as  follows 

-  m^  cos  (J3ff)] 
«r^  cos  (oiy)] 
cos  (oiy)  cos  09f)]  . 

-  v^  COS  OSiy)] 
«r^  cos  (cai)] 
cos  (a^)  cos  08f )]  . 

V0^  cos  (ttiy)] 

-  v^i  cos  (y8i|)] 
cos(a^)cos09f)L 

«r^  cos  (ctt|)] 

-  «r^  cos  (fin)] 
cos  (oi;)  000  08f)]  . 


An  exceptional  Omae. 

A  few  remarks  should  be  made  on  the  fiedlure  of  the  ooi 
when  the  principal  planes  of  the  two  cylindroids  are  at  right  angles  (§  294^ 
It  will  be  noted  that  though  this  equation  suffers  a  slight  reduction  wkss 
the  principal  planes  of  the  two  cylindroids  are  at  right  angles  yet  it  doci 
not  become  evanescent  or  impossible.  For  any  value  of  $  defining  a  screv 
on  one  cylindroid,  the  equation  provides  a  value  of  <f>  for  the  correspotideiil 
on  the  other  cylindroid.  Thus  we  seem  to  meet  with  a  oontoadictioii,  fei 
while  the  argument  of  §  294  shows  that  in  such  a  case  the  homographi 
is  impossible,  yet  the  homographic  equation  seemed  to  show  thai  it  vai 
possible  and  indeed  fixed  the  pairs  of  correspondents  with  abaolnU 
definitenesB. 

It  is  certainly  true  that  if  two  cylindroids  A  and  P  admit  of  the  cor 
relation  of  their  screws  into  pairs  whereof  those  on  P  are  impulsive  screwa 
and  those  on  A  are  instantaneous  screws,  the  pairs  of  screws  by  which  iIh 
homographic  equation  is  satisfied  will  stand  to  each  other  iu  the 
relation.  If,  however,  the  screws  on  two  cylindroids  be  correlated 
pairs  iu  accordance  with  the  indications  of  the  homographic  equalicH 
though  it  will  generally  be  true  that  there  may  be  corresponding  impoM"' 
screws  and  instantaneous  screws,  yet  in  the  case  where  the  principal  plana 
of  the  cylindroids  are  at  right  angles  no  such  inference  can  be  drawn. 

The  case  is  a  somewhat  curious  one.     It  will  be  seen  that  the  caicofaUM 


*  8««  Tntiw.  Ray.  IHik  Arad.  Vol.  iix.  p.  IIS  (ISM). 
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f  the  homographic  equation  is  based  on  the  fact  that  if  \  \'  be  two 
istantaneous  screws  and  p,  p*  the  corresponding  impulsive  screws,  then 
lie  formula 


cos 


last  be  satisfied. 


And  genercUly  it  is  satisfied.  In  the  case  of  two  cylindroids  with  normal 
lanes  it  is  however  easy  to  show  that  there  are  certain  pairs  of  screws  for 
hich  this  formula  cannot  obtain. 

For  in  such  a  case  there  is  one  screw  X  on  il  which  is  perpendicular  to 
very  screw  on  P,  so  that  whatever  be  the  p  corresponding  to  X, 

cos  (Xp)  =  0. 

ince  no  other  screw  X^  can  be  perpendicular  to  any  screw  on  P  we  cannot 
ave  either 

cos(X'p),  or  co8(xy),  zero. 

[ence  this  equation  cannot  be  satisfied  and  the  argument  that  the  homo- 
raphic  equation  defines  corresponding  pairs  is  in  this  case  invalid. 

We  might  have  explained  the  matter  in  the  following  manner. 

When  the  principal  planes  of  A  and  P  are  normal  there  is  one  screw  X 
a  A  which  is  perpendicular  to  all  the  screws  on  P,     If  therefore  the  two 
jrlindroids  were  to  be  impulsive  and  instantaneous,  there  must  be  a  screw 
on  P  which  corresponds  to  X.     It  can  be  shown  in  general  (§  301)  that 

rhen  dx  is  the  perpendicular  from  the  centre  of  gravity  on  X;  it  follows 
bat  when  (\0)  s  90''  we  must  have  either  p^  zero  or  dx  infinite. 

Bat  of  course  it  will  not  generally  be  the  case  that  X  happens  to  be  one 
f  the  screws  of  zero  pitch  on  A.  Hence  we  are  reduced  to  the  other 
itemative 

dx  =  infinity. 

*his  means  that  the  centre  of  gravity  is  to  be  at  infinity. 

But  when  the  centre  of  gravity  of  the  body  is  at  infinity  a  remarkable 
onsequence  follows.    All  the  instantaneous  screws  must  be  parallel. 

For  if  ^  be  the  impulsive  wrench  corresponding  to  X  as  the  instantaneous 
crew,  then  we  know  that 

dx  =  px  tsn  (X0), 
nd  that  the  centre  of  gravity  lies  in  a  right  line  parallel  to  X  and  distant 
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from  it  by  Ja-  In  like  manner  if  ^  be  an  impulsive  screw  oorrespooding  ti> 
/A  as  instantaneous  screw  we  have  another  locus  parallel  to  /a  for  the  centre 
of  gravity. 

But  as  the  centre  of  gravity  is  at  infinity  these  two  loci  most  there 
intersect,  i.e.  they  must  be  parallel  and  so  must  X  and  /a,  and  hence  all 
instantaneous  screws  must  be  parallel. 

Thus  we  see  that  all  the  screws  on  A  must  be  parallel,  Le.  that  A  musi 
have  degraded  into  an  extreme  type  of  cylindroid. 

297.    Another  extreme  Case. 

Given  any  two  cylindroids  A  and  P  it  is,  as  we  have  seen,  generallj 
possible  to  correlate  in  one  way  the  several  screws  on  il  to  those  on  P  to 
that  an  impulsive  wrench  given  to  a  certain  rigid  body  about  any  screw  on 
P  would  make  that  body  commence  to  move  by  twisting  about  its  cor* 
respondent  on  A.  One  case  of  failure  has  just  been  discussed.  The  caie 
now  to  be  considered  is  not  indeed  one  of  failure  but  one  in  which  aiijr 
two  pairs  of  screws  on  A  and  P  will  stand  to  each  other  in  the  desired 
relations. 

Suppose  that  A  and  P  happened  to  fulfil  the  single  condiUoD  thai  each 
of  them  shall  contain  one  screw  which  is  reciprocal  to  the  other  cylindroid 
We  have  called  the  cylindroids  so  circumstanced  *'  normal." 

Let  \  be  the  screw  on  A  which  is  reciprocal  to  every  screw  on  P.  If 
then  P  and  A  are  to  stand  to  each  other  in  the  required  relation,  X  niiisl 
be  reciprocal  to  its  impulsive  screw.  But  this  is  only  possible  on  one 
condition.  The  mass  of  the  body  must  be  zero.  In  that  case,  if  there 
no  mass  involved  any  one  of  the  screws  on  P  may  be  the  impahive  screv- 
corresponding  to  any  one  of  the  screws  on  A, 


Here  again  the  question  arises  as  to  what  becomes  of  the 
equation  which  defines  so  precisely  the  screw  on  P  which  coi 
the  screws  on  A  (§  295).      It  might  have  been  expected  that  in  the 
of  two  normal  cylindroids  this  homographic  equation  should  become  e 
escent.     But  it  does  not  do  so. 

But    there    is   no    real    contradiction.     The   greater   includes   the 
If  every  screw  on  P  will  nuit  as  correspondent  every  screw   on  A   then 
fortiori  will   the  pairs  indicateil   by  the   homography  fulfil   the  condi 
requisite. 

That  any   two  pairs  of  Hcrewn  will  be  correspondents  in   this 
obvious  from  the  following. 
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Let  X  be  the  screw  on  A  which  is  reciprocal  to  P, 

$   P    A. 

Then  any  screw  fi  on  A  and  any  screw  <^  on  P  fulfil  the  conditions 

«•*♦  =  0,     m^  =  0. 

Hence  <f>  is  the  impulsive  screw  correspondiog  to  /i  as  the  instantaneous 
screw. 

298.    Three  Pain  of  Correspondents. 

Let  a,  17 ;  fi,  ^',  7,  ?  be  three  pairs  of  impulsive  and  instantaneous  screws ; 
let  0,  if>  he  another  pair.  Then,  if  we  denote  by  L^  «  0,  and  Mm$  >■  0,  the 
t;wo  fundamental  equations 

^*    ,  cos  (fiv)  +      ^Lt\  c^  («f )  -  2w.^ , 
cos(ai7)  cos(/Sf)  *  '^ 

cos  (017)  '*'^'  '  COS  (/9f )  '*'•'' 

^we  shall  obtain  six  equations  of  the  tjrpe 

From  these  six  it  might  be  thought  that  <f>u  •••  ^«  could  be  eliminated, 
and  thus  it  would,  at  first  sight,  seem  that  there  must  be  an  equation  for  0 
to  satisfy.  It  is,  however,  obvious  that  there  can  be  no  such  condition,  for  0 
can  of  course  be  chosen  arbitrarily.  The  fact  is,  that  these  cK|uations  have 
a  peculiar  character  which  precludes  the  ordinary  algebraical  inference. 

Since  a,  17;  fi,  (;  7,  t»  ^^^  three  pairs  of  screws,  fulfilling  the  necrtssary 
six  conditions,  a  rigid  body  can  be  adjusted  to  them  m  that  they  are 
respectively  impulsive  and  instantaneous.  We  take  the  six  principal  screws 
of  inertia  of  this  body  as  the  screws  of  reference.  We  thus  have,  where 
p«*  Pfi,  Py  <^re  certain  factors, 

p«i7,  saoi,        p.  ^a  =  -««,.        prnVi'^bot,        p^Vi'^-bUi, 
p$(i^afii,        ,         , 

Pt?i  =  «7i.         '         

By  putting  the  oo-ordinates  in  this  form,  we  imply  that  they  mi'iMfy  Ui« 
six  equations  of  ocmdition  above  written. 

Substituting  the  co-ordinates  in  L^^  ■>  0,  we  get 
0  «  +  (a,  +  at)(p0^  +  p0^)  -h (a,  +  04) {pgih  ^  p$^^) 4  (^»  4-  «♦> (p^^^  -f  p^^.) 
^  {01  +  *f)(aa,  -  aa,)  ^  (0^  ^  0J (6a,  -  <^>  ^(0^^  0^) Uo^  ~  <-<>»> 
-  2  (aa,tf,  -  aa^t)  -  2  <6a,^,  -  09^0 j  -  t  (O9^0^     o%^0%) 
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Let 

and  the  equation  becomes 

0  «  (a,  +  a,)  (Z,  +  X.)  +  (a,  +  a,)(X,  +  X,)  +  (<«,  -h  a.)(Z,  +  X.) ; 
and  the  two  other  L  equations  give 

0  =  (A  +  A)(jr,  +  Z,)  +  (A  +  /94)(Z,  +  Jr4)  +  (A  + A)(Z,-h  J.X 

0-(7i  +7.)(J^i  +  ^.)  +  (7i  +  74)(Z,  +  Z4)  +  (7.  -»-7.)(Jf.-»--r.X 

If  we   eliminate  Z,  4- Z,,  Z, +  Z4,  Z,  H-Z,   from  these  equations,  wr 
should  have 

0=     tti+Ot         Of+ou         «•+«• 

7i  +  7t  7f  +  7«  7i  +  7« 

But  this  would  only  be  the  case  if  a,  A  7  ^^^  parallel  to  a  plane,  which  i* 
not  generally  true.  Therefore,  we  can  only  satisfy  these  equations,  under 
ordinary  circumstances,  by  the  assumption 

Z,  +  Z,-0.        Z,  +  Z4«0.        Z,  +  Z,-0. 
In  like  manner,  the  equations  of  the  M  type  give 

Pb^$4  —  P^^•l  =  0. 

Substituting,  in  the  first  of  these,  we  get 

-  p.(aih5,  -  atf^d^  -»-  fri;,^,  -  6174^4  H-  ci7,<^.  -  dy,*,)  -  0 ; 

which  reduces  to 

auiXi  -  aa,Za  H-  6«,Z,  -  6CK4Z4  +  oot Z.  —  c«tZc  ■■  0 ; 

but  we  have  already  seen  that  Xi  -^  X^^  0,  &c,  whence  we  obtain 

Z,  (aa,  -h  oo,)  -I-  Z,  (fra,  +  fcou)  +  Z,  (co,  -I-  c«,)  -  0 ; 

with  the  similar  equations 

.Y,  (a/9,  -I-  aA)  +  Z.  (6/3,  +  fc/34)  +  Z,  (cA  -h  cA)  -  0. 

-V|  (CI7,  H-  07,)  +  A",  (67,  -h  />74)  -h  Z,  (C7.  4.  C74)  «  i» 
These   prove   that,   uuless  a.  $.   7  b«*   fMirallol    to  a  plane,   we  rousi  hftr«- 
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Xi  s  0,  X,  =s  0,  X»  s  0.  Combining  these  conditions  with  the  last,  we  draw 
the  general  conclosionrthat 

Thus  we  demonstrate  that  if  a  pair  of  screws  0,  <f>  satisfy  the  six  conditions, 
they  stand  to  each  other  in  the  relation  of  impulsive  screws  and  instantaneous 
screwa 

299.    Oylindrold  Reduced  to  a  Plane. 

Suppose  that  the  family  of  rigid  bodies  be  found  which  make  a,  17  and 
fi,  f  impulsive  and  instantaneous.  Let  there  be  any  third  screw,  7,  and  let 
us  seek  for  the  locus  of  its  impulsive  screw,  ^,  for  all  the  different  rigid 
bodies  of  the  £unily. 

{*  must  satisfy  the  four  equations 

cos(ai7)'^^"cos(70'^*^' 

Pfi  _        Py 

COS  (/Sf)"^^- COS  (70*"^^' 

As  there  are  four  linear  equations  in  the  coordinates  of  ^,  we  have  the 
following  theorem. 

If  a,  ff  and  /3,  f  be  given  pairs  of  impulsive  and  instantaneous  screws, 
then  the  locus  of  ^,  the  impulsive  screw  corresponding  to  7,  as  an  instan- 
taneous screw,  is  a  cylindroid. 

fiut  this  cylindroid  is  of  a  special  type.  It  is  indeed  a  plane  surface 
rather  than  a  cubic.     The  equations  for  ^  can  have  this  form : — 

cos  (at)  =  -4  cos  (7t),  w.^  =  (7  cos  (7 1), 

cos  (/St)  =  B  cos  (70,  1Br^^  =  D  cos  (7^), 

in  which  A,  B,  C,  D  are  constants. 

The  fact  that  cos  (a^)  and  cos  (7^)  have  one  fixed  ratio,  and  cos  (fi^)  and 
cos  (7^)  another,  shows  that  the  direction  of  f  is  fixed.  The  cylindroidal 
locus  of  t  therefore,  degenerates  to  a  system  of  parallel  lines. 

At  first  it  may  seem  surprising  to  find  that  cr«^  is  constant.     But  the 
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necessity  for  this  arrangemcDt  is  thus  shown.  If  not  constant,  then  \hm 
would  generally  have  been  some  screw  ]^,  for  which  m^  was  lenx  la  Ikii 
case,  of  course,  «y,  would  be  generally  zero  also.  But  7  and  iy  being  kotk 
given,  this  is  of  course  not  generally  true.  The  only  escape  is  fcr  ««( 
to  be  constant 


900.    A  dUBoQlty  r«moT«d« 

Given  a  and  17,  13  and  f,  and  also  7,  then  the  plane  of  f  is  detsniuDid 
from  the  equations  of  the  last  article. 

As  v^  and  v^^  are  constant,  both  a  and  0  must  be  parallel  to  the  pbse 
already  considered.  But  as  an  impulsive  screw  could  not  be  reciprocal  to  n 
instantaneous  screw,  it  would  seem  that  «^  must  nev€r  be  aero,  but  tim 
condition  can  only  be  fulfilled  by  requiring  that  f  must  be  parsllel  W 
the  same  plane.  Whence  a,  0,  7  must  be  parallel  to  the  same  plane.  Bot 
these  three  screws  are  quite  arbitrary.  Here  then  would  seem  to  be  t 
contradiction. 

The  difficulty  can  be  explained  as  follows : — 

Each  rigid  body,  which  conformed  to  the  condition  that  a,  0  and  f.  f 
shall  be  two  pairs  of  corresponding  impulsive  and  instantaneous  screvt.  wiB 
have  a  different  screw  C  corresponding  to  a  given  screw  7.  Thus,  among  tke 
various  screws  f,  in  the  degraded  cylindroid,  each  will  correspond  lo  oat 
rigid  body.  In  general,  of  course,  it  would  be  impossible  for  (  to  be 
reciprocal  to  7.  It  would  be  impossible  for  an  impulsive  wrench  to  make  i 
body  twist  about  a  screw  reciprocal  thereto.  Nevertheless,  it  seemed  cemii 
that,  in  general,  there  must  be  a  screw  f  reciprocal  to  7.  For  otbenhie. 
a,  /9,  7  should  be  all  parallel  to  a  plane,  which,  of  course,  is  not  geoenllj 
tnie.  If,  however,  a,  or  6,  or  c  were  zero,  then  the  body  will  hare  »• 
nuts8\  consequently  no  impulse  would  be  necessary  to  set  it  in  mocios 
This  clearly  is  the  case  when  f  is  reciprocal  to  7.  We  have  thus  got  ortf 
the  difficulty,  f  and  7  are  reciprocal,  in  the  case  when  the  rigid  bodj  ii 
such  that  a,  or  6,  or  c  is  zero. 

301.    Two  CI«ometrioal  Theor^ma. 

The  perpendicular  from  the  centre  of  gravity  on  any  inMantaneomt  «▼*• 
i>  pitrallel  to  the  nhorteM  distance  between  that  instantaneous  screw  ami  tk 
correspondifuj  impulsive  screw. 


The  pei liendxc nlar  from  the  centre  of  fjrat*ity  on  any  insiantamecMi 
M  ei^uai  to  the  pntdnct  of  the  pitch  of  that  acretv,  and  the  tani^ent  u/rt#fl*^ 
between  it  and  the  corresponding  impulsive  screw. 


whence 
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Let  a  be  the  instantaneous  screw  and  d^^  the  length  of  the  perpendicular 
thereon  from  the  centre  of  gravity.  If  cos  \,  cos  fi,  cos  v  be  the  direction 
cosines  of  c2«  then 

d,  cos  X  =  (Os  -  ««)  (a,  +  04)  c  -  (og  +  a«)  (a,  -  a4)  6, 

da  COS  |i=  (tti  -  OaXas  +  «8)  a  -  (Ofi  +  eta) (05  -  (k)C, 

c2«cos  #'  =  («,  — a4)(ai  + 03)6  — (as  +  a4) (a,  — fl[a)a. 

But  if  17  is  the  impulsive  screw  corresponding  to  a  as  the  instantaneous 
screw  we  have 

otti  =  — ^— T 171 ;     —  ooq  =  — ^7^  i7j,  &c.,  &c., 
cos  (at))  '  cos  (arf) 

d!.  cos  X  =  — ^r-T  ((%  +  Vt)  (Vi  +  «4)  -  (ob  +  a«)  (17,  + 174)), 

cos  \Clfj) 

d!.  COS  M  =  ^^^^  ((^1  +  ^a)  (fl^  +  Oe)  -  («!  +  a,)  (17^ 

^»  COS  1;  == --^— ^  ((i78  + 174)  («!  +  a,)  -  (03  4- ou)  (171  +  ^^^^^ 
cos  (0117) 

But 

(i7»  +  ^6)  (a»  +  a4)  -  (ofs  +  ««)  (^8  + 174)  =  sin  (ai7)  cos  k\ 

with  similar  expressions  for  sin  (017)  cos /i'  and  sin  (ai7)  cos  1/  where  cosX', 
cos  fi\  and  cos  v'  are  the  direction  cosines  of  the  common  perpendicular  to  a 
and  17.     We  have  therefore 

d.  cos  X  =  — ^*    V  sin  (aw)  cos  X', 
co8(ai7)       ^   ^ 

d!.  cos  a  =  — ^— \  sin  (arf)  cos  u', 
'^     cos(ai7) 


d!.  cos  1;  =  — ^T    .  sin  (aw)  cos  1/', 
cos(ai7)       ^ 


whence 


cos  X  s  cos  X' ;    cos  fi  ^  cos  /a^  ;    cos  v  =  cos  v' ; 
and  d«  =  p.  tan  (ai?), 

which  proves  the  theorems. 
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CHAPTER   XXII. 

THE  QEOMETRICAL  THEORY*. 

802.    Preliminary. 

It  will  be  remembered  how  Poinsot  advanced  our  knowledge  of  the 
dynamics  of  a  rigid  system  by  a  beautiful  geometrical  theory  of  the  roUtiao 
of  a  rigid  body  about  a  fixed  point.  We  now  specially  refer  to  the  geoinetncal 
construction  by  which  he  determined  the  instantaneous  axis  about  which 
the  body  commenced  to  rotate  when  the  plane  of  the  instantaneous  couplt* 
was  given. 

We  may  enunciate  with  a  generality,  increasing  in  successive  steps^  the 
problem  which,  in  its  simplest  form,  Poinsot  had  made  classical  From  the 
case  of  a  rigid  body  which  is  constrained  to  rotate  about  a  fixed  point  we 
advance  to  the  wider  conception  of  a  body  which  has  three  d^^rees  of 
freedom  of  the  most  general  type.  We  can  generalize  this  again  into  the 
case  in  which  the  body,  instead  of  having  a  definite  number. of  degrees  of 
freedom  has  any  number  of  such  degrees.  The  range  extends  from  the 
fifst  or  lowest  degree,  where  the  only  movement  of  which  the  body  is 
capable  is  that  of  twisting  about  a  single  fixed  screw,  up  to  the  caue  io 
which  the  body  being  perfectly  free,  or  in  other  words,  having  six  degrees  of 
freedom,  is  able  to  twist  about  every  screw  in  space.  It  will,  of  coune,  be 
borne  in  mind  that  only  small  movements  arc  to  be  understood. 

In  a  corresponding  manner  we  may  generalize  the  forces  applied  to  ike 
body.  In  the  problem  solved  by  PoiDsot  the  effective  forces  are  equivaleot 
to  a  couple  solely.  For  the  reaction  of  the  fixed  point  is  capable  of  redticiB| 
any  system  of  forces  whatever  to  a  couple.  But  in  the  more  generalised 
problems  with  which  the  theory  of  screws  is  concerned,  we  do  not  rettrirt 
the  forces  to  the  s|H^ialize<l  pair  which  form  a  couple.  We  shall  mmnwf 
that  the  forces  art*  of  the  most  general  type  and  represented  by  a  wreock 
upon  a  mTfw  Thn;*,  by  generalizing  the  frt^e<lom  of  the  rigid  body,  as  well 
Hs  the  forces  which  art  n|x>n  it,  we  may  investigate  the  geometrical  ihoonr  of 
the  motion  when  a  rigid  IxMly  of  the  mont  general  type,  pocnessing  a  oertsi* 
numbtT  of  degrei»s  of  freedom  of  the  most  general  type,  is  disturbed  from  * 

*  Tntiu.  Hoyal  Irish  Acad,  Vol  lu.  (1S97)  p.  1S6. 
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sition  of  rest  by  an  impulsive  system  of  forces  of  the  most  general  type. 
is  is  the  object  of  the  present  chapter. 

303.     One  Pair  of  Impulsive  and  Instantaneous  Screws. 

Let  it  be  supposed  that  nothing  is  known  of  the  position,  mass,  or  other 
cumstances  of  an  unconstrained  rigid  body  save  what  can  be  deduced 
m  the  fact  that,  when  struck  from  a  position  of  rest  by  an  impulsive 
ench  on  a  specified  screw  17,  the  effect  is  to  make  the  body  commence  to 
►ve  by  twisting  around  a  specified  screw  a. 

As  a,  like  every  other  screw,  is  defined  by  five  coordinates,  the  knowledge 
this  screw  gives  us  five  data  towards  the  nine  data  that  are  required  for 
i  complete  specification  of  the  rigid  body  and  its  position. 

We  have  first  to  prove  that  the  five  elements  which  can  be  thence 
brred  with  respect  to  the  rigid  body  are  in  general — 

(1)  A  diameter  of  the  momental  ellipsoid. 

This  is  clearly  equivalent  to  two  elements,  inasmuch  as  it  restricts 
the  position  of  the  centre  of  gravity  to  a  determinate  straight  line. 

(2)  The  radius  of  gyration  about  this  diameter. 

This  is,  of  course,  one  element. 

(3)  A  straight  line  in  the  plane  conjugate  to  that  diameter. 

A  point  in  the  plane  would  have  been  one  element,  but  a  straight 
line  in  the  plane  is  equivalent  to  two.  If  the  centre  of  gravity  were 
also  known,  we  should  at  once  be  able  to  draw  the  conjugate  plane. 

Draw  a  plane. through  both  the  instantaneous  screw  a  and  the  common 
pendicular  to  a  and  17.  Then  the  centre  of  gravity  of  the  rigid  body 
8t  lie  in  that  plane  (§  301).  It  was  also  shown  that  if  />«  be  the  pitch  of 
knd  if  (ai;)  represent  the  angle  between  a  and  17,  then  the  perpendicular 
tance  of  the  centre  of  gravity  from  a  will  be  expressed  by  p^,  tan  (aiy) 
M)l).  This  expression  is  completely  known  since  a  and  17  are  known. 
U8  we  find  that  the  centre  of  gravity  must  lie  in  a  determinate  ray 
allel  to  a.  There  will  be  no  ambiguity  as  to  the  side  on  which  this 
tight  line  lies  if  it  be  observed  that  it  must  pass  between  a  and  the  point 
which  17  is  met  by  the  common  perpendicular  to  17  and  a.  In  this  manner 
[Q  knowing  a  and  17  we  discover  a  diameter  of  the  momental  ellipsoid. 

If  d  be  the  twist  velocity  with  which  a  rigid  body  of  mass  M  is  twisting 
►ut  any  screw  a.  If  17  be  the  corresponding  impulsive  screw,  and  if  w., 
lote  as  usual  the  virtual  coeflScient  of  a  and  17,  then  it  \h  proved  in  §  279 
t  the  kinetic  energy  of  the  body 

Afd«  -^.w.,. 
cos  (017) 

21—2 
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We  can  now  determine  the  value  of  />.•  where  p«  is  the  radias  of  grrmtwi 
about  an  axis  parallel  to  a  through  the  centre  of  gravity.  For  the  kioetx 
energy  is  obviously 

By  equating  the  two  expressions  we  have 

'^  cos(ai7)      '     ^ 

But  when  a  and  17  are  known  the  three  terms  on  the  right-haod  tide  d 
this  equation  are  determined.  Thus  we  learn  the  radius  of  gyration  00  tk 
diameter  parallel  to  a. 

It  remains  to  show  how  a  certain  straight  line  in  the  plane  whick  » 
conjugate  to  this  diameter  in  the  momental  ellipsoid  is  also  determioM^ 
Let  a  screw  0,  of  zero  pitch,  be  placed  on  that  known  diameter  of  tbr 
momental  ellipsoid  which  is  parallel  to  or.  Draw  a  cylindroid  through  tbe 
two  screws  0  and  17.  Let  ^  be  the  other  screw  of  the  lero  pitch,  which  vill 
in  general  be  found  on  the  same  cylindroid. 

We  could  replace  the  original  impulsive  wrench  on  ff  by  its  two  «•• 
poncnt  wrenches  on  any  two  screws  of  the  cylindroid.  We  choose  for  lhi» 
purpose  the  two  screws  of  zero  pitch  0  and  ^  Thus  we  replace  the  wrenA 
on  17  by  two  forces,  whose  joint  effect  is  identical  with  the  effect  that  wooU 
have  been  produced  by  the  wrench  on  17. 

As  to  the  force  along  the  line  0  it  is,  from  the  nature  of  the  ttm- 
struction,  directed  through  the  centre  of  gravity.  Such  an  impolaTe  knt 
would  produce  a  velocity  of  translation,  but  it  could  have  no  effect  in  pr> 
ducing  a  rotation.  The  rotatory  part  of  the  initial  twist  velocity  most  thert- 
fore  be  solely  the  result  of  the  impulsive  force  on  ^ 

But  when  an  impulsive  force  is  applied  to  a  quiescent  rigid  bodj  ^ 
know,  from  Poinsot's  theorem,  that  the  rotatory  part  of  the  insUuiUoeov* 
movement  must  be  about  an  axis  parallel  to  the  direction  which  is  coojiifi^ 
in  the  momental  ellipsoid  to  the  plane  which  contains  both  the  centra  J 
gravity  and  the  impulsive  force.  It  follows  that  the  ray  ^  must  be  ntoAk^ 
in  that  plane  which  is  conjugate  in  the  momental  ellipsoid  to  the  disioH«r 
parallel  Uy  a.  But,  as  we  have  already  seen,  the  position  of  ^  is  complHfh 
defined  on  the  known  cylindroid  on  which  it  lies.  We  have  thus  obuiiw<l* 
fixed  ray  in  the  conjugate  plane  to  a  known  diameter  of  the  rooniffit*! 
ellipsoid. 

The  thrt»e  statements  at  the  beginning  of  this  article  have  thenpfore  k<** 
establinhtKi.  We  have,  acconlingly,  ascertained  five  distinct  geometricsl  di*» 
towards  the  nine  which  are  necessarv  fur  the  complete  speci6cmticQ  of  tk 
ri^i»l  l)«Hly.  The>H»  five  data  are  inferred  solely  from  our  knowledge  ^"^  • 
single  piiir  of  corresponding  impulsive  and  instantaneous 
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304.    An  Important  Exception. 

If  jEi,  =  0,  then  (aiy)  is  90"",  and  consequently  p^  tan  (ai;)  is  indefinite, 
f,  therefore,  the  pitch  of  the  instantaneous  screw  be  zero,  then  we  are  no 
Dnger  entitled  to  locate  the  centre  of  gravity  in  a  certain  ray.  All  we  know 
3  that  it  lies  in  the  plane  through  a  perpendicular  to  17.  In  general  the 
nowledge  of  the  impulsive  screw  corresponding  to  a  given  instantaneous 
crew  implies  five  data,  yet  this  ceases  to  be  the  case  if  pa  is  zero,  for  as  17 
aust  then  be  perpendicular  to  a  there  are  really  only  four  independent  data 
iven  when  17  is  given.  We  have,  therefore,  in  this  case  one  element  the  less 
owards  the  determination  of  the  rigid  body. 

306.    Two  Pairs  of  Impulsive  and  Instantaneous  Screws. 

Let  us  next  suppose  that  we  are  given  a  second  pair  of  <;orresponding 
mpulsive  and  instantaneous  screws.  We  shall  examine  how  much  further 
•re  are  enabled  to  proceed  by  the  help  of  this  additional  information  towards 
he  complete  determination  of  the  rigid  body  in  its  abstract  form.  Any  data 
Q  excess  of  nine,  if  not  actually  impossible,  would  be  superfluous.  If, 
herefore,  we  are  given  a  second  pair  of  impulsive  and  instantaneous  screws, 
he  five  data  which  they  bring  cannot  be  wholly  independent  of  the  five  data 
rought  by  the  preceding  pair.  It  is  therefore  plain  that  the  quartet  of 
crews  forming  two  pairs  of  corresponding  impulsive  screws  and  instantaneous 
crews  cannot  be  chosen  arbitrarily.  They  must  submit  to  at  least  one 
urely  geometrical  condition,  so  that  the  number  of  data  independent  of  each 
ther  shall  not  exceed  nine. 

It  is,  however,  not  so  obvious,  though  it  is  certainly  true,  as  we  found  in 
281,  that  the  two  pairs  of  screws  must  conform  not  merely  to  one,  but  to 
o  less  than  two  geometrical  conditions.  In  fact,  if  17,  f  be  two  impulsive 
crews,  and  if  o,  0  be  the  two  corresponding  instantaneous  screws,  then, 
rhen  the  body  acted  upon  is  perfectly  free,  the  following  two  formulse  must 
•e  satisfied : 

Pa  _      p$ 

cos  (av)  "^^^ "  cos  ()8f )  '^•^' 

2t«r^  =      ^;    ,  cos  (fiv)  +      ^^.fc,  cos  (af ). 
^     cos  {av)  cos  (/8f ) 

We  can  enunciate  two  geometrical  properties  of  the  two  pairs  of  screws, 
hich  are  equivalent  to  the  conditions  expressed  by  these  equations. 

In  the  first  place,  each  of  the  pairs  of  screws  determines  a  diameter  of 
he  momental  ellipsoid.  The  fact  that  the  two  diameters,  so  found,  must 
[itersect  each  other,  is  obviously  one  geometrical  condition  imposed  on  the 
ystem  a,  17  and  /8,  {. 
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Let  0  be  this  intersection,  and  draw  OP  parallel  to  a  and  equal  to  the 
radius  of  gyration  about  OP,  which  we  have  shown  to  be  known  frotn  the 
fact  that  a  and  17  are  known.  Let  X  be  the  plane  conjugate  lo  OP  in  the 
momenta!  ellipsoid,  then  this  plane  is  also  known. 

In  like  manner,  draw  OQ  parallel  to  0  and  equal  to  the  radm  of 
gyration  about  GQ,  Let  Y  be  the  plane,  conjugate  to  OQ,  in  the  moineotal 
ellipsoid. 

Let  Pi  and  P,  be  the  perpendiculars  from  P,  upon  X  and  V  reapee- 
tively. 

Let  Qi  and  Q,  be  the  perpendiculars  from  Q,  upon  X  and  F  reapec* 
tively. 

Then,  from  the  properties  of  the  ellipsoid,  it  is  easily  shown  thai 

p. .  i*.  =  Q. .  Q.. 

This  is  the  second  geometrical  relation  between  the  two  pairs  of  screwi 
0,  ff  and  fi,  {.  Subject  to  these  two  geometrical  conditions  or  to  the  two 
formulsB  to  which  they  are  equivalent  the  two  pairs  of  screws  might  be  cboaen 
arbitrarily. 

As  these  two  relations  exist,  it  is  evident  that  the  knowledge  of  a  seoood 
pair  of  corresponding  impulsive  screws  and  instantaneous  screws  oanooi 
bring  five  independent  data  as  did  the  first  pair.  The  second  pair  can  bring 
no  more  than  three.  From  our  knowledge  of  the  two  pairs  of  acrews  togellMr 
we  thus  obtain  no  more  than  eight  data.  We  are  consequently  abort  I7 
one  of  the  number  requisite  for  the  complete  specification  of  the  rigid  bodv 
in  its  abstract  form. 

It  follows  that  there  must  be  a  singly  infinite  number  of  rigid  bodies, 
every  one  of  which  will  fulfil  the  necessary  conditions  with  refer«ioe  to  the 
two  pairs  of  screws.  For  every  one  of  those  bodies  a  is  the  inatantaneoos 
screw  about  which  twisting  motion  would  be  produced  by  an  impoisive 
wrench  on  17.  For  every  one  of  those  bodies  ff  is  the  instantaneous 
about  which  twisting  motion  would  be  produced  by  an  impulsive 
on  f  . 

S06.    A  Systam  of  Rigid  Bodies. 

We  have  now  to  study  the  geometrical  relations  of  the  particular  s^ 
of  rigid  bodies  in  singly  infinite  variety  which  stand  to  the  four  screws  in  tk 
relation  just  specified. 

Draw  the  cylindroid  (a,  0)  which  passes  through  the  two  screws  a  and 
Draw  also  the  cylindroid  (17.  f)  which  passes  through  the  two  correspond! 
impulsive  screws  17  and  f.     It  is  easily  seen  that  every  screw  on  ike  fbsl 
these  cylindroids  if  regarded  as  an  instantaneous  screw,  with  respect  lo 
same  rigid  bo<ly.  will  have  hn  corres|>on(ling  iujpulsive  screw  on  the  so 
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ylindroid.  For  any  impulsive  wrench  on  (17,  f)  can  be  decomposed  into 
mpulsive  wrenches  on  17  and  f.  The  first  of  these  will  generate  a  twist 
velocity  about  a.  The  second  will  generate  a  twist  velocity  about  /9.  These 
wo  can  only  compound  into  a  twist  velocity  about  some  other  screw  on  the 
ylindroid  (a,  /8).  This  must,  therefore,  be  the  instautaneous  screw  corre- 
ponding  to  the  original  impulsive  wrench  on  (17,  f ). 

It  is  a  remarkable  point  about  this  part  of  our  subject  that,  as  proved 
n  §  293,  we  can  now,  without  any  further  attention  to  the  rigid  body,  corre- 
ftte  definitely  each  of  the  screws  on  the  instantaneous  cylindroid  with  its 
orrespondent  on  the  impulsive  cylindroid. 

We  thus  see  how,  from  our  knowledge  of  two  pairs  of  correspondents,  we 
an  construct  the  impulsive  screw  on  the  cylindroid  (1;,  f )  corresponding  to 
very  screw  on  the  cylindroid  (a,  /8). 

It  has  been  already  explained  in  the  last  article  how  a  single  known 
«ir  of  corresponding  impulsive  and  instantaneous  screws  suflSce  to  point 
ut  a  diameter  of  the  momental  ellipsoid,  and  also  give  its  radius  of 
yration.  A  second  pair  of  screws  will  give  another  diameter  of  the 
aomental  ellipsoid,  and  these  two  diameters  give,  by  their  intersection,  the 
entre  of  gravity.  As  we  have  an  infinite  number  of  corresponding  pairs, 
re  thus  get  an  infinite  number  of  diameters,  all,  however,  being  parallel  to 
he  principal  plane  of  the  instantaneous  cylindroid.  The  radius  of  gyration 
n  each  of  these  diameters  is  known.  Thus  we  get  a  section  £1  of  the 
lomental  ellipsoid,  and  we  draw  any  pair  of  conjugate  diameters  in  that 
ection.  These  diameters,  as  well  as  the  radius  of  gyration  on  each  of  them, 
re  thus  definitely  fixed. 

When  we  had  only  a  single  pair  of  corresponding  impulsive  and  instan- 
Bineous  screws,  we  could  still  determine  one  ray  in  the  conjugate  plane  to 
he  diameter  parallel  to  the  instantaneous  screw.  Now  that  we  have  further 
Bcertained  the  centre  of  gravity,  the  conjugate  plane  to  the  diameter, 
arallel  to  the  instantaneous  axis,  is  completely  determined.  Every  pair  of 
orresponding  impulsive  and  instantaneous  screws  will  give  a  conjugate 
lane  to  the  diameter  parallel  to  the  instantaneous  screw.  Thus  we  know 
be  conjugate  planes  to  all  the  diameters  in  the  plane  S.  All  these  planes 
luflt  intersect,  in  a  common  ray  Q,  which  is,  of  course,  the  conjugate 
irection  to  the  plane  S. 

This  ray  Q  might  have  been  otherwise  determined.  Take  one  of  the  two 
5rews,  of  zero  pitch,  in  the  impulsive  cylindroid  (1;,  f).  Then  the  plane, 
[irough  this  screw  and  the  centre  of  gravity,  must,  by  Poinsot's  theorem 
Iready  referred  to,  be  the  conjugate  plane  to  some  straight  line  in  S. 
imilarly,  the  plane  through  the  centre  of  gravity  and  the  other  screw  of 
3ro  pitch,  on  the  cylindroid  (17,  f),  will  also  be  the  conjugate  plane  to  some 
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ray  in  S.  Hence,  we  see  that  the  ray  Q  must  lie  in  each  of  the  pUuMS  » 
oonstructed,  and  is  therefore  determined.  In  &ct,  it  is  merely  the  tnuMTefmi 
drawn  from  the  centre  of  gravity  to  intersect  both  the  screws  of  lero  pitch 
on  the  cylindroid  (17,  f ). 

We  have  thus  proved  that  when  two  pairs  of  corresponding  impukiTe 
screws  and  instantaneous  screws  are  given,  we  know  the  centre  of  the 
moniental  ellipsoid,  we  know  the  directions  of  three  of  its  ooojagmle 
diameters,  and  we  know  the  radii  of  gyration  on  two  of  those  diameterv 
The  radius  of  gyration  on  the  third  diameter  remains  arbitrary.  Be  that 
radius  what  it  may,  the  rigid  body  will  still  fulfil  the  condition  rendering 
a,  17  nnd  /9,  f  respective  pairs  of  instantaneous  screws  and  impulidTe  screws. 
We  had  from  the  first  foreseen  that  the  data  would  only  provide  eight 
coordinates,  while  the  specification  of  the  body  required  nine.  We  now 
learn  the  nature  of  the  undetermined  coordinate. 

It  appears  from  this  investigation  that,  if  two  pairs  of  impulsive  screw* 
and  the  corresponding  instantaneous  screws  are  known,  but  that  if  there  be 
no  other  information,  the  rigid  body  is  indeterminate.  It  follows  that,  if  an 
impulsive  screw  be  given,  the  corresponding  instantaneous  icrew  will  nul 
generally  be  determined.  Each  of  the  possible  rigid  bodies  will  have  a 
different  instantaneous  screw,  though  the  impulsive  screw  may  be  the  same 
It  was,  however,  shown  (§  299),  that  all  the  instantaneous  screws  which 
pertain  to  a  given  impulsive  screw  lie  on  the  same  cylindroid.  It  is 
a  cylindroid  of  extreme  type,  possessing  a  screw  of  infinite  pitch,  and 
degenerating  to  a  plane. 

Even  while  the   body  is   thus   indeterminate,  there  are,   neverihekM»« 
a  system  of  impulsive  screws  which  have  the  same  instantaneous  screw  for 
every  rigid  body  which  complies  with      le  expressed  conditioosL     Among' 
these  are,  of  course,  the  several  screws  <  n  the  impulsive  cylindroid  ^^,  fl^ 
which  have  each  the  same  corresponding  screw  on  the  instantaneous  cylin- 
droid (a,  /9),  whatever  may  be  the  body  of  the  system  to  which  the  impaki 
wrench  is  applied.     But  the  pairs  of  screws  on  these  two  cylindroida 
indeed  no  more  than  an  infinitesimal  part  of  the  total  number  of  pairs 
screws  that  are  circumstanced  in  thiti  particuhu*  way.     We  have  to 
that  there  is  a  system  of  screws  of  the  fifth  order,  such  that  an  tm 
wrench  on  any  one  of  those  screws  17  will  make  any  body  of  the  systi 
mence  to  twist  about  the  same  screw  a. 

As  already  explained,  the  sj'stem  of  rigid  bodies  have  a  common  ceotrr-^ 
of  gravity.     Any  force,  directed  through  the  centre  of  gravity,  will  prodoc^ 
a  linear  velocity  parallel  to  that  force.     This  will,  of  course,  apply  to  everjr 
body  of  the  system.     All    ponsible  forces,  which  could  be  applied  to  oor 
point,  fonu  a  system  of  the  third  order  uf  a  very  specialiied  type.     K^^  uor 
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of  the  screws  of  this  system  will  have,  as  its  instantaoeous  screw,  a  screw  of 
infinite  pitch  parallel  thereto.  We  have  thus  a  system  of  impulsive  screws 
of  the  third  order,  and  a  corresponding  system  of  instantaneous  screws  of 
the  third  order,  the  relation  between  each  pair  being  quite  independent  of 
whatever  particular  rigid  body  of  the  group  the  impulsive  wrench  be 
applied  to. 

This  system  of  the  third  order  taken  in  conjunction  with  the  cylindroid 
(17,  f)  will  enable  us  to  determine  the  total  system  of  impulsive  screws  which 
possess  the  property  in  question.  Take  any  screw  6,  of  zero  pitch,  passing 
through  the  centre  of  gravity,  and  any  screw,  ^,  on  the  cylindroid  (1;,  f ). 
We  know,  of  course,  as  already  explained,  the  instantaneous  screws  corre- 
sponding to  0  and  <\>.  Let  us  call  them  X,  ft,  respectively.  Draw  the 
cylindroid  (6,  4>\  w^d  the  cylindroid  (X,  /a).  The  latter  of  these  will  be  the 
locus  of  the  instantaneous  screws,  corresponding  to  the  screws  on  the  former 
as  impulsive  screws.  From  the  remarkable  property  of  the  two  cylindroids, 
so  related,  it  follows  that  every  impulsive  screw  on  {6,  <f>)  will  have  its 
corresponding  instantaneous  screw  on  (X,  /i)  definitely  fixed.  This  will  be  so, 
notwithstanding  the  arbitrary  element  remaining  in  the  rigid  body.  From 
the  way  in  which  the  cylindroid  (^,  ^)  was  constructed,  it  is  plain  that  the 
screws  belonging  to  it  are  members  of  the  system  of  the  fifth  order,  formed 
by  combinations  of  screws  on  the  cylindroid  (17,  f )  with  screws  of  the  special 
sjTstem  of  the  third  order  passing  through  the  centre  of  gravity.  But  all 
the  screws  of  a  five-system  are  reciprocal  to  a  single  screw.  The  five-system 
we  are  at  present  considering  consists  of  the  screws  which  are  reciprocal  to 
that  single  screw,  of  zero  pitch,  which  passes  through  the  centre  of  gravity 
and  intersects  both  the  screws,  of  zero  pitch,  on  the  impulsive  cylindroid 
(17,  ^.  The  corresponding  instantaneous  screws  will  also  form  a  system  of  the 
fifth  order,  but  it  will  be  a  system  of  a  specialized  type.  It  will  be  the  result 
of  compounding  all  possible  displacements  by  translation,  with  all  possible 
twists  about  screws  on  the  cylindroid  (a,  fi).  The  resulting  system  of  the 
fifth  order  consists  of  all  screws,  of  whatsoever  pitch,  which  fulfil  the  single 
condition  of  being  perpendicular  to  the  axis  of  the  cylindroid  (a,  /9).  Hence 
we  obtain  the  following  theorem : — 

If  an  impulsive  cylindroid,  and  the  corresponding  instantaneous  cylin- 
droid, be  known,  we  can  construct,  from  these  two  cylindroids,  and  without  any 
further  information  as  to  the  rigid  body,  two  systems  of  screws  of  the  fifth 
order,  such  thai  an  impulsive  wrench  on  a  given  screw  of  one  system  will 
produce  an  instantaneous  twist  velocity  about  a  determined  screw  on  the  other 
system. 

It  is  interesting  to  note  in  what  way  our  knowledge  of  but  two  corre- 
sponding pairs  of  impulsive  screws  and  instantaneous  screws  just  fftils  to 
give  complete  information  with  respect  to  every  other  pair.     If  we  take  any 
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ray  in  space,  and  assign  to  it  an  arbitrary  pitch,  the  screw  so  formed  may  be 
regarded  as  an  impulsive  screw,  and  the  corresponding  instantaneous  tcrew 
will  not,  in  general,  be  defined.  There  is,  however,  a  particular  pitch  for 
each  such  screw,  which  will  constitute  it  a  member  of  the  system  of  the 
fifth  order.  It  follows  that  any  ray  in  space,  when  it  receives  the  proper 
pitch,  will  be  such  that  an  impulsive  wrench  thereon  would  set  aoy 
of  the  singly  infinite  system  of  rigid  bodies  twisting  about  the 
screw  OL 

307.    The  Oeometrioal  Theory  of  Three  Pairs  of  Botmwm. 

We  can  now  show  how,  when  three  pairs  of  corresponding  impubave 
screws  and  instantaneous  screws  are  given,  the  instantaneous  screw,  oorre* 
sponding  to  any  impulsive  screw,  is  geometrically  constructed. 

The  solution  depends  upon  the  following  proposition,  which  I  hare  set 
down  in  its  general  form,  though  the  application  to  be  made  of  it  is  somewhat 
specialized 

Given  any  two  independent  systems  of  screws  of  the  third  order,  Paod  Q 
Let  w  be  any  screw  which  does  not  belong  either  to  P  or  to  Q,  then  it  m 
possible  to  find  in  one  way,  but  only  in  one,  a  screw  0,  belonging  to  P,  and  i 
screw  ^,  belonging  to  Q,  such  that  oi,  0  and  ^  shall  all  lie  on  the  same  cyliii- 
droid.    This  is  proved  as  follows. 

Draw  the  system  of  screws  of  the  third  order,  P\  which  is  rociprDcal  to  P, 
and  the  system  Q\  which  is  reciprocal  to  Q.  The  screws  belonging  to  P\ 
and  which  are  at  the  same  time  reciprocal  to  oi,  constitute  a  group  reciprocil 
to  four  given  screwa  They,  therefore,  lie  on  a  cylindroid  which  we  call  P^, 
In  like  manner,  since  Q  is  a  system  of  the  third  order,  the  screws  thai  can  be 
selected  from  it,  so  as  to  be  at  the  same  time  reciprocal  to  o>,  will  also  form  a 
cylindroid  which  we  call  Q,. 

It  is  generally  a  possible  and  determinate  problem  to  find,  among  the 
screws  of  a  system  of  the  third  order,  one  screw  which  shall  be  rectprvesl 
to  every  screw,  on  an  arbitrary  cylindroid.  For,  take  three  screws  from  the 
system  reciprocal  to  the  given  system  of  the  third  order,  and  two  screws  oo 
the  given  cylindroid.  As  a  single  screw  can  be  found  reciprocal  to  any  fife 
screws,  the  screw  reciprocal  to  the  five  just  mentioned  will  be  the  screw  iio« 
desired 

We  apply  this  principle  to  obtain  the  screw  0,  in  the  system  P,  which  tf 
reciprocal  to  the  cylindroid  ^«.  In  like  manner,  we  find  the  screw  ^,  in  iht 
system  Q,  which  is  reciprocul  to  the  cylindroid  /',. 

From  the  conHtruction  it  is  evident  that  the  three  screws  $,  ^,  and  •  sr^ 
all  reciprocal  to  the  two  cylindn>ids  P^  and  Q^,  This  is,  of  course,  eifuivak^ikt 
to  the  statement  that  0,  0.  oi  are  all  reciprocal  to  the  screws  of  a  syilem  oi 
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the  fourth  order.  It  follows  that,  6,  (\>,  w  must  lie  upon  the  same  cylin- 
droid.  Thus,  6,  <\>  are  the  two  screws  required,  and  the  problem  has  been 
solved.  It  is  easily  seen  that  there  is  only  one  such  screw  6,  and  one  such 
screw  (\>. 

Or  we  might  have  proceeded  as  follows : — Take  any  three  screws  on  P, 
and  any  three  screws  on  Q.  Then  by  a  fundamental  principle  a  wrench  on  a> 
can  be  decomposed  into  six  component  wrenches  on  these  six  screws.  But 
the  three  component  wrenches  on  P  will  compound  into  a  single  wrench  on 
some  screw  $  belonging  to  P,  The  three  component  wrenches  on  Q  will 
compound  into  a  single  wrench  on  some  screw  ^  belonging  to  Q.  Thus  the 
original  wrench  on  a>  may  be  completely  replaced  by  single  wrenches  on  6 
and  ^.     But  this  proves  that  6,  <f>,  and  q)  are  co-cylindroidai. 

In  the  special  case  of  this  theorem  which  we  are  now  to  use  one  of  the 
systems  of  the  third  order  assumes  an  extreme  type.  It  consists  simply  of 
all  possible  screws  of  infinite  pitch.  The  theorem  just  proved  asserts  that 
in  this  case  a  twist  velocity  about  any  screw  a>  can  always  be  replaced  by  a 
twist  velocity  about  some  one  screw  belonging  to  any  given  system  of  the 
third  order  P,  together  with  a  suitable  velocity  of  translation. 

In  the  problem  before  us  we  know  three  corresponding  pairs  of  impulsive 
screws  and  instantaneous  screws  (17,  a),  (f,  /8),  (f,  7),  and  we  seek  the  impul- 
sive screw  corresponding  to  some  fourth  instantaneous  screw  S. 

It  should  be  noticed  that  the  data  are  sufficient  but  not  redundant.  We 
have  seen  how  a  knowledge  of  two  pairs  of  corresponding  impulsive  screws 
and  instantaneous  screws  provided  eight  of  the  coordinates  of  the  rigid 
body.  The  additional  pair  of  corresponding  screws  only  bring  one  further 
oo-ordinate.  For,  though  the  knowledge  of  7  appropriate  to  a  given  f 
might  seem  five  data,  yet  it  must  be  remembered  that  the  two  pairs  (17,  a) 
and  ((f,  7)  must  fulfil  the  two  fundamental  geometrical  conditions,  and  so 
must  also  the  two  pairs  (f,  /3)  and  (^,  7) ;  thus,  as  7  has  to  comply  with 
four  conditions,  it  really  only  conveys  a  single  additional  coordinate,  which, 
added  to  the  eight  previously  given,  make  the  nine  which  are  required  for 
the  rigid  body.  We  should  therefore  expect  that  the  knowledge  of  three 
corresponding  pairs  must  suffice  for  the  determination  of  every  other  pair. 

Let  the  unit  twist  velocity  about  B  be  resolved  by  the  principles  ex- 
plained in  this  section  into  a  twist  velocity  on  some  screw  Bo  belonging  to 
a,  /3,  7,  and  into  a  velocity  of  translation  on  a  screw  Bi  of  infinite  pitch. 

We  have  already  seen  that  the  impulsive  screw  corresponding  to  Bo  must 
lie  on  the  system  of  the  third  order  defined  by  17,  f,  and  f,  and  that  it 
ift  definitely  determined.  Let  us  denote  by  yfr  this  known  impulsive  screw 
which  would  make  the  bodv  commence  to  twist  about  S©. 
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Let  the  centre  of  gravity  be  constructed  as  in  the  last  section ;  ibeo  ai» 
impulsive  force  through  the  centre  of  gravity  will  produce  the  velocitj 
translation  on  fii.     Let  us  denote  by  x  ^^^  screw  of  zero  pitch  on  which  ihit  - 
force  lies. 

We  thus  have  j(,  ^  ^^^  impulsive  screw  corresponding  to  the  inslan*  - 
taneous  screw  Bi,  while  ^  is  the  impulsive  screw  corresponding  to  the  -^ 
instantaneous  screw  £,. 

Draw*  now  the  cylindroids  (x,  '^)  and  (fij,  £,).      The  first  of  tbe^e  iiv 
the   locus   of    the    impulsive    screws  corresponding   to   the   instaotmneoitt^ 
screws  on  the  second.     As  already  explained,  we  can  completely  correlate 
the  screws  on   two  such   cylindroids.      We  can,   therefore,  constmct  the 
impulsive  screw  on  (^,  ^)  which  corresponds  to  any  instantaneous  acnnr 
on  (5,,  £«).     It  is,  however,  obvious,  from  the  construction,  that  the  original 
screw  8  lies  on  the  cylindroid  (Sj,  £«).     Hence  we  obtain  the  impulsive  screw 
which   corresponds  to  fi  as  the  instantaneous  screw,  and  the  probtem  bai 
been  solved. 

SOS.    Another  method. 

We  might  have  proceeded  otherwise  as  follows : — From  the  three  given 
pairs  of  impulsive  screws  and  instantaneous  screws  tja,  {/9,  {7  we  can  find 
other  pairs  in  various  ways.  For  example,  draw  the  cylindroids  (a.  B) 
and  (f,  {^;  then  select,  by  principles  already  explained,  a  screw  2  00  tbf 
first  cylindroid,  and  its  correspondent  0  on  the  second.  In  like  manner, 
from  the  cylindroids  (a,  7)  and  (17,  ^,  we  can  obtain  another  pair  (^,  cX  We 
have  thus  five  pairs  of  correspondents,  17a,  ^0,  {7,  68,  ^.  Each  of  these 
will  give  a  diameter  of  the  momenta!  ellipsoid,  and  the  radius  of  gyrmtioci 
about  that  diameter.  Thus  we  know  the  centre  of  the  momental  eliipaoii 
and  five  points  on  its  surface.  The  ellipsoid  can  be  drawn  accordinglT. 
Its  three  principal  axes  give  the  principal  screws  of  inertia.  All  other 
pairs  of  correspondents  can  then  be  determined  by  a  construction  givM 
later  on  (§311). 

309.    Unoonatralned  motion  in  system  of  seooBd  order. 

Suppose  that  a  cylindroid  be  drawn  through  any  two  (not  lying  aksg 
the  same  principal  axis)  of  the  six  principal  screws  of  inertia  of  a  frc«  rigvi 
body.  If  the  body  while  at  rest  be  struck  by  an  impulsive  wrench  about 
any  one  of  the  screws  of  the  cylindroid  it  will  commence  to  move  hj 
twisting  about  a  screw  which  also  lios  on  the  cylindroid.  For  the  gi*** 
impulsive  wrench  can  be  replaced  by  two  com|>onent  wrenches  00  ar.} 
two  RcnwM  of  the  cylindroid.  We  shall,  acconlingly,  take  the  conipoDfD* 
wrenches  of  the  given  impulse  on  the  two  principal  screws  i>f  inertia  wbK*^» 
by  hypothcsiii,  are  containctl  on  the  cylindroid.     Elach  of  those  oompooeat* 
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nil,  by  the  property  of  a  principal  screw  of  inertia,  produce  an  instantaneous 
wist  velocity  about  the  same  screw.  But  the  two  twist  velocities  so 
;enerated  can,  of  course,  only  compound  into  a  single  twist  velocity  on  some 
►ther  screw  of  the  cylindroid.  We  have  now  to  obtain  the  geometrical 
elations  characteristic  of  the  pairs  of  impulsive  and  instantaneous  screws  on 
uch  a  cylindroid. 

In  previous  chapters  we  have  discussed  the  relations  between  impulsive 
crews  and  instantaneous  screws,  when  the  movements  of  the  body  are 
onfined,  by  geometrical  constraint,  to  twists  about  the  screws  on  a 
ylindroid.  The  problem  now  before  us  is  a  special  case,  for  though  the 
Qovements  are  no  other  than  twists  about  the  screws  on  a  cylindroid,  yet 
his  restriction,  in  the  present  case,  is  not  the  result  of  constraint.  It  arises 
rom  the  fact  that  two  of  the  six  principal  screws  of  inertia  of  the  rigid 
Kxly  lie  on  the  cylindroid,  while  the  impulsive  wrench  is,  by  hypothesis, 
imited  to  the  same  surface. 

To  study  the  question  we  shall  make  use  of  the  circular  representation 
f  the  cylindroid,  §  50.  We  have  there  shown  how,  when  the  several  screws 
►n  the  cylindroid  are  represented  by  points  on  the  circumference  of  a  circle, 
arious  dynamical  problems  can  be  solved  with  simplicity  and  convenience. 
Tor  example,  when  the  impulsive  screw  is  represented  on  the  circle  by 
•ne  point,  and  the  instantaneous  screw  by  another,  we  have  seen  how 
hese  points  are  connected  by  geometrical  construction  (§  140). 

In  the  case  of  the  unconstrained  body,  which  is  that  now  before  us,  it  is 
jiown  that,  whenever  the  pitch  of  an  instantaneous  screw  is  zero,  the  corre- 
ponding  impulsive  screw  must  be  at  right  angles  thereto  (§  301). 

In  the  circular  representation,  the  angle  between  any  two  screws  is 
qual  to  the  angle  subtended  in  the  representative  circle  by  the  chord 
rho6e  extremities  are  the  representatiyes  of  the  two  screws.  Two  screws, 
t  right  angles,  are  consequently  represented  by  the  extremities  of  a 
iameter  of  the  representative  circle.  If,  therefore,  we  take  A,  B,  two 
oints  on  the  circle,  to  represent  the  two  screws  of  zero  pitch,  then  the  two 
oints,  P  and  Q,  diametrically  opposite  to  them,  are  the  points  indicating 
be  corresponding  impulsive  screws.  It  is  plain  from  §  287  that  AQ  and  BP 
lUst  intersect  in  the  homographic  axis,  and  hence  the  homographic  axis 
)  parallel  to  ilQ  and  EP,  and  as  it  must  contain  the  pole  ot  AB  it  follows 
bat  the  homographic  axis  XY  must  be  the  diameter  perpendicular  to  AB. 

The  two  principal  screws  of  the  cylindroid  X  and  Y  are,  in  this  case,  the 
rincipal  screws  of  inertia.  Each  of  them,  when  regarded  as  an  impulsive 
*rew,  coincides  with  its  corresponding  instantaneous  screw.  The  diameter 
TF  bisects  the  angle  between  AP  and  BQ, 
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It  is  shown  (§  137)  that  the  points  which  represent  the  iPrtanUneooi 
screws,  and  the  points  which  represent  the  corresponding  impuktve 
form  two  homographic  systems.  A  well-known  geometrical  principle 
(§  146),  that  if  each  point  on  a  circle  be  joined  to  its  homographic  corre- 
spondent, the  chord  will  envelop  a  conic  which  has  double  contact  with  the 
circle.  It  is  easily  seen  that,  in  the  present  case,  the  conic  most  be  the 
hyperbola  which  touches  the  circle  at  the  ends  of  the  diameter  XY,  and 
has  the  rays  AP  and  BQ  for  its  asymptotes.  The  hyperbola  is  com|rieteiT 
defined  by  these  conditions,  so  that  the  pairs  of  correspondents  are  omqaeij 
determined. 

Every  tangent,  1ST,  to  this  hyperbola  will  cut  the  circle  in  two  points 
/  and  S,  such  that  S  is  the  point  corresponding  to  the  impulsive  screw,  and 
/  is  the  point  which  marks  out  the  instantaneous  screw.  We  thus  obtais 
a  concise  geometrical  theory  of  the  connexion  between  the  pairs  of  eor* 
responding  impulsive  screws  and  instantaneous  screws  on  a  cylindroid  whiek 
contains  two  of  the  principal  screws  of  inertia  of  a  free  rigid  body. 

For  completeness,  it  may  be  necessar}*  to  solve  the  same  problem  when 
the  cylindroid  is  defined  by  two  principal  screws  of  inertia  lying  along  ihf 
same  principal  axis  of  the  rigid  body.  It  is  easy  to  see  that  i^  on  tbr 
principal  axis,  whose  radius  of  gyration  was  a,  there  lay  any  instantaneoot 
screw  whose  pitch  was  p^,  then  the  corresponding  impulsive  screw  would 
be  also  on  the  same  axis,  and  its  pitch  would  be  />,  where  p,  x  /^  «  a*. 

310.    Analogous  Problem  in  a  Throo-systom. 

LfCt  us  now  take  the  case  of  the  system  of  screws  of  the  third  order, 
which  contains  three  of  the  six  principal  screws  of  inertia  of  a  free  rigid 
body. 

Any  impulsive  wrench,  which  acts  on  a  screw  of  a  system  i>f  the  third 
order,  can  be  decomposed  into  wrenches  on  any  three  screws  of  that  system, 
and  consequently,  on  the  three  principal  screws  of  inertia,  which  in  thr 
present  case  the  three-system  has  been  made  to  contain.  Each  of  thtm 
component  wrenches  will,  from  the  property  of  a  principal  screw  of  ineftia 
generate  an  initial  twist  velocity  of  motion  around  the  same  screw.  The 
three  twist  velocities,  thence  arising,  can  be  compounded  into  a  single  twiil 
velocity  about  some  other  screw  of  the  system.  We  desire  to  obtain  the 
geometrical  relation  b<*twe<^n  each  such  resulting  in.«tantaneous  screw  and 
the  corresponding  inipulsivo  sen»w. 

It  has  lKH*n  explain('<l  in  Chap.  XV.  how  the  seveml  points  in  a  plaor 
are  in  correspondence  with  the  several  screws  which  constitute  a  synt^tn 
of  the  third  onler.  It  was  further  shown,  that  if  by  the  impnaition  o/ 
geometrical  constraints,  the  freedom  of  a  rigid  body  was  limited  to  twMtinf 
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about  the  several  screws  of  the  system  of  the  third  order,  a  geometrical 
construction  could  be  obtained  for  determining  the  point  corresponding  to 
any  instantaneous  screw,  when  the  point  corresponding  to  the  appropriate 
impulsive  screw  was  known. 

We  have  now  to  introduce  the  simplification  of  the  problem,  which 
results  when  three  of  the  principal  screws  of  inertia  of  the  body  belong 
to  the  system.  But  a  word  of  caution,  against  a  possible  misunderstanding, 
is  first  necessary.  It  is  of  course  a  fundamental  principle,  that  when  a 
rigid  system  has  freedom  of  the  nth  order,  there  will  always  be,  in  the 
system  of  screws  expressing  that  freedom,  n  screws  such  that  an  im- 
pulsive wrench  administered  on  any  one  of  those  screws  will  immediately 
make  the  body  begin  to  move  by  twisting  about  the  same  screw.  These 
are  the  n  principal  screws  of  inertia. 

But  in  the  case  immediately  under  consideration  the  rigid  body  is  sup- 
posed to  be  free,  and  it  has,  therefore,  six  principal  screws  of  inertia.  The 
system  of  the  third  order,  at  present  before  us,  is  one  which  contains  three 
of  these  principal  screws  of  inertia  of  the  free  body.  Such  a  system  of 
screws  possesses  the  property,  that  an  impulsive  wrench  on  any  screw 
belonging  to  it  will  set  the  body  twisting  about  a  screw  which  also  belongs 
to  the  same  system.  This  is  the  case  even  though*  in  the  total  absence  of 
constraints,  there  is  no  kinematical  difficulty  about  the  body  twisting  about 
any  screw  whatever. 

As  there  are  no  constraints,  we  know  that  each  instantaneous  screw,  of 
zero  pitch,  must  be  at  right  angles  to  the  corresponding  impulsive  screw 
(§  301).  This  condition  will  enable  us  to  adjust  the  particular  homography 
in  the  plane  wherein  each  pair  of  correspondents  represents  an  impulsive 
screw  and  the  appropriate  instantaneous  screw. 

The  conic,  which  is  the  locus  of  points  corresponding  to  the  screws  of  a 
given  pitch  p,  has  as  its  equation  (§  204) 

PiO.^-^p.e,'  -h  p,0s' -  p  (Oi^  +  O2'  +  Os')  =  0. 

The  families  of  conies  corresponding  to  the  various  values  of  p  have  a 
common  self-conjugate  triangle.  The  vertices  of  that  triangle  correspond  to 
the  three  principal  screws  of  inertia. 

The  three  points  just  found  are  the  double  points  of  the  homography 
which  correlate  the  points  representing  the  impulsive  screws  with  those 
representing  the  instantaneous  screws.  Let  us  take  the  two  conies  of  the 
system,  corresponding  to  p  =  0  and  p  =  00  .     They  are 

pA'-hpA'+pA'  =  0    (i), 

^»»-»-^,»-f  ^,»-0  , (ii). 
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Two  conjugate  points  to  conic  (i)  denote  two  reciprocal  screwa     Two  ccn- 
jugate  points  to  conic  (ii)  denote  two  screws  at  right  angles. 

Let  A  be  any  point  representing  an  instantaneous  screw.  Take  Um 
polar  of  A,  with  respect  to  conic  (i).  Let  P  be  the  pole  of  this  rav,  witk 
respect  to  conic  (ii). 

Then  P  will  correspond  to  the  impulsive  screw,  while  A  correspoiidi  to 
the  appropriate  instantaneous  screw.  For  this  is  clearly  a  homograpliT  of 
which  A  and  P  are  two  correspondents.  Further,  the  double  points  of  thv 
homography  are  the  vertices  of  the  common  conjugate  triangle  to  oooicsd) 
and  (ii).  If  A  lie  on  (i),  then  its  polar  is  the  tangent  to  (i) ;  and  as  ererr 
point  on  this  polar  will  be  conjugate  to  P.  with  respect  to  oonic  (iiX  rt 
follows  that  A  and  P  are  conjugate,  with  respect  to  (ii) — that  is,  A  and  P 
are  correspondents  of  a  pair  of  screws  at  right  angles.  As  the  pitch  of  tk 
screw,  corresponding  to  ^,  is  zero,  we  have  thus  obtained  the  soIqUoh  of 
our  problem. 

311.    Fundamental  Problem  with  Pree  Body. 

We  now  give  the  geometrical  solution  of  the  problem  so  fundameetAl 
in  this  present  theory  which  may  be  thus  stated : 

A  perfectly  free  body  at  rest  is  struck  by  an  impulsive  wrwnck  mpatk  e 
given  screw.  It  is  required  fo  construct  the  instantaneous  screw  abomi  feM 
the  body  will  commence  to  twist. 

The  rigid  body  being  given,  its  three  principal  axes  are  to  be  dravB 
through  its  centre  of  gravity.  The  radii  of  gyration  a,  6,  c  about  them 
axes  are  to  be  found.  On  the  first  principal  axis  two  screws  of  pitches  <f  s 
and  —a  respectively  are  to  be  placed.  Similarly  screws  of  pitches  +6,-4. 
and  -f  c.  -  c  are  to  be  placed  on  the  other  two  principal  axes.  These  are,  ot 
course,  the  six  principal  screws  of  inertia:  call  them  J,,  Ai,  il„  At,  A4,  At 
We  then  draw  the  five  cylindroids 

A^Aif  A^Afj  A^Af,  A^A^f  A^A^. 

It  is  always  possible  to  find  one  screw  on  a  cylindroid  reciprocal  toaaj 
given  screw.  In  certain  cases,  however,  of  a  special  nature,  mote  thin  * 
single  screw  can  be  so  found.  Under  such  circumstances  the  (hvmb^ 
process  is  inapplicable,  but  the  exceptional  instances  will  be  dealt  villi 
presently. 

Choose  on  the  cylindroid  A^Ai  a  screw  ^,  which  is  reciprocal  to  ^ 
given  impulsive  screw  1;,  which  is,  of  course,  supposed  to  lie  anywberv  t^ 
be  of  any  pitch. 

In  like  manner,  chcnise  on  the  other  four  cylindroids  screws  #,,  tf,.  f^Jt 
rt»sjM?c lively,  all  of  which  are  also  reciprocal  to  17. 
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Let  us  now  think  of  ^i  as  an  instantaneous  screw ;  it  lies  on  the  cylindroid 
AqAi,  and  this  cylindroid  contains  two  principal  screws  of  inertia.  It  follows 
from  §  309  that  the  corresponding  impulsive  screw  ^  lies  on  the  same  cylin- 
droid. That  screw  ^  can  be  determined  by  the  construction  there  given. 
In  like  manner  we  construct  on  the  other  four  cylindroids  the  screws  <^,,  <^„ 
4^4>  4^i,  which  are  the  impulsive  screws  corresponding  respectively  to  O^,  0z, 
^4,  0^,  as  instantaneous  screws. 

Consider  then  the  two  pairs  of  corresponding  impulsive  screws  and  in- 
stantaneous (screws  (17,  a)  and  (<^,  ^1).  We  have  arranged  the  construction 
so  that  $1  is  reciprocal  to  17.  Hence,  by  the  fundamental  principle  so  often 
employed,  a  and  0i  are  conjugate  screws  of  inertia,  so  that  a  must  be  reciprocal 
to  ^1. 

In  like  manner  it  can  be  proved  that  the  instantaneous  screw  a  for  which 
we  are  in  search  must  be  reciprocal  to  ^,  ^,,  ^4,  ^5.  We  have  thus  dis- 
covered five  screws,  ^1,  ^,  ^„  ^4,  ^5,  to  each  of  which  the  required  screw  a 
must  be  reciprocal.  But  it  is  a  fundamental  point  in  the  theory  that  the 
single  screw  reciprocal  to  five  screws  can  be  constructed  geometrically  (§  25). 
Hence  a  is  determined,  and  the  geometrical  solution  of  the  problem  is 
complete. 

It  remains  to  examine  the  failure  in  this  construction  which  arises  when 
any  one  or  more  of  the  five  screws  ^1  ...  ^5  becomes  indeterminate.  This 
happens  when  rj  is  reciprocal  to  two  screws  on  the  cylindroid  in  question. 
In  this  case  17  is  reciprocal  to  every  screw  on  the  cylindroid.  Any  one  of  such 
screws  might  be  taken  as  the  corresponding  <t>,  and,  of  course,  0  would  have 
been  also  indefinite,  and  a  could  not  have  been  found.  In  this  case  17  would 
have  been  reciprocal  to  the  two  principal  screws  of  inertia,  suppose  Aq,  Ai 
which  the  cylindroid  contained.  Of  course  still  more  indeterminateness 
would  arise  if  17  had  been  also  reciprocal  to  other  screws  of  the  series  Aq,  4,, 
-4,,  4,,  A4,  At,  No  screw  could,  however,  be  reciprocal  to  all  of  them.  If  17 
had  been  reciprocal  to  five,  namely,  -4,,  A^^  A^,  A^,  A^,  then  17  could  be  no 
screw  other  than  Aq,  because  the  six  principal  screws  of  inertia  are  co- 
reciprocal  ;  17  would  then  be  its  own  instantaneous  screw,  and  the  problem 
would  be  solved. 

We  may  therefore,  under  the  most  unfavourable  conditions,  take  ^  to  be 
reciprocal  to  four  of  the  principal  screws  of  inertia  Aq,  Ai,  A^,  A^,  but  not  to 
/I4  or  A^.  We  now  draw  the  five  cylindroids,  40-44,  AiA^,  A^A^,  A^A^,  AqA^. 
We  know  that  rj  is  reciprocal  to  no  more  than  a  single  screw  on  each 
cylindroid.  We  therefore  proceed  to  the  construction  as  before,  first  finding 
d, ...  0t,  one  on  each  cylindroid ;  then  deducing  <^,  ...  </)5,  and  thus  ultimately 
obtaining  a. 

Thus  the  general  problem  has  been  solved. 

B.  22 
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312.    Freedom  of  the  First  or  Seoond  Order. 

If  the  rigid  body  have  only  a  single  degree  of  freedom,  then  the  odj 
movements  of  which  it  is  capable  are  those  of  twisting  to  and  fro  od  i 
single  screw  a.  If  the  impulsive  wrench  i;  which  acted  upon  the  bodj 
happened  to  be  reciprocal  to  a,  then  no  movement  would  result  The  forcei 
would  be  destroyed  by  the  reactions  of  the  constraints.  In  general,  of  coorte^ 
the  impulsive  screw  i;  will  not  be  reciprocal  to  a.  A  twisting  moiioD  ahoot 
a  will  therefore  be  the  result.  All  that  can  be  said  of  the  instantaneoos  sow 
is  that  it  can  be  no  possible  screw  but  a. 

In  the  next  case  the  body  has  two  degrees  of  freedom  which,  as  nsiiaL  ve 
consider  to  be  of  the  most  general  t^'pe.  It  is  required  to  obtain  a  esm- 
stniction  for  the  instantaneous  screw  a  about  which  a  body  will  comiiifw^ 
to  twist  in  consequence  of  an  impulsive  wrench  17. 

The  peculiarity  of  the  problem  when  the  notion  of  constraint  is  introdiMc»i 
depends  on  the  circumstance  that,  though  the  impulsive  screw  may  W 
situated  anywhere  and  be  of  any  pitch,  yet  that  as  the  body  is  restrained  to 
only  two  degrees  of  freedom,  it  can  only  move  by  twisting  about  one  of  ike 
screws  on  a  certain  cylindroid.  We  are,  therefore,  to  search  for  the  in- 
stantaneous  screw  on  the  cylindroid  expressing  the  freedouL 

Let  A  be  the  given  cylindroid.  Let  B  be  the  system  of  screws  of  tht 
fourth  order  reciprocal  to  that  cylindroid.  If  the  body  had  been  free  it  wooU 
have  been  possible  to  determine,  in  the  manner  explained  in  the  last  sectaos. 
the  impulsive  screw  corresponding  to  each  screw  on  the  cylindroid  A.  Let 
us  suppose  that  these  impulsive  screws  are  constructed.  They  will  all  lie  on 
a  cylindroid  which  we  denote  as  P.  In  fact,  if  any  two  of  such  screw*  had 
been  found,  P  would  of  course  have  been  defined  by  drawing  the  cjlindroid 
through  those  two  screws. 

Let  Q  be  the  system  of  screws  of  the  fourth  order  which  is  redprootl  to 
P.  Select  from  Q  the  system  of  the  third  order  Qj  which  is  reciprooal  to  % 
We  can  then  find  one  screw  17,  which  is  reciprocal  to  the  system  of  the  fiftli 
order  formed  from  A  and  Q,.  It  is  plain  that  17,  must  belong  to  B,  as  thi* 
contains  every  screw  reciprocal  to  A. 

Take  also  the  one  screw  on  the  cylindroid  A  which  is  reciprocal  to  f .  Asd 
find  the  one  screw  1;,  on  the  cylindroid  P  which  is  reciprocal  to  this  ecrt* 
on  A, 

Since  1;,  171  and  rp^  are  all  reciprocal  to  the  system  of  the  fourth  onier 
fonneil  by  /I,  and  ^1,  it  follows  that  17,  171,  and  17,  must  all  lie  on  the  M"^ 
cylindroid.  We  chm  theref«)rt*  resolve  the  original  wrench  on  17  into  twoc*'*' 
ponent  wrenches  on  171  and  17,. 
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But  it  is  of  the  essence  of  the  theory  that  the  reactions  of  the  constraints 
»y  which  the  motion  of  the  body  is  limited  to  twists  about  screws  on  the 
ylindroid  A  must  be  wrenches  on  the  reciprocal  system  B.  So  far,  therefore, 
s  the  body  thus  constrained  is  concerned,  the  reactions  of  the  constraints 
rill  neutralize  the  wrench  on  rji.  Thus  the  wrench  on  17,  is  the  only  part  of 
he  impulsive  wrench  which  need  be  considered. 

But  we  already  know  from  the  construction  that  an  impulsive  wrench  on  1;, 
rill  produce  an  instantaneous  twist  velocity  about  a  determined  screw  a  on 
L.  Thus  we  have  found  the  initial  movement,  and  the  investigation  is  geo- 
letrically  complete. 

313.  Freedom  of  the  Third  Order. 

We  next  consider  the  case  in  which  a  rigid  body  has  freedom  of  the  third 
pder.  We  require,  as  before,  to  find  a  geometrical  construction  for  the  in- 
tantaneous  screw  a  corresponding  to  a  given  impulsive  screw  17. 

Let  A  be  the  system  of  screws  of  the  third  order  about  which  the  body 
i  free  to  twist.  Let  B  be  the  system  of  screws  of  the  third  order  reciprocal 
3  A,  We  must  first  construct  the  system  of  the  third  order  P  which 
onsists  of  the  impulsive  screws  that  would  have  made  the  body,  if  perfectly 
ree,  twist  about  the  several  screws  of  A. 

As  already  explained  (§  307)  we  can,  in  one  way,  but  only  in  one  way, 
asolve  the  original  wrench  on  t)  into  wrenches  i/i  on  B,  and  17,  on  P.  The 
>nner  is  destroyed  by  the  reactions  of  the  constants.  The  latter  gives  rise 
3  a  twist  velocity  about  a  determinate  screw  on  A.  Thus  the  problem  has 
een  solved. 

314.  Oteneral  Case. 

We  can  obviously  extend  a  similar  line  of  reasoning  to  the  cases  where 
be  body  had  freedom  of  the  remaining  degrees.  It  will,  however,  be  as  simple 
0  write  the  general  case  at  once. 

Let  il  be  a  system  of  screws  of  the  nth  order,  about  which  a  body  is  free 
0  twist,  any  other  movements  being  prevented  by  constraints.  If  the  body 
eceive  an  impulsive  wrench,  on  any  screw  17,  it  is  required  to  determine  the 
Qstantaneous  screw,  of  course  belonging  to  A ,  about  which  the  body  will 
ommence  to  twist. 

Let  B  be  the  system  of  screws  of  the  (6  — n)th  order,  reciprocal  to  A. 
'he  wrenches  arising  from  the  reaction  of  the  constraints  must,  of  course,  be 
ituated  on  the  screws  of  the  system  B. 

Let  P  be  the  Hystem  of  screws  of  the  nth  order,  which,  in  case  the  body 

22—2 
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had  been  free,  would  have  been  the  impulsiye  screws,  corresponding  to  tbe 
instantaneous  screws  belonging  to  A. 

Let  Q  be  the  system  of  screw  of  the  (6  —  n)th  order,  which  are  recipcwil 
to  P. 

Take  from  A  the  system  of  the  (n—  l)th  order,  reciprocal  to  if,  and  ciil 
it  J,. 

Take  from  Q  the  system  of  the  (5  —  n)th  order,  reciprocal  to  %  and  eill 

As  ^  is  of  the  nth  order,  and  Qi  of  the  (5  —  n)th,  they  together  define  t 
system  of  the  fifth  order.  Let  17,  be  the  single  screw,  reciprocal  to  this  syrtca 
of  the  fifth  order. 

As  i1,  Is  of  the  (n  -  l)th  order,  and  Q  is  of  the  (6  —  n)tik  order.  U»y 
together  define  a  system  of  the  fifth  order.  Let  ih  be  the  single  Kiev, 
reciprocal  to  this  sjrstem  of  the  fifth  order. 

1;,  is  reciprocal  to  A^  of  the  (n  —  l)th  order,  because  ^1  forma  pari  of  i. 
It  is  reciprocal  to  Q,  of  the  (5  —  n)th  order,  because  it  was  so  made  by  ooa- 
struction.  Thus  17,  is  reciprocal  to  both  Ai  and  Q,,  that  is  to  a  system  of  tk 
fourth  order. 

In  like  manner,  it  can  also  be  shown  that  17,  is  reciprocal  to  both  it 
and  Q,. 

^1  and  Q,  were  originally  chosen  ao  as  to  be  reciprocal  to  if.  It  tkv* 
appears  that  the  three  screws,  y;,  17 „  17,,  are  all  reciprocal  to  the  same  mua 
of  the  fourth  order.     They  are,  therefore,  co-cylindroidal. 

The  initial  wrench  on  17  can  therefore  be  adequately  replaced  bj  tvo 
components  on  17,  and  17,.  The  former  of  these  is  destroyed  by  the  reacuoi 
of  the  constraints.  The  latter  gives  rise  to  an  initial  movement  00  t 
determined  screw  of  A,  Thus,  the  mo«t  general  problem  of  the  eStft  <»f 
an  impulsive  wrench  on  a  constrained  rigid  body  has  been  solved  gt^ 
metrically. 

315.    Freedom  of  the  Filth  Order. 

The  special  case,  where  the  rigid  body  has  freedom  of  the  fifth  order,  n^J 
be  viewed  as  follows. 

r>*t  p  be  the  Hcrew  reciprocal  to  the  screw  system  of  the  fifth  order,  she** 
which  the  bodv  is  free  to  twist. 

Let  X  Ik?  the  instantam^ous  screw,  determintHl  in  the  way  already  eipb^Dfi 
about  which  th«*  \hh\\\  ha<l  it  Ihm'H  free,  would  have  commenced  t4>  twiit  a 
coiisei^ueuce  of  an  impulsive  wrench  on  p. 
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Let  ff  be  any  screw  on  which  an  impulsive  wrench  is  imparted,  and  let  a 
be  the  corresponding  instaataneous  screw,  about  which  the  body  would  have 
begun  to  twist  had  it  been  free. 

Draw  the  cylindroid  through  a  and  X,  and  choose  on  this  cylindroid  the 
screw  /i,  which  is  reciprocal  to  p. 

Then  fi  is  the  instantaneous  screw  about  which  the  body  commences  to 
twist,  in  consequence  of  the  impulsive  wrench  on  rj. 

For  (f),  p)  is  Si  cylindroid  of  impulsive  screws,  and  (o,  X)  are  the  corre- 
sponding instantaneous  screws.  As  fi  is  reciprocal  to  p,  it  belongs  to  the 
system  of  the  fifth  order.  The  corresponding  impulsive  screw  must  lie  on 
(i;,  p).  The  actual  instantaneous  motion  could  therefore  have  been  produced 
by  impulsive  wrenches  on  rj  and  p.  The  latter  would,  however,  be  neutralized 
by  the  reactions  of  the  constraints.  We  therefore  find  that  17  is  the  impulsive 
screw,  corresponding  to  a  as  the  instantaneous  screw. 

316.    Principal  Screws  of  Inertia  of  Constrained  Body. 

There  is  no  more  important  theorem  in  this  part  of  the  Theory  of  Screws 
than  that  which  affirms  that  for  a  rigid  body,  with  n  degrees  of  freedom, 
there  are  n  screws,  such  that  if  the  body  when  quiescent  receives  an 
impulsive  wrench  about  one  of  such  screws,  it  will  immediately  commence 
to  move  by  twisting  about  the  same  screw. 

We  shall  show  how  the  principles,  already  explained,  will  enable  us  to 
construct  these  screws. 

We  commence  with  the  case  in  which  the  body  has  two  degrees  of 
fireedom.  We  take  three  screws,  17,  f,  f,  arbitrarily  selected  on  the 
cylindroid,  which  expresses  the  freedom  of  the  body.  We  can  then  de- 
termine, by  the  preceding  investigation,  the  three  instantaneous  screws, 
a,  fi,  7,  on  the  same  cylindroid,  which  correspond,  respectively,  to  the 
impulsive  screws.  Of  course,  if  1;  happened  to  coincide  with  a,  or  f  with  fi, 
or  f  with  7,  one  of  the  principal  screws  of  inertia  would  have  been  found. 
But,  in  general,  such  pairs  will  not  coincide.  We  have  to  show  how,  from 
the  knowledge  of  three  such  pairs,  in  general,  the  two  principal  screws  of 
inertia  can  be  found. 

We  employ  the  circular  representation  of  the  points  on  the  cylindroid, 
as  explained  in  §  50.  The  impulsive  screws  are  represented  by  one  system 
of  points,  the  corresponding  instantaneous  screws  are  represented  by  another 
system  of  points.  It  is  an  essential  principle,  that  the  two  systems  of  points, 
80  related,  are  homographic.  The  discovery  of  the  principal  screws  of  inertia 
18  thus  reduced  to  the  well-known  problem  of  the  discovery  of  the  double 
points  of  two  homographic  systems  on  a  circle. 
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The  simplest  method  of  solving  this  problem  is  that  alreiMlj  gif«o  io 
§  139,  in  which  we  regard  the  six  points,  suitably  arranged,  as  the  m^ke* 
of  a  hexagon ;  then  the  Pascal  line  of  the  hexagon  interacts  ibe  drde  io 
two  points  which  are  the  points  corresponding  to  the  prindpal  screvi  of 
inertia. 

317.    Third  and  Higher  Bjstoms. 

We  next  investigate  the  principal  screws  of  inertia  of  a  body  which  \m 
three  degrees  of  freedom.  We  have  first,  by  the  principles  already  ei- 
plained,  to  discover  four  pairs  of  correspondents.  When  four  such  ptii^ 
are  known,  the  principal  screws  of  inertia  can  be  constructed.  Periitp 
the  best  method  of  doing  so  is  to  utilize  the  plane  oorrespoodeiioe,  •» 
explained  in  Chap.  xv.  The  corresponding  systems  of  impulsive  sctpvi 
and  instantaneous  screws,  in  the  system  of  the  third  order,  are  then  repr^ 
sented  by  the  homograph ic  systems  of  points  in  the  plane.  When  four  psiit 
of  such  correspondents  are  known,  we  can  construct  as  many  additional  ptir» 
as  may  be  desired. 

Let  a,  /9,  7,  S  be  four  points  in  the  plane,  and  let  if,  f »  C  '  ^^  ^ 
points  corresponding,  so  that  17  represents  the  impulsive  screw,  and  «  ife 
instantaneous  screw,  and  similarly  for  the  other  pairs.  Let  it  be  reqnirHi 
to  find  the  impulsive  screw  ^,  which  corresponds  to  any  fifth  iostantannow 
screw  €.  Since  anharmonic  ratios  are  the  same  in  two  corresponding  fignroi^ 
yNQ  have 

a  (/9,  r  «.  €)  =  1?  (f .  f,  0,  ^), 
thus  we  get  one  ray  17^,  which  contains  ^.     We  have  also 

0  (flr,  7,  S,  €)  =  { (1;,  f,  0,  ^), 
which  gives  a  second  ray  {^,  containing  ^,  and  thus  ^  is  known. 

A  construction  for  the  double  points  of  two  homographic  system.^  o( 
points  in  the  same  plane  is  as  follows: — 

Let  0  and  0'  be  a  pair  of  corresponding  points.  Then  each  n) 
through  0  will  have,  as  its  correspondent,  a  ray  through  (/.  The  kicot  id 
the  intersection  of  these  rays  will  be  a  conic  S.  This  conic  S  most  f^ 
through  the  three  double  points,  and  also  through  0  and  (/. 

Draw  the  conic  8  \  which  is  the  locus  of  the  points  in  the  second  tjfit^ 
corresponding  to  the  points  on  S,  regarded  as  in  the  first  system.  Tbcs 
since  O  lies  on  S,  we  must  have  W  on  ii\  But  S'  must  also  pass  ikniii|(^ 
the  three  double  points.  W  is  one  of  the  four  intersections  of  iS  and  S\  ^ 
the  three  others  are  the  sought  double  poiuU.  Thus  the  double  poiati  ^ 
conHtnictc<l.  And  in  this  manner  we  obtain  the  three  principal  seres*  <i 
inertia  in  the  case  of  the  system  of  the  third  order. 
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If  a  rigid  body  be  free  to  move  about  screws  of  any  system  of  the 
foarth  order,  we  may  determine  its  four  principal  screws  of  inertia  as 
follows. 

We  correlate  the  several  screws  of  the  system  of  the  fourth  order  with 
the  points  in  space.  The  points  representing  impulsive  screws  will  be 
a  system  homographic  with  the  points  representing  the  corresponding 
instantaneous  screws.  If  we  have  five  pairs  of  correspondents  (a,  i;), 
(fi»  f )>  (y»  0>  (^»  ^)>  (€>  <I>X  ^^  such  a  homography  we  can  at  once  determine 
the  correspondent  -^  to  any  other  screw  X. 

Draw  a  pencil  of  four  planes  through  a,  13,  and  the  four  points  7,  S,  e,  X, 
respectively. 

Draw  also  a  pencil  of  four  planes  through  t),  ^,  and  the  four  points 
?»  ^>  4>*  '^9  respectively.  These  two  pencils  will  be  equianharmonic.  Thus 
we  discover  one  plane  which  contains  y^.  In  like  manner  we  can  draw 
a  pencil  of  planes  through  a,  7,  and  13,  S,  e,  X,  respectively,  and  the  equi- 
anharmonic pencil  through  17,  f.  and  f,  0,  (f>,  yjr,  respectively.  Thus  we 
obtain  a  second  plane  which  passes  through  yfr,  A  third  plane  may  be 
found  by  drawing  the  pencil  of  four  planes  through  a,  S,  and  the  four  points 
/3,  7,  €,  X,  respectively,  and  then  constructing  the  equianharmonic  pencil 
through  17,  0,  and  f ,  f,  <^,  ^,  respectively.  From  the  intersection  of  these 
three  planes,  yfr  is  known. 

In  the  case  of  two  homographic  systems  in  three  dimensions,  there  are, 
of  course,  four  double  points.  These  may  be  determined  as  follows. 
Let  0  and  C  be  two  corresponding  rays.  Then  any  plane  through  0  will 
have,  as  its  correspondent,  a  plane  through  0\  It  is  easily  seen  that  these 
planes  intersect  on  a  ray  which  has  for  its  locus  a  quadric  surface  £f,  of  which 
0  and  0'  are  also  generators.  This  quadric  must  pass  through  the  four 
doable  points. 

Let  8'  be  the  quadric  surface  which  contains  all  the  points  in  the 
second  system  corresponding  to  the  points  of  S  regarded  as  the  first  system. 
Then  (/  will  lie  on  S\  and  the  rest  of  the  intersection  of  S  and  S'  will  be 
St  twisted  cubic  C,  which  passes  through  the  four  double  points. 

Take  any  point  P  on  G,  and  draw  any  plane  through  P,  Then  every 
ray  of  the  first  system  of  the  pencil  through  P  in  this  plane  will  have 
IS  its  correspondent  in  the  second  system  the  ray  in  some  other  plane 
pencil  L.  One,  at  least,  of  the  rays  in  the  pencil  L  will  cut  the  cubic  C. 
CSall  this  ray  X\  and  draw  its  correspondent  X  in  the  first  system  passing 
through  P. 

We  thus  have  a  pair  of  corresponding  rays  X  and  X\  each  of  which 
intersects  the  twisted  cubic  (7. 
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Draw  pairs  of  corresponding  planes  through  X  and  X'.  The  locus  of 
their  intersection  will  be  a  quadric  S'\  which  also  contains  the  foar  double 
points. 

S*'  and  C,  being  of  the  second  and  the  third  order  respeciiTelj,  will 
intersect  in  six  points.  Two  of  these  are  on  X  and  X  \  and  are  thus  db- 
tinguished.  The  four  remaining  intersections  will  be  the  required  doobtr 
points,  and  thus  the  problem  has  been  solved. 

These  double  points  correspond  to  the  principal  screws  of  inertia,  whkb 
are  accordingly  determined. 

In  the  case  of  freedom  of  the  fifth  order,  the  geometrical  analogies  vhitk 
have  hitherto  sufficed  are  not  available.  We  have  to  fail  back  on  the 
general  fact  that  the  impulsive  screws  and  the  corresponding  instantancooi 
screws  form  two  homograph ic  systems.  There  are  five  donble  screws  be 
longing  to  this  homography.     These  are  the  principal  screws  of  in^tia 

318.    Ooml&tioii  of  Two  Byftems  of  the  Third  Order. 

It  being  given  that  a  certain  system  of  screws  of  the  third  order,  F,  t> 
the  locus  of  impulsive  screws  corresponding  to  another  given  q^stem  of  tlie 
third  order.  A,  as  instantaneous  screws,  it  is  required  to  correlate  the  corrr- 
sponding  pairs  on  the  two  systems. 

We  have  already  had  frequent  occasion  to  use  the  result  demoostnkd 
in  §  293,  namely,  that  when  two  impulsive  and  instantaneous  cylindroifli 
were  known,  we  C4)uld  arrange  the  several  screws  in  corresponding  pein 
without  any  further  information  as  to  the  rigid  body.  We  have  now  to 
demonstrate  that  when  we  are  given  an  impulsive  system  of  the  third 
order,  and  the  corresponding  instantaneous  system,  there  can  also  be  a 
similar  adjustment  of  the  corresponding  pairs. 

It  has  first  to  be  shown,  that  the  proposed  problem  is  a  definite  one. 
The  data  before  us  are  suflScient  to  discriminate  the  several  pairs  of  screws 
that  is  to  say,  the  data  are  sufficient  to  point  out  in  one  system  the  conv- 
spondent  to  any  specified  screw  in  the  other  system.  We  have  abo  to 
show  that  there  is  no  ambiguity  in  the  solution.  There  is  only  one  ngvi 
body  (§  293)  which  will  comply  with  the  condition,  and  it  is  not  poasible  tkii 
there  could  be  more  than  one  arrangement  of  corresponding  pairsL 

Let  fit,  /9,  7  be  three  instantaneous  screws  from  A,  and  let  their  wit^ 
sponding  impulsive  screws  be  i;,  f,  f,  in  P.  In  the  choice  of  a  screw  fro© 
a  system  of  the  third  order  there  are  two  disposable  quantities,  so  thfti. 
in  the  selection  of  three  correspondents  in  1\  to  three  given  screws  ib  i 
there  wouhl  he,  in  general,  six  disposable  cooIt^inate^.  But  the  (id  lk»^ 
a,  i;  antl  fi,  {  are  two   pairs  of  correspondents  necessitates,  as  we  koo«. 
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the  fulfilment  of  two  identical  conditions  among  their  coordinatea  As 
there  are  three  pairs  of  correspondents,  we  see  at  once  that  there  are  six 
equations  to  be  fulfilled.  These  are  exactly  the  number  required  for  the 
determination  of  17,  f ,  f,  in  the  system  P. 

To  the  same  conclusion  we  might  have  been  conducted  by  a  different 
line  of  reasoning.  It  is  known  that,  for  the  complete  specification  of  a 
system  of  the  third  order,  nine  co-ordinates  are  necessary  (§  75).  This  is 
the  same  number  as  is  required  for  the  specification  of  a  rigid  body.  If, 
therefore,  we  are  given  that  P,  a  system  of  the  third  order,  is  the  collection 
of  impulsive  screws,  corresponding  to  the  instantaneous  screws  in  the 
system  A,  we  are  given  nine  data  towards  the  determination  of  a  rigid 
body,  for  which  A  and  P  would  possess  the  desired  relation.  It  therefore 
follows  that  we  have  nine  equations,  while  the  rigid  body  involves  nine 
unknowns.  Thus  we  are  led  to  expect  that  the  number  of  bodies,  for  which 
the  arrangement  would  be  possible,  is  finite.  When  such  a  body  is  de- 
termined, then  of  course  the  correlation  of  the  screws  on  the  two  systems 
is  immediately  accomplished.  It  thus  appears  that  the  general  problem 
of  correlating  the  screws  on  any  two  given  systems  of  the  third  order, 
A  and  P,  into  possible  pairs  of  impulsive  screws  and  instantaneous  screws, 
ought  not  to  admit  of  more  than  a  finite  number  of  solutions. 

We  are  now  to  prove  that  this  finite  number  of  solutions  cannot  be 
different  from  unity. 

For,  let  us  suppose  that  a  screw  X,  belonging  to  A,  had  two  screws 
0  and  (f>,  as  possible  correspondents  in  P.  This  could,  of  course,  in  no  case 
be  possible  with  the  same  rigid  body.  We  shall  show  that  it  could  not 
even  be  possible  with  two  rigid  bodies,  Mi  and  Afj.  For,  if  two  bodies  could 
do  what  is  suggested,  then  it  can  be  shown  that  there  are  a  singly  infinite 
number  of  possible  bodies,  each  of  which  would  afford  a  different  solution  of 
the  problem. 

We  could  design  a  rigid  body  in  the  following  manner : — 

Increase  the  density  of  every  element  of  if,  in  the  ratio  of  p,  :  1,  and 
call  the  new  mass  if/. 

Increase  the  density  of  every  element  of  M^  in  the  ratio  of  p, :  1,  and 
call  the  new  mass  M^* 

Let  the  two  bodies,  so  altered,  be  conceived  bound  rigidly  together  by 
bonds  which  are  regarded  as  imponderable. 

Let  y^  be  eaij  screw  lying  on  the  cylindroid  (0,  <f>).  Then  the  impulsive 
wrench  of  intensity,  -^'^  on  y^,  may  be  decomposed  into  components 

,,,8in(^-^)         ^        ,    .  ,„  Hin  (0 -- ylr)  . 

^     sm  (^  —  ^)  ^     Hin  (0  -  ^) 
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If  the  former  had  been  applied  to  if,'  it  would  have  generated  about  t 
(§  280)  a  twifit  velocity  represented  by 

.o,  sin  (ylr  -  il>)  J[     C06(^a) 
'''    8in(^  -^)  M,'      p.     • 

If  the  latter  had  been  applied  to  the  body  if/,  it  would  have  generated  t 
twist  velocity  about  the  same  screw,  a,  equal  to 

,,,  sin  (^  -  V^)    1    COS  (^) 


^     sin  (6  -  ^)  Jf;       p. 

Suppose  that  these  two  twist  velocities  are  equal,  it  is  plain  that  the  ongioftl 
wrench  on  y^  would,  if  it  had  been  applied  to  the  compoaite  rigid  bodj, 
produce  a  twisting  motion  about  a.     The  condition  is 

sin  (^  —  ^)  _  sin  (^  ~  yft) 
M,'  cos  (^) ""  M;  cos  (^a)  * 

We  thus  obtain  tan  -^  in  terms  of  Jf/  :  M^,  As  the  stmctore  of  die 
composite  body  changes  by  alterations  of  the  relative  values  of  pi  and  ^, 
so  will  '^  move  over  the  various  screws  of  the  cylindroid  (d,  ^\ 

This  result  shovrs  that,  if  three  screws,  ct,  /9,  7  be  given,  then  the  poniUe 
impulsive  screws,  1;,  ^,  ^,  which  shall  respectively  correspond  to  a,  /9,  7  in  a 
given  system  of  the  third  order  P,  are  uniquely  determined. 

For,  suppose  that  a  second  group  of  screws,  ri\  ^\  (^,  could  also  be  deler- 
mined  which  fulfilled  the  same  property.      We  have  shown   how  anolker 
rigid  body  could  be  constructed  so  that  another  screw,  '^,  could  be  found  oo 
the  cylindroid  (1;,  rf),  such  that  an  impulse  thereon  given  would  make  the 
body  twist  about  9.     It  is  plain  that,  for  this  body  also,  the  impobivt 
wrench,  corresponding  to  /9,  would  be  some  screw  on  the  cylindroid  ({,  f'l 
But  all  screws  on  this  cylindroid  belong  to  the  system  P.     In  like  manner, 
the  instantaneous  screw  7  would  correspond  for  the  composite  body  lo  tooe 
screw  on  the  cylindroid  (^,  t^).     Hence  it  follows  that,  for  each  diflmsl 
value  of  the  ratio  p,  :  /»,,  we  would  have  a  different  set  of  impulsive  scfev* 
for  the  instantaneous  screws  a,  /9,  7.     We  thus   find    that,  if  there  wwr 
more  than  one  set  of  such  impulsive  screws  to  be  found  in  the  system  P. 
there  would  be  an  infinite  number  of  such  sets.     But  we  have  alre«i| 
shown  that  the  number  of  sets  must  be  finite.     Hence  there  can  oolj  be 
one  set  of  screws,  1;,  f.  f,  in  the  system  P,  which  could  be  impulsive  icre^ 
corresponding  to  the  instantaneous  screws,  a,  /^,  7.     We  are  thus  led  to  tie 
following  important  theorem,  which  will  be  otherwise  proved  in  the  neit 
chapter. 

Given  any  two  systems  0/  screws  of  the  third  order.     It  is  ffemeraUy  p^ 
sMe,  in  one  way,  b\U  only  in  one,  to  design,  and  place  in  a  particmiar  poeitu>^  ^ 
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igid  body  such  that,  if  that  body,  while  at  rest  and  tmconstrained,  receive  an 
npulstve  wrench  about  any  screw  of  the  first  system,  the  instantaneous  move- 
lent  wiU  be  a  twist  about  a  screw  of  the  second  system. 

The  two  systems  of  corresponding  impulsive  and  instantaneous  screws 
n  the  two  sjrstems  of  the  third  order,  form  two  homographic  systems. 
Tiere  are,  of  course,  infinite  varieties  in  the  possible  homographic  cor- 
espondences  between  the  screws  of  two  S3rstems  of  the  third  order.  The 
umber  of  such  correspondences  is  just  so  many  as  the  number  of  possible 
omographic  correspondences  of  points  in  two  planes.  There  is,  however, 
nly  one  correspondence  which  will  fulfil  the  peculiar  requirements  when 
ne  of  the  systems  expresses  the  instantaneous  screws,  and  the  other  the 
mpulsive  screws  severally  corresponding  thereto. 

If  we  are  given  one  pair  of  corresponding  impulsive  and  instantaneous 
crews,  the  body  is  not  by  such  data  fully  determined.  We  are  only  given 
ive  coordinates,  and  four  more  remain,  therefore,  unknown.  If  we  are 
;iven  two  corresponding  impulsive  cylindroids  and  instantaneous  cylindroids, 
he  body  is  still  not  completely  specified.  We  have  seen  how  eight  of  its 
oordinates  are  determined,  but  there  is  still  one  remaining  indeterminate. 
f  we  are  given  a  system  of  the  fourth  order  of  impulsive  screws,  and  the 
orresponding  system  of  the  fourth  order  of  instantaneous  screws,  the  body, 
s  in  the  other  cases,  remaining  perfectly  free,  there  are  also,  as  we  shall  see 
n  the  next  section,  a  singly  infinite  number  of  rigid  bodies  which  fulfil  the 
lecessary  conditions.  In  like  manner,  it  will  appear  that,  if  we  are  given  a 
ystem  of  the  fifth  order  consisting  of  impulsive  screws,  and  a  corresponding 
ystem  of  the  fifth  order  consisting  of  instantaneous  screws,  the  body  has 
eally  as  much  indeterminateness  as  if  we  had  only  been  given  a  single 
lair  of  corresponding  screws. 

But  the  case  of  two  systems  of  the  third  order  is  exceptional,  in  that 
rhen  it  is  known  that  one  of  these  is  the  locus  of  the  instantaneous  screws, 
rhich  correspond  to  the  screws  of  the  other  system  regarded  as  impulsive 
crews,  the  rigid  body  for  which  this  state  of  things  is  possible  is  completely 
lid  uniquely  specified  as  to  each  and  every  one  of  its  nine  coordinates. 

319.    A  Property  of  Reciprooal  Screw  BjwtmmM. 

Given  a  system  of  the  fourth  order  A  and  another  system  of  the  fourth 
»rder  P.  If  it  be  known  that  the  latter  is  the  locus  of  the  screws  on  which 
nust  lie  the  impulsive  ¥rrenches  which  would,  if  applied  to  a  free  rigid 
Kxly,  cause  instantaneous  twist  velocities  about  the  several  screws  on  A, 
et  us  consider  what  can  be  inferred  as  to  the  rigid  body  from  this  fact  alone. 

Liet  A'  be  the  cylindroid  which  is  composed  of  the  screws  reciprocal  to  A. 
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Let  P'  be  the  cylindroid  which  is  compoBed  of  the  screws  recijmxml  to  P, 
Let  Pi,  P„  P,,  P4  be  any  four  impulsive  screws  on  P.  Let  Ai,  A^,  A^,  J« 
be  the  four  corresponding  instantaneous  screvrs  on  A. 

Take  any  screw  a  on  the  cylindroid  P'.  Let  17  be  the  correspooding 
impulsive  screw.  Since  a  is  reciprocal  to  all  the  screws  on  P  it  most  be 
reciprocal  to  Pj.  It  follows  from  the  fundamental  property  of  ooojugmte 
screws  of  inertia,  that  1;  must  be  reciprocal  to  Ai.  In  like  maimer  we  can 
show  that  17  is  reciprocal  to  A^,  A^,  and  A^,  It  follows  that  ff  is  reciprootl 
to  the  whole  system  A,  and  therefore  must  be  contained  in  the  reciprocal 
cylindroid  A\  Hence  we  obtain  the  following  remarkable  result,  which  i» 
obviously  generally  true,  though  our  proof  has  been  enunciated  for  the 
system  of  the  fourth  order  only. 

Let  P  and  A  be  any  two  ej/atems  o/acrewa  of  the  nth  order,  and  P"  and  A' 
their  respective  reciprocal  eyeteins  of  the  (6  —  n)th  order.  If  P  be  the  cvUee- 
tian  of  impulsive  screws  corresponding  severally  to  the  screws  of  A  as  the 
instantaneous  screws  for  a  certain  free  rigid  body ;  then,  for  the  sats^  fres 
rigid  body  A'  will  be  the  collection  of  impulsive  screws  which  ccrreepomd  to 
the  screws  of  F  as  instantaneous  screws, 

820i    Systems  of  the  Fourth  Order. 

Thus  we  see  that  when  we  are  given  two  systems  of  the  foorth  order  P 
and  A  as  correspondingly  impulsive  and  instantaneous,  we  can  immediately 
infer  that,  for  the  same  rigid  body,  the  screws  on  the  cylindroid  A'  arv 
the  impulsive  screws  corresponding  to  the  instantaneous  screws  00  the 
cylindroid  P'. 

We  can  now  make  use  of  that  instructive  theorem  (§  293)  which  declare* 
that  when  two  given  cylindroids  are  known  to  stand  to  each  other  in  this 
peculiar  relation,  we  are  then  able,  without  any  further  information,  to  mark 
out  on  the  cylindroids  the  corresponding  pairs  of  screws.  We  can  tbeo 
determine  the  centre  of  gravity  of  the  rigid  body  on  which  the  impobiTe 
wrenches  act.  We  can  find  a  triad  of  conjugate  diameters  of  the  momeQtal 
ellipsoid,  and  the  radii  of  gyration  about  two  of  those  diameters.  Heooe 
we  have  the  following  result : — 

If  it  be  given  that  a  certain  system  of  the  fourth  order  is  the  locus  of  the 
impulsive  screws  corresponding  to  the  instantaneous  screws  on  another  giren 
system  of  the  fourth  order,  the  body  being  quite  uiiconstrained,  we  can  them 
determine  the  centre  of  gravity  of  the  bifdy,  u^  can  draw  a  triad  of  the 
conjugate  diameters  of  its  momental  ellij>soid,  and  we  can  find  the  radt%  a/ 
gyration  about  two  of  those  diameters. 

There*  is  still  one  undetonnineil  element  in  the  rigid  body,  namely,  tbr 
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radius  of  gyration  about  the  remaining  conjugate  diameter.  The  data  before 
us  are  not  adequate  to  the  removal  of  this  indefiniteness.  It  must  be 
remembered  that  the  data  in  such  a  case  are  just  so  many  but  no  more  than 
suffice  for  the  specification  of  the  n-system  A.  The  number  of  data  neces- 
sary to  define  an  n-system  is  n  (6  —  n).  If,  as  in  the  present  case,  n  =  4,  the 
number  of  data  is  8.  We  are  thus  one  short  in  the  number  of  data  necessary 
to  specify  a  rigid  body.  Thus  we  confirm  the  result  previously  obtained. 
We  can  assert  that  for  any  one  of  the  singly  infinite  number  of  rigid  bodies 
which  fulfil  the  necessary  conditions,  the  system  A  will  be  the  locus  of  the 
instantaneous  screws  which  correspond  to  the  screws  of  the  system  P  as 
impulsive  screws. 

Though  in  the  two  cylindroids  A'  and  P'  we  are  able  to  establish  the 
several  pairs  of  correspondents  quite  definitely,  yet  we  must  not  expect,  with 
the  data  before  us,  to  be  able  to  correlate  the  pairs  of  screws  in  A  and  P 
definitely.  If  this  could  be  done  then  the  rigid  body  would  be  quite  deter- 
minate, which  we  know  is  not  the  case.  There  is,  however,  only  a  single 
indeterminate  element  left  in  the  correlation  of  the  screws  in  A  with  the 
screws  of  P.     This  we  prove  as  follows : — 

Let  if>  be  any  screw  of  P  on  which  an  impulsive  wrench  is  to  act.  Let  S 
be  the  instantaneous  screw  in  A  about  which  the  movement  commences. 
We  shall  now  show  that  though  S  cannot  be  completely  defined,  in  the 
absence  of  any  further  data,  yet  it  can  be  shown  to  be  limited  to  a  certain 
cylindroid. 

Let  G  be  the  centre  of  gravity.  Then  we  know  that  an  impulsive  force 
directed  through  0  will  generate  a  movement  of  translation  in  a  direction 
parallel  to  the  force.  Such  a  movement  may,  of  course,  be  regarded  as  a 
twist  about  a  screw  of  infinite  pitch. 

Draw  through  G  a  plane  normal  to  <f>.  Any  screws  of  infinite  pitch  in 
this  plane  will  be  reciprocal  to  <f>.  It  follows  from  the  laws  of  conjugate  screws 
of  inertia  that  the  impulsive  forces  in  this  plane,  by  which  translations  could 
be  produced,  must  lie  on  screws  of  zero  pitch  which  are  reciprocal  to  S. 
Take  any  two  of  such  screws :  then  we  know  that  S  is  reciprocal  to  these  two 
screws  and  also  to  P\  It  follows  that  S  is  reciprocal  to  the  screws  of  a 
determinate  system  of  the  fourth  order,  and  therefore  S  must  lie  on  a  deter- 
mined cylindroid. 

We  may  commence  to  establish  the  correspondence  between  P  and  A  by 
choosing  some  arbitrary  screw  4>  on  P,  and  then  drawing  the  cylindroid  on  A, 
on  which  we  know  that  the  instantaneous  screw  corresponding  to  P  must 
lie.  Any  screw  on  this  cylindroid  may  be  selected  as  the  instantaneous 
screw  which  corresponds  to  <f>.     Once  that  screw  S  had  been  so  chosen  there 
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can  be  no  further  ambiguity.  The  correspondent  in  il  to  every  other  aerew 
in  P  is  completely  known.  To  show  this  it  is  only  necessary  to  take  two 
pairs  from  A  and  P  and  the  pair  just  found.  We  have  then  three  corre- 
sponding pairs.  It  has  been  shown  in  §  307  how  the  correspondenoe  b 
completely  determined  in  this  case. 

Of  course  the  fisust  that  £  may  be  any  screw  on  a  cylindroid  is  cooDeeted 
with  the  fact  that  in  this  case  the  rigid  body  had  one  indeterminate  element 
For  each  of  the  possible  rigid  bodies  h  would  occupy  a  different  poaitioQ  on 
its  cylindroidal  locua 

821.  Syitems  of  the  Fifth  Order. 

It  remains  to  consider  the  case  where  two  screw  systems  of  the  fifth 
order  are  given,  it  being  known  that  one  of  them  P  is  the  locos  of  the 
impulsive  screws  which  correspond  to  the  several  screws  of  the  other  systein 
A  regarded  as  instantaneous  screws. 

Let  P  be  the  screw  reciprocal  to  P,  and  A!  the  screw  reciprocal  to  A. 
Then  from  the  theorem  of  §  319  it  follows  that  an  impulsive  wrench  on  A 
would  make  the  body  commence  to  move  by  twisting  about  P.  We  Urns 
know  five  of  the  coordinates  of  the  rigid  body.  There  remain  four  inde* 
terminate  elements. 

Hence  we  see  that,  when  the  only  data  are  the  two  systems  Pand  A, 
there  is  a  fourfold  infinity  in  the  choice  of  the  rigid  body.  There  are  conar- 
quently  four  arbitrar)*  elements  in  designing  the  correspondenoe  between  thf 
several  pairs  of  screws  in  the  two  systems. 

We  may  choose  any  two  screws  17,  {,  on  P,  and  assume  as  their  two  cone- 
spondents  in  A  any  two  arbitrary  screws  a  and  /9,  provided  of  coarse  that 
the  three  pairs  A\  E,  17,  a,  and  {,  /8  fulfil  the  six  necessary  geometricsl 
conditions  (§  304).  Two  of  these  conditions  are  obviously  already  satisfied  by 
the  circumstance  that  A'  and  P'  are  the  reciprocals  to  the  systems  A  and  P. 
This  leaves  four  conditions  to  be  fulfilled  in  the  choice  of  a  and  /9.  As  each 
of  these  belongs  to  a  system  of  the  fifth  order  there  will  be  four  coonliiiatai 
required  for  its  complete  specification.  Therefore  there  will  be  eight  diapoaahlf 
quantities  in  the  choice  of  a  and  /3.  Four  of  these  will  be  utiliied  in  ^•^^^ 
them  fulfil  the  geometrical  conditions,  ho  that  four  others  may  be  arbitrsrily 
selected.  When  these  are  chosen  we  have  four  coordinates  of  the  rigid 
body  which,  added  to  the  five  data  provided  by  A'  and  P",  completely  defiat 
the  rigid  body. 

822.  ■ommary. 

We  may  statt*  the  ri*8ult«  of  this  disi'UHsion  in  tht*  following  manner:  — 
It  we  are  given  two  systenm  of  the  first,  or  the  second,  or  the  third  ordrf 
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of  corresponding  impulsive  screws  and  instantaneous  screws,  all  the  corre- 
sponding pairs  are  determined.  There  is  no  arbitrary  element  in  the 
cx>rrespondence.  There  is  no  possible  rigid  body  which  would  give  any 
different  correspondence. 

If  we  are  given  two  systems  of  the  fourth  order  of  corresponding 
impulsive  screws  and  instantaneous  screws  then  the  essential  geometrical 
conditions  (§  281),  not  here  making  any  restriction  necessary,  we  can  select 
one  pair  of  correspondents  arbitrarily  in  the  two  systems,  and  find  one  rigid 
body  to  fulfil  the  requirements. 

If  we  are  given  two  systems  of  the  fifth  order  of  corresponding  impulsive 
screws  and  instantaneous  screws  then  subject  to  the  observance  of  the  geo- 
metrical conditions  we  can  select  ttvo  pairs  of  correspondents  arbitrarily  in 
the  two  systems,  and  find  one  rigid  body  to  fulfil  the  requirements. 

If  we  are  given  two  systems  of  the  sixth  order  of  corresponding  impul- 
sive screws  and  instantaneous  screws  then  subject  to  the  observance  of 
the  geometrical  conditions  we  can  select  three  pairs  of  correspondents 
arbitrarily  in  the  two  systems,  and  find  one  rigid  body  to  fulfil  the 
requirements. 

The  last  paragraph  is,  of  course,  only  a  different  way  of  stating  the  results 
of  §  307. 

82a    Two  Ri«;id  Bodiei. 

We  shall  now  examine  the  circumstances  under  which  pairs  of  impulsive 
and  instantaneous  screws  are  common  to  two,  or  more,  rigid  bodies.  The 
problem  before  us  may,  perhaps,  be  most  clearly  stated  as  follows : — 

Let  there  be  two  rigid  bodies,  M  and  M\  If  if  be  struck  by  an  impulsive 
wrench  on  a  screw  0,  it  will  commence  to  twist  about  some  screw  X.  If  M' 
had  been  struck  by  an  impulsive  wrench  on  the  same  screw  0,  the  body  woukl 
have  commenced  to  twist  about  some  screw  ^,  which  would  of  course  be 
generally  different  firom  X.  If  0  be  supposed  to  occupy  different  positions 
in  space  (the  bodies  remaining  unaltered),  so  will  X  and  fi  move  into  corre- 
spondingly  various  positions.  It  is  proposed  to  inquire  whether,  uoder 
any  circumstances,  0  could  be  so  placed  that  X  and  /i  should  coincide.  In 
other  words,  whether  both  of  the  bodies,  M  and  M',  when  frtruck  with  an 
impulsive  wrench  on  0,  will  respond  by  twisting  about  the  same  instantaneous 


It  is  obvious,  that  there  is  at  least  one  position  in  which  0  fulfils  the 
required  cooddtitm.  Let  (?,  O^  be  the  centres  of  gravity  of  M  and  M\  Then 
a  force  along  the  ray  Gi  O^,  if  applied  either  to  if  or  t^^  M\  will  do  no  more 
than  produce  a   linear   velocity  of  translation  parallel  thereto,     Heoee  H 
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follows,  that  a  wrench  on  the  screw  of  zero  pitch,  which  lies  od  the  nij 
Ox  Of,  will  have  the  same  instantaneous  screw  whether  that  wretch  Le 
applied  to  if  or  to  M\ 

We  have  now  to  examine  whether  there  can  be  any  other  pair  of  im- 
pulsive and  instantaneous  screws  in  the  same  circumstances.  Let  us  suppose 
that  when  0  assumes  a  certain  position  17,  we  have  X  and  /i  coalescing  into  the 
single  screw  a. 

We  know  that  the  centre  of  gravity  lies  in  a  plane  through  a,  and  tbe 
shortest  distance  between  a  and  17.  We  know,  also,  that  c{««Bp«  Uui(«^). 
where  d«  is  the  distance  of  the  centre  of  gravity  from  a.  It  therefore  foltowi 
that  a  must  be  parallel  to  OiO^.  We  have,  however,  already  had  oocaaoo 
(§  303)  to  prove  that,  if  f>«  be  the  radius  of  gyration  of  a  body  about  a  itj 
through  its  centre  of  gravity,  parallel  to  a, 

^*      cos(ai7)       •      P** 

Hence  it  appears  that,  for  the  required  condition  to  be  satisfied,  each  of  the 
two  bodies  must  have  the  same  radius  of  gyration  about  the  axis  through  its 
centre  of  gravity,  which  is  parallel  to  a.  Of  course  this  will  not  generally  he 
the  case.  It  follows  that,  in  general,  there  cannot  be  any  such  pair  of 
impulsive  screws  and  instantaneous  screws,  as  has  been  supposed.  Heoee  we 
have  the  following  result : — 

Two  rigid  bodies,  with  different  centres  of  gravity^  have,  in  general,  mo  other 
cofMnan  pair  of  impulsive  screws  and  instantaneous  screws  than  the  jcrrr.  0/ 
$ero  pitch,  on  the  ray  joining  the  centres  of  gravity,  and  the  screw  of  im/imiU 
pitch  parallel  thereto. 

We  shall  now  consider  what  happens  when  the  exceptional  condition,  jusi 
referred  to,  is  fulfilled,  that  is,  when  the  radius  of  gyration  of  the  ray  Gjtft  ^ 
the  same  for  each  of  the  bodies. 

In  each  of  the  momental  elHpsoidH  about  the  centres  of  gravity  of  the 
two  bodies,  draw  the  plane  conjugate  to  the  ray  (f|G,.  Let  these  piaoai 
intersect  in  a  ray  T,  Suppose  that  an  impulsive  force,  directed  along  T,  be 
made  to  act  on  the  body  whose  centre  of  gravity  is  (?|.  It  is  plain,  6rom 
Poinsot  s  well-known  theory,  that  the  rotation  produced  by  such  an  impobe 
will  be  about  a  ray  parallel  to  OiO^  If  this  impulsive  wrench  had  bees 
applied  to  the  b<xly  whose  centn*  of  gravity  is  (/,,  the  instantaneous  jciew 
would  also  bo  parallel  to  (///,.  If  we  now  introduce  the  conditiun  that  tbr 
radium  of  gyration  of  t-ach  of  the  bodies,  about  (/,(/,.  is  the  same,  it  can  br 
uasilv  (IfduciMl  that  the  two  instaiitantM»us  stTfWs  are  identical.  Hence  we 
set*  that  T,  roganliMl  as  an  impulsivu  scn^w  of  zero  pitch,  will  have  the  same 
instantaneous  screw  for  each  of  the  two  bodies. 
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If  we  regard  T  and  (?i(?,  as  two  screws  of  zero  pitch,  and  draw  the 
cylindroid  through  these  two  screws,  then  any  impulsive  wrench  about  a 
screw  on  this  cylindroid  will  have  the  same  instantaneous  screw  for  either 
of  the  two  bodies  to  which  it  is  applied. 

For  such  a  wrench  may  be  decomposed  into  forces  on  T  and  on  GiG^\ 
these  will  produce,  in  either  body,  a  twist  about  a,  and  a  translation  parallel 
to  a,  respectively.     We  therefore  obtain  the  following  theorem : — 

If  two  rigid  bodies  have  different  centres  of  gravity,  G^  and  Gj,  and  if 
their  radii  of  gyration  about  the  ray  Gi(?a  are  equal,  there  is  then  a 
cylindroid  of  screws  such  that  an  impulsive  wrench  on  any  one  of  these 
screws  will  make  either  of  the  rigid  bodies  begin  to  twist  about  the  same 
screw,  and  the  instantaneous  screws  which  correspond  bo  the  several  screws 
on  this  cylindroid,  all  lie  on  the  same  ray  (?i(?2,  but  with  infinitely  varied 
pitch. 

It  is  to  be  remarked  that  under  no  other  circumstances  can  any  im- 
pulsive screw,  except  the  ray  O^G^,  with  zero  pitch,  have  the  same  instan- 
taneous screw  for  each  of  the  two  bodies,  so  long  as  their  centres  of  gravity 
are  distinct. 

We  might  have  demonstrated  the  theorem,  above  given,  from  the  results 
of  §  303.  We  have  there  shown  that,  when  an  impulsive  screw  and  the 
corresponding  instantaneous  screw  are  given,  the  rigid  body  must  fulfil  five 
conditions,  the  nature  of  which  is  fully  explained.  If  we  take  two  bodies 
which  comply  with  these  conditions,  it, appears  that  the  ray  through  their 
centre  of  gravity  is  parallel  to  the  instantaneous  screw,  and  we  also  find 
that  their  radii  of  gyration  must  be  equal  about  the  straight  line  through 
their  centres  of  gravity. 

If  two  rigid  bodies  have  the  same  centre  of  gravity,  then,  of  course,  any 
ray  through  this  point  will  be  the  seat  of  an  impulsive  wrench  on  a  screw  of 
zero  pitch  such  that  it  generates  a  twist  velocity  on  a  screw  of  infinite  pitch, 
parallel  to  the  impulsive  screw.  This  will  be  the  case  to  whichever  of  the 
two  bodies  the  force  be  applied.  We  have  therefore  a  system  of  the  thiixi 
order  (much  specialized  no  doubt)  of  impulsive  screws,  each  of  which  has  the 
same  instantaneous  screw  for  each  of  the  two  bodies.  In  general  there  will 
be  no  other  pairs  of  common  impulsive  and  instantaneous  screws  beyond 
those  indicated. 

Under  certain  circumstances,  however,  there  will  be  other  screws  possess- 
ing the  same  relation. 

We  may  suppose  the  two  momental  ellipsoids  to  be  drawn  about  the 
common  centre  of  gravity.  These  ellipsoids  will,  by  a  well-known  property, 
possess  one  triad  of  common  conjugate  diameters.     In  general,  of  course,  the 

B.  23 
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radii  of  gyration  of  the  two  bodicH.  around  any  one  of  these  three  diaiiK'Utv. 
will  not  be  e<)ual.  If,  however,  it  should  happen  that  the  radiuM  of  gyrmti<iQ 
of  one  body  be  equal  to  that  of  the  other  body  about  one  OX  of  thttH'  ihrve 
common  conjugate  diametern,  it  can  be  shown  that  any  screw,  parallel  to  Oj. 
whatever  be  its  pitch  regarded  as  an  instantaneous  screw,  will  have  the  same 
impulsive  screw  for  either  of  the  two  bodies. 

If  the  radii  of  gyration  about  two  of  the  common  conjugate  diamcU^n 
were  equal  for  the  two  bodies,  it  will  then  appear  that  any  instanUneous 
screw  which  is  parallel  to  the  plane  of  the  common  conjugate  diameter^  will 
have  the  same  impulsive  screw  for  each  of  the  two  bodies.  The  corr»(p>n(iio|^ 
impulsive  screws  belong  to  the  system  of  the  fifth  order,  which  is  defincvl  bv 
being  reciprocal  to  a  screw  of  zero  pitch  on  the  third  of  the  three  comnMi 
conjugate  diameters. 

Of  course,  if  the  radii  of  gyration  coincide  on  this  third  diameter,  then 
the  two  rigid  bodies,  regarded  from  our  present  point  of  view,  would  be 
identical 
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VARIOUS    EXERCISES. 


321    The  Co-ordinatei  of  a  Rigid  Body. 

We  have  already  explained  (§  302)  how  nine  co-ordinates  define  a  rigid 
body  suflSciently  for  the  present  theory.  One  set  of  such  co-ordinates  with 
respect  to  any  three  rectangular  axes  may  be  obtained  as  follows. 

Let  the  element  dm  have  the  co-ordinates  x,  y,  z,  then  causing  the 
integrals  to  extend  over  the  whole  mass,  we  compute  the  nine  quantities 


Jxdm  =  Mxq 
jyzdm  =  Ml^ 
f(y* -^  z*)  dm -^  Mp,* 


jydm  =  My^\  fzdvi  =  Mz^ ; 

jxzdm  =  Ml^\  fxydm  =  Ml^^ ; 

Kx'  -\-z^)dm  =  Mp^ ;    j{x'  -^f)dm  =  Mp^\ 

The  nine  quantities  a?o,  y©,  -^o*  ^I'l  1%*  V>  Piy  />»*.  P%  constitute  an  adequate 
system  of  co-ordinates  of  the  rigid  body. 

If  ^1,  ^f, ...  tfg  be  the  canonical  co-ordinates  of  a  screw  about  which  twists 
a  rigid  body  whose  co-ordinates  are  Xo,  yo,  Zo,  li\  V,  1$*,  pi\  p^\  p%  with  respect 
to  the  associated  Cartesian  axes,  then  the  kinetic  energy  is  Mu^d*^  where  M 
is  the  mass,  6  the  twist  velocity,  and  where 

-^bx.{0,^0,){0,^0.)^cxo{0,-0.){e,^e,) 
+  cy.(0. -  0.)(0i  +  0t)  -  ay,(0,  -  0,){0,  +  0.) 
+  az.(0,  -  0;){0,  +  ^4)  -  bz,{0,  -  ^4X^1  +  Of) 
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325.  A  Differential  Eqiiation  latitlled  by  the  Kinetio  Knergj. 

If  the  pitch  p  of  the  screw  0  about  which  a  body  im  twisting  rvct^iTea 

small  incruiiieiit  Bp  while  the  twist  velocity  6  is  unaltered  the  change  in 

kinetic  energy  is 

MpBp^. 

But  the  addition  of  8/>  to  />  has  the  effect  (§  2G4)  of  changing  each  caDonical 
co-ordinate  tf,  into 

The  variation  thus  arising  in  the  kinetic  energy  cc|uated  to  that  aln^adj 
found  gives  the  following  diffeR^ntial  ecjuation  which  must  be  satisfied  by  v/. 

a  W  -  Ot')  +  fc(^i'  -  ^4')  +  c  W  -  0.') 

^  0l±0t  (du.^  _  du^     01^-0 A  (dul  _  da,«\  ^,  +  d.  /rfii,«  _  du/\ 
2a     \d0[      d0j^'  2b     \d0^      d0J^     2c     \de,      d$J' 

If  we  assume  that  u^  must  be  a  rational  homogeneous  function  of  ihr 
second  order  in  0i, ..,  0^  we  can,  by  solution  of  this  e<|uation,  obtain  the 
value  of  ti^'  given  in  the  last  Article. 

326.  Oo-ordinatee  of  ImpulsiTe  Screw  in  terma  of  the  laetaa* 
taneons  Screw. 

If  a,, ...  a«  be  the  canonical  co-ordinates  of  an  instantaneous  screw  and 
171, ...  170  the  corresponding  co-ordinates  of  the  impulsive  screw,  then  we  have 

(§  yff), 

1  diu*  1  duj    p 


^*~ada,  ' 


a  dot 


and  we  obtain  the  following : 

+  (azo  +  6^p  —  V 

-  «ii7,  =  (+  pi*  -  a» 

-  €Cr),  =  (-  (ir/^  -  ry*  -  /,» 


a 

a. 


U  +  (-  ayo  +  cy«  -  /,•)  Oi  +  (-  ay,  -  cy, 

«i  (+Pi'  +  a')a«  +  (-«•-&*! 

04  +  (+  ayo  +  cy.  -  f,«)  a,  +  (+  ay,  -  cjf. 

a,  +  (-  ct^o  -  fc^t  -  t*)«i  +  (+  fN* 

34  -f  (+&«?«  -  ex,  -  /,')  o,  +     (&jr,  +  cr» 

a,  +  (-  az,  +  bz.  -  t«)a,  (+  />,« 

«4  +  (-  t^o  -  ex,  -  /|*)  o,  +  (-  6ur,  +  cr, 

«!  +  (•♦■  '^yo  +  ey,  -  /,»)  0,  +  (+  fcx,  -  ex, 
^4+  (+f>/  +  c*)a.  (+^« 

Oi  +     («y«  -  ey,  -  i,»)  a,  4-  (+  fcx,  -f  ex, 
«4+  (+pi'-e«)o,+  Oh* 


+  *»)«• 
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327.    Another  proof  of  article  303. 

As  an  illustration  of  the  formulae  just  given  we  may  verify  a  theorem  of 
§  303  showing  that  when  we  know  the  instantaneous  screw  corresponding  to 
a  given  impulsive  screw,  then  a  ray  along  which  the  centre  of  gravity  must 
lie  is  determined. 

For  subtracting  the  second  equation  from  the  first  and  repeating  the 
process  with  each  of  the  other  pairs,  we  have 

€(Vi  +  Vi)  =  2a(ai  -  Oj)  +  2^o  (os  +  ^4)  -  2^0(05  +  ««), 
€(Vs  +  ^4)  =  26  (oj  -  04)  +  2a?o(a«  +  a«)  -  2zo  (a^  +  Oj), 
€(V6  +  V^)  =  2c  (as  -  a«)  +  2yo(ai  +  Oj)  -  2iro(a3  +  ou). 

Eliminating  e  we  have  two  linear  equations   in   x^y^z^,  thus   proving  the 
theorem. 

If  we  multiply  these  equations  by  aj  +  ag,  as  +  a4,  a8  +  a«  respectively 
and  add,  we  obtain 

€Cos(ai7)  =  2;)., 
thus  giving  a  value  for  e. 

328.  A  more  general  Theorem. 

If  an  instantaneous  screw  be  given  while  nothing  further  is  known  as  to 
the  rigid  body  except  that  the  impulsive  screw  is  parallel  to  a  given  plane 
A,  then  the  locus  of  the  centre  of  gravity  is  a  determinate  plane. 

Let  X,  fi,  V  be  the  direction  cosines  of  a  nonnal  to  A,  then 

whence  by  substitution  from  the  equations  of  the  last  Article  we  have  a 
linear  equation  for  a?oi  y©,  -^o- 

329.  Two  Three-SyBtemB. 

We  give  here  another  demonstration  of  the  important  theorem  of  §  318, 
which  states  that  when  two  arbitrary  three-systems  U  and  V  arc  given,  it  is 
in  general  possible  to  design  and  place  a  rigid  body  in  one  way  but  only  in 
one  way,  such  that  an  impulsive  wrench  delivered  on  any  screw  17  of  K  shall 
make  the  body  commence  to  move  by  twisting  about  some  screw  a  of  U, 

Let  the  three  principal  screws  of  the  system  U  have  pitches  a,  6,  c  and 
take  on  the  same  three  axes  screws  with  the  pitches  -a,  —b,  —c  respectively. 
These  six  screws  lying  in  pairs  with  equal  and  opposite  pitches  form  the 
canonical  co-reciprocals  to  be  used. 
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As  17  belongs  to  the  three-system  V  we  must  have  the  six  oo-ordinates  of 
17  conuected  by  three  linear  equations  (§77) ;  solving  these  equations  we  hkxt 

17,  =  -4 17,   +J5i7,   +C17,, 
i74  =  il'i7,  +Ft7,  +C'i7„ 
17.  =  A"rj^  +  F'17,  +  C"i7,. 

The  nine  coefficients  A,  B,  C,  A\  Bt ,  C\  A'\  B\  C"  are  essentially  the  co- 
ordinates of  the  three-system  V,  We  now  seek  the  co-ordinates  of  the  rigid 
body  in  tenns  of  these  quantities. 

Take  the  particular  screw  of  U  which  has  co-ordinates 

1,   0,   0,   0,   0,   0. 

Then  the  co-ordinates  of  the  corresjionding  impulsive  screw  are  17,,  %. ... 
where 

+  eai7i«pi«-a';     -I- €&i7,  =  ar.  -  ftzo  - /,• ;     +€Ci7,  =  -ayt  +  C3ft-V; 
-  €ai7,  =  pi*  -  a* ;     -  66174  =  az.  +  6^0  -  1%  \     -  ^017.  =  -  ay.  -  cy^  -  V- 

Since  by  hypothesis  this  is  to  belong  to  V,  the  following  equations  must 
be  satisfied : 

a^j2fl'=^l  **"^^»Vj5  ^•""'^'•""'•*  +  C  ^^'"**^*"'*' 
(I  a  6  c  ' 

b  a  b  c  ' 

c  a  b  c  ' 

In  like  manner  by  taking  successively  fur  a  the  screws  with  co-ordinateai 

0,     0,     1,     0,     0,     0 

and  0,    0.    0,    0,     1,    0, 

we  obtain  six  more  equations  of  a  similar  kind.  As  these  equationf  irr 
linear  they  give  but  a  single  system  of  co-ordinates  x^.  y„  i*.  'i*.  V*  ^'' 
pi^,Pt»Pi^  f«^r  ^he  rigid  body.  The  theorem  hiis  thus  been  proved,  forof  coofw 
if  three  screws  of  U  corres|K)nd  to  three  screws  of  V  then  every  screw  ia  T 
must  have  its  corres|Mmdent  restricte<l  to  V, 

330.    Oonatraction  of  Homographic  Correspomteata. 

If  the  .Hcruws  in  a  ctTtuin  three  system  U  l)e  the  instantaneous  scnr*^ 
wh<>s<»  res|HH*tive  impulsive  screws  fonn  the  three-system  V,  then  when  ihw* 
jMiirs  of  corresjx indents  are  known  the  detiTminatiun  of  e%'ery  other  pair*'' 
corre«jK>n<lents  may  lx.»  conveniently  effected  as  follows. 
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We  know  (§  279)  that  to  generate  the  unit  twist  velocity  on  an  instan- 
taneous screw  a  an  impulsive  wrench  on  the  screw  rj  is  required,  of  which 
the  intensity  is 

^os  (at)) ' 
the  mass  being  for  convenience  taken  as  unity. 

Let  ^*  yS,  7  be  three  of  the  instantaneous  screws  in  U,  and  let  17,  f ,  f  be 
their  respective  impulsive  screws  in  V. 

Let  d,  /3,  7  be  the  component  twist  velocities  on  a,  )8, 7  of  a  twist  velocity 
p  on  any  other  screw  p,  belonging  to  the  system  U, 

Then  the  impulsive  wrench  on  V,  which  has  p  as  its  instantaneous  screw 
will  have  as  its  components  on  17,  f ,  ^  the  respective  quantities 

P^     ^  Pfi       6  Py      » 

cos  (av)  '         cos  ()8f )  ^'        cos  (7?)  ^' 

These  are  accordingly  the  co-ordinates  of  the  required  impulsive  wrench. 

331.    Oeometiical  Solution  of  the  lame  Problem. 

When  three  pairs  of  correspondents  in  the  two  impulsive  and  instan- 
taneous systems  of  the  third  order  V  and  U  are  known  we  can,  in  general, 
obtain  the  impulsive  screw  in  V  corresponding  to  any  instantaneous  screw  p 
in  U  as  follows. 

Choose  any  screw  other  than  p  in  the  three- system  U  and  draw  the 
cylindroid  H  through  that  screw  and  p.  Every  screw  on  a  cylindroid 
thus  obtained  must  of  course  belong  to  U,  Then  H  must  have  a  screw  in 
common  with  the  cylindroid  (ay8)  drawn  through  a  and  jS,  for  this  is 
necessarily  true  of  any  two  cylindroids  which  lie  in  the  same  three-system. 
In  like  manner  H  must  also  have  a  screw  in  common  with  the  cylindroid 
(07)  drawn  through  a  and  7.  But  by  the  principle  of  §  292  the  several  pairs 
of  correspondents  on  the  instantaneous  cylindroid  (a/S)  and  the  impulsive 
cylindroid  (lyf)  are  determined.  Hence  the  impulsive  screw  corresponding 
to  one  of  the  screws  in  JjT  is  known.  In  like  manner  the  known  pairs  on  the 
two  cylindroids  (07)  and  (i;f )  will  discover  the  impulsive  screw  corresponding 
to  another  instantaneous  screw  on  H.  As  therefore  we  know  the  impulsive 
screws  corresponding  to  two  of  the  screws  on  H  we  know  the  cylindroid  H' 
which  contains  all  the  impulsive  screws  severally  corresponding  to  instan- 
taneous screws  on  H,  of  which  of  course  p  is  one.  But  by  §  293  we  can  now 
correlate  the  pairs  on  H  and  H\  and  thus  the  required  correspondent 
to  p  is  obtained. 
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832.    Co-reoiprocal  Oorreipondentt  in  two  Tbr^^^&ftftmmM. 

If  {7^  be  an  instantaneous  three-system  and  V  the  oorrespoDding  im- 
pulsive three-system  it  is  in  general  possible  to  select  one  net  of  thrct 
CO- reciprocal  screws  in  U  whose  correspondents  in  V  are  also  co- reciprocal 

As  a  preliminary  to  the  formal  demonstration  we  may  note  thai  tbf 
number  of  available  constants  is  just  so  many  as  to  suggest  that  some  finite 
number  of  triads  in  U  ought  to  fulfil  the  required  condition. 

In  the  choice  of  a  sci*ew  a  in  U  wo  have,  of  course,  two  dispunble 
quantities.  In  the  choice  of  fi  which  while  belonging  to  17  is  further 
reciprocal  to  a  there  is  only  one  quantity  disposable.  The  screw  belonging 
to  U,  which  is  reciprocal  both  to  a  and  13,  must  be  unique.  It  is  in  fact 
reciprocal  to  five  independent  screws,  i.e,  to  three  of  the  screws  of  the  syitem 
reciprocal  to  U,  and  to  a  and  y9  in  addition. 

Wo  have  thus,  in  general,  neither  more  nor  fewer  than  three  dinpooable 
elements  in  the  choice  of  a  set  of  three  co-reciprocal  screws  o,  /9,  y  in  ('. 
This  is  just  the  number  of  disposabl&s  re({uired  for  the  adjustment  of  the 
three  corresjwndcnts  17,  f,  f  in  K  to  a  co-reciprocal  system.  We  mighty 
therefore,  expect  to  have  the  number  of  solutions  to  our  problem  finite.  We 
are  now  to  show  that  this  number  is  unity. 

Taking  the  six  princiiml  screws  of  inertia  of  the  rigid  body  as  the  mrrv^* 
of  reference,  we  have  as  the  co-onlinatcs  of  any  screw  in  U 

Xa, -f /i^, -f  1^71 , 


where  X.,  /i,  p  are  numerical  parameters. 

The  co-ordinates  of  the  corre«jK)nding  screw  in  V  are 

;>,  (Xa,  -I-  fiA  -f  1^1 ), 
P«  (Xa,  +  fifi^  +  P7,), 


where  for  symmetry  />,,  ...  p^  an»  written  instead  of  +  a,  —  a,  -»-  6,  —  6»  ^ 
Three  screws  in  U  an?  s|>ecified  by  the  |Miranieters 

.fi,   I';       X,/i,j/;       X,/A,if. 
If  thrS4»  scn?WH  are  recipnK*ul,  we  have 

0  =  i/..  (X'a,  +  m'/3.  +  "7.)  (>."«.  +  f^"^x  +  •'"7.). 
..r       0  =  X\"/>.  +  mV />(i  +  vv"i>y  +  (X>"  +  X'V)  «r^ 

+  (\'i>"  +  \"y')  v^y  +  (n'v"  +  /»'V)  w^, 
an<i  two  Hiiiiiliir  t><| nations. 
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If  the  corresponding  impulsive  screws  are  reciprocal,  then 

and  two  similar  equations. 

Take  the  two  conies  whose  equations  are 
0  =  p^a^  +  p^y*  -k-pyZ^  +  ^tsTafi^y  +  2zTayXZ  +  2rsrfiyyz, 

+  2y^2p,'A7,. 

these  conies  will  generally  have  a  single  common  conjugate  triangle.  If  the 
co-ordinates  of  the  vertices  of  this  triangle  be  X',  fi\  v  ;  X",  /i",  v" ;  X'",  /i'",  i;'"; 
then  the  equations  just  given  in  these  quantities  will  be  satisfied ;  and  as  there 
is  only  one  such  triangle,  the  required  theorem  has  been  proved. 

It  can  be  easily  proved  that  a  similar  theorem  holds  good  for  a  pair 
of  impulsive  and  instantaneous  cylindroids. 

333.    Impuliive  and  Instantaneoui  Cylindroidi. 

If  a  given  cylindroid  JJ  be  the  locus  of  the  screws  about  which 
a  free  rigid  body  would  commence  to  twist  if  it  had  received  an  impulsive 
wrench  about  any  screw  on  another  given  cylindroid  K,  it  is  required  to 
calculate  so  far  as  practicable  the  co-ordinates  of  the  rigid  body. 

Let  us  take  our  canonical  screws  of  reference  so  that  the  two  principal 
screws  of  the  cylindroid  U  have  as  co-ordinates 

1,     0,     0,     0,    0,     0, 

0,  0,     1,    0,    0,     0. 

The  co-ordinates  of  any  other  screw  on  JJ  will  be 

ai,     0,     a„     0,     0,     0. 

The  cylindroid  V  will  be  determined  by  four  linear  equations  in  the 
co-ordinates  of  17.  These  equations  may  with  perfect  generality  be  written 
thus  (§  77), 

where  A,  B,  A',  R,  A'\  Bf\  A'*\  R"  are  equivalent  to  the  eight  co-ordinates 
defining  the  cylindroid  V, 

The  screw  on  JJ  with  co-ordinates 

1,  0,    0,     0,    0.     0 
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will    have    its   corresponding    impulsive    screw   defined    by    the   eqiuUiuot 
(§  32t>) 

+  €Ci7,  =  cy.  -  ayo  -  /«* ;     -  €Ci;«  =  -  ay^-  cy.  -  V- 
By  substituting  these  in  the  equations  just  given,  we  obtain 

6  a  a 

-a^.-6zo  +  /,'       .,    «'  +  />i\   iv  «*"-Pi* 
o  a  a 

.^? T_«yt -  V  ^  ^/'  "'_t f^* 4.  ^'  «'-pi' 
c  a  a      ' 

gyp  +  cyo  -4-  /,'  _  ^,,,  g'  +  p,'  ^  ^,.  a"  -  p/ 
c  a  a      * 

In  like  manner  from  the  screw  on  U 

0,    0.     1.    0,    0,    0 
we  obtain 

Introducing  these  into  the  eijuations  for  tj,  we  have 

6  a  -a  * 

b^-pj^^,   ^oj^L^'^o - /»•     ^   a.gt -t-  6z» -f  V 
6  a  a  ' 

c  tt  a  ' 

-  two  -  ex.  4-  /»'  ^  ^,,,  az.  -  fczo  - 1'      2^//  "-^t  +  6it  +  V 
c  a  a  " 

Thus  we  have  eight  enuations  while  there  are  nine  aHordinates  of  ^ 
rigid  Innly.  This  ambiguity  wxs,  howuvur.  t<»  be  t'X|K»cted  because,  as  pn»^«^ 
in  §  30(3,  there  is  a  singly  iiiHiiitt*  nuinbtr  of  rigiii  bodit-s  ^hich  stand  to  ih*" 
two  cylin<lroids  in  the  (k»siri»<l  relation. 

The  c^|uations,  however,  rontain  oiu*  short  of  the  total  number  i»f  <^^ 
ordinates  ;  x..  y«.  2%*  '1'.  V»  '»'.  Pi'»  P%   «"*^*  *^l  pri?»ent  but  />,■  ia  absent. 


J- J 
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Hence  from  knowing  the  two  cylindroids  eight  of  the  co-ordinates  of 
the  rigid  body  are  uniquely  fixed  while  the  ninth  remains  quite  indeter- 
minate. Every  value  for  p^  will  give  one  of  the  family  of  rigid  bodies  for 
which  the  desired  condition  is  fulfilled. 

We  have  already  deduced  geometrically  (§  306)  the  relations  of  these 
rigid  bodies.     We  now  obtain  the  same  results  otherwise. 

The  momental  ellipsoid  around  the  centre  of  gravity  has  as  its 
equation 

(a?-/rJV,«  +  (y -  yo)V8'  +  i^-^oYp^  -  2  (y  -yo)  (z-Zo)li* 

This  may  be  written  in  the  form 

p,^{z-z.y  =  B, 
where  p,*  does  not  enter  into  R, 

As  />,'  varies  this  equation  represents  a  family  of  quadrics  which  have 
contact  along  the  section  of  ii  =  0  by  the  plane  z  —  Zo  =  0,  This  proves 
that  a  plane  through  the  common  centre  of  gravity  and  parallel  to  the 
principal  plane  of  the  cylindroid  U  passes  through  the  conic  along  which 
the  momental  ellipsoids  of  all  the  different  possible  bodies  have  contact.  All 
these  quadrics  touch  a  common  cylinder  along  this  conic.  The  infinite  point 
on  the  axis  of  this  cylinder  is  the  pole  of  the  plane  z  —  Zo^Okr  each  quadric. 
£very  chord  parallel  to  the  axis  of  the  cylinder  passes  through  this  pole 
and  is  divided  harmonically  by  the  pole  and  the  planer  — ^o=0.  As  the 
pole  is  at  infinity  it  follows  that  in  every  quadric  of  the  system  a  chord 
parallel  to  the  axis  of  the  cylinder  is  bisected  by  ^  —  z^.  Hence  a  diameter 
parallel  to  the  axis  of  the  cylinder  is  conjugate  to  the  plane  z  —  z^  in  every 
one  of  the  quadrics.  Thus  by  a  different  method  we  arrive  at  the  theorems 
of  §  306. 

334.    The  Doable  Oorrefpondentt  on  Two  Cylindroidi. 

Referring  to  the  remarkable  homography  between  the  impulsive  screws 
on  one  cylindroid  V  and  the  corresponding  instantaneous  screws  on  another 
cylindroid  U  we  have  now  another  point  to  notice. 

If  the  screws  on  U  were  the  impulsive  screws,  while  those  on  V  were  the 
instantaneous  screws,  there  would  also  have  been  a  unique  homography,  the 
rigid  bodies  involved  being  generally  distinct. 

But  of  course  these  homographies  are  in  general  quite  different,  that  is  to 
say,  if  il  be  a  screw  in  U  the  instantaneous  cylindroid,  and  £  be  its  corre- 
spondent in  V  the  impulsive  cylindroid,  it  will  not  in  general  be  true  that  if 
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^  be  a  screw  in  U  the  impulsive  cylindroid,  then  B  will  be  its  instantaoeooi 
screw  in  V  the  instantaneous  cylindroid. 

It  is  however  to  be  now  shown  that  there  are  two  screws  //|  and  H^  «>ii  f. 
and  their  correspondents  Ki  and  if,  on  V,  which  possess  the  remarkabie 
characteristic  that  whether  V  be  the  impulsive  cylindroid  and  U  the  in^uii- 
taneous  cylindroid  or  vice  versd^  in  either  case  H^  and  Kx  are  a  pair  of  corrv* 
spondents,  and  so  are  H^  and  if,. 

Let  ^1,  J3,,  B^,  &c.  be  the  screws  on  U  corresponding  severally  to  tke 
screws  A^,  A^,  A^,  &c.,  on  V  when  V  is  the  impulsive  cylindroid  and  Ttbe 
instantaneous  cylindroid. 

Let  (7|,  (7j,  Cs,  &c.,  be  the  screws  on  U  corresponding  severally  to  tie 
screws  il,,  J,,  il,,  &c.,  on  V  when  U  is  now  the  impulsive  cylindroid,  and  V 
the  instantaneous  cylindroid. 

The  systems  Ai,  A^,  A^,  &c.,  and  Bu  B^,  /?,,  &c.,  are  homographic. 

The  systems  C,,  C,,  Cj,  &c.,  and  4,,  ^„  il,,  &c,  are  homographic 

Hence  also, 

The  systems  i?,,  i?,,  5,,  &c.,  and  0,,  C,,  (7,,  &c  are  homographic 

Let  //,,  H^  be  the  two  double  screws  on  U  belonging  to  this  last  IhiOh*- 
graphy,  then  their  correspondents  A',,  if,  on  V  will  be  the  same  whether  C 
be  the  impulsive  cylindroid  and  V  the  instanUuieous  cylindroid  or  rice  verti, 

There  can  be  no  other  pairs  of  screws  on  the  two  cylindmids  pi«M^»(iii|; 
the  same  pro|)erty. 

336.    A  Property  of  Oo-reciprocali. 

Let  o,  )8,  7  he  any  three  co-reciprocal  screws.  If  i;,  f,  f  are  the  ihrt'i? 
screws  on  which  impulsive  wrenches  would  cause  a  free  rigid  body  to  iwwS 
about  a,  /S,  y  resiK»ctively,  then 

cos  (af )  ct)8  (/3i7)  cos  (7f )  +  cos  (af ) cos  (/9f)  cos  (717) «  0. 
We  have  from  §  2H\  the  gencnil  formula 

2tsr^  =      '^;     ,  OKs  (/3i7)  +       ^^^^.  cos  (af ), 
^      (-08(01;)  t*<»**(pf) 

but  as  a  and  0  an'  n*eiprocul  ra^-h  sido  of  this  equation  must  bi»  it-nu    ^^ 
thus  have 

^';     /^«»«  (/rf'7 )  =  -  ^    '!^t-^  cos  (of  X 
cos  (07)  cos  (/jf ) 
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and  similarly, 

-^^.  cos  (7^)  = ^/  ^.  cos  (^?), 

cos(^f)       ^'^  cos(7f)        ^'^'^ 

Y  y.  cos  (a?)  = £•      cos  (717), 

cos  (75^)  cos(ai;)         '^ 

whence  we  obtain 

cos  (af)  cos  (^17)  cos  (7^ )  +  cos  (a^)  cos  (/8f )  cos  (717)  =  0, 

for  it  is  shown  in  §  283  that  p^  -r  cos  (ai;)  or  the  other  similar  expressions  can 
never  be  zero. 

336.  Instantaneous  Screw  of  Zero  Pitch. 

Let  a  be  an  instantaneous  screw  of  zero  pitch.  Let  two  of  the  canonical 
co-reciprocals  lie  on  a,  then  the  co-ordinates  of  a  are 

i,  i,  0,  0,  0,  0. 

The  co-ordinates  of  the  impulsive  screw  1;  are  given  by  the  formulae  of 
§  326  which  show  that 

^1  +  1/8  =  0;     1/3  + 1/4  = ;     ^8  +  ^«  =  +  -^  . 

6  e 

We  thus  have 

(«!  +  02)  (i/i  +  1;,)  +  (a,  +  34)  {Vt  +  Va)  +  (fls  +  «•)  (%  +  ^e)  *=  0, 

which  proves  what  we  already  knew,  namely,  that  a  and  17  are  at  right  anglcH 
(§  293). 

We  also  have 

yo  (^s  +  ^4)  +  -To  (17,  4- 17,)  =  0, 

which  proves  the  following  theorem : 

If  the  instantaneous  screw  have  zero-pitch  then  the  centre  of  gravity  of 
the  body  lies  in  the  plane  through  the  instantaneous  screw  and  perf>endicular 
to  the  impulsive  screw. 

337.  Calculation  of  a  Pitch  Qnadric. 

If  a,  /3,  7  be  three  instantaneous  screws  it  is  requireiJ  U)  find  with  renpeet 
to  the  principal  axes  through  the  centre  of  gravity,  the  e^pation  U}  the  pitch 
quadric  of  the  three-system  which  contains  the  three  impulsive  screws  a^rre- 
sponding  respectively  to  a,  /9,  7.  The  c^i-ordinates  of  the«^.'  ncrewn  are 
expressed  with  reference  to  the  six  principal  screws  of  inertia. 

We  make  the  following  abbreviatir>ns : 
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P  =  +  ico!  (( A  -  /3.)  (7.  -  7,)  -  (A  -  A)  (7.  -  7.)). 
+  cay  ((7.  -  7.)  (/3.  -  A)  -  (7,  -  7.)  09.  -  A)), 
+  ahz  ((7,  -  7,)  (A  -  A)  -  (A  -  A)  (7.  -  74)) ; 

Q  =  +  6cx  ((<^  -  «,)  (7,  -  7,)  -  (a,  -  0.)  (7,  -  74)), 

+  acy  ((71  -  7i)  («•  -  "•)  -  («i  -  «i)  (7»  -  7«)). 
+  abz  ((o,  -  o.)  (7,  -  74)  -  (a,  -  84)  (7,  -  7,)) ; 

i2  =  +  6&r((«,  -  a,)(A- A)-(«.  -  a.) 09, - /9,)). 
+  acy  ((o,  -  a.)  (A  -  /9.)  -  09,  -  A)  (a.  -  o.)), 
+  abt  ((/9,  -  /9,)  (o,  -  04)  -  (a,  -  «.)  09.  -  fid) ; 

X^  =  o'(a,  +  a.)  (A -A) +  6' (a,  +  a*)  (A -A) +  «*(«.  +  ««.)(A-AX 
X,.  =  o»(A  +  A)(a,  -  a,)  +  f(A  +  /34)(a.-  a4)  +  C(A  +  A)(«i.-«,); 

Z.,  =  o*  (o,  +  0.)  (7,  -  7.)  +  fc»  (a,  +  04)  (7,  -  74)  +  c»  («» +  «.)  (7t  -  7»). 
i^  =  o*  (7,  +  7.)  (a,  -  a.)  +  6»  (7,  +  74)  (o,  -  a4)  +  c»  (7,  +  7.)  (a,  -  «,) ; 

Lfy = o*  (A + A)  (7.  -  7.)  +  '^  (A + A)  (7.  -  74) + c  (A + A)  (7.  -  7.). 
Lyp  =  o'  (7.  +  7,)  ( A  -  A)  +  6*  (7.  +  74)  (A  -  A)  +  c  (7.  +  7.)  (A  -  AX 


The  rc<]uired  equation  is  then  as  follows : 
0»  A,     -R  +  L^, 

R  +  L^,  B, 
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CHAPTER  XXIV. 

THE  THEORY   OF  SCREW-CHAINS*. 

338.    Introduction. 

In  the  previous  investigations  of  this  volume  the  Theory  of  Screws  has 
been  applied  to  certain  problems  in  the  dynamics  of  one  rigid  body.  I 
propose  to  show  in  the  present  chapter  to  what  extent  the  conceptions 
and  methods  of  the  Theory  of  Screws  may  be  employed  to  elucidate  certain 
problems  in  the  dynamics  of  any  material  system  whatever. 

By  such  a  system  I  mean  an  arbitrary  arrangement  of  fi  rigid  bodies 
of  any  form  or  construction,  each  body  being  either  entirely  free  or  con- 
strained in  any  manner  by  relations  to  fixed  obstacles  or  by  connexions 
of  any  kind  with  one  or  more  of  the  remaining  /i  —  1  pieces. 

For  convenience  we  may  refer  to  the  various  bodies  in  the  system  by 
the  respective  numerals  1,  2, ...  /i.  This  numbering  may  be  quite  arbitrary, 
and  need  imply  no  reference  whatever  to  the  mechanical  connexions  of 
the  pieces.  The  entire  set  of  material  parts  I  call  for  brevity  a  mass-chain, 
and  the  number  of  the  bodies  in  a  mass-chain  may  be  anything  from  unity 
to  infinity. 

I  write,  as  before,  of  only  small  movements,  but  even  with  this  limitation 
problems  of  equilibrium,  of  small  oscillations  and  of  impulsive  movements 
are  included.  By  the  order  of  the  freedom  of  the  mass-chain,  I  mean  the 
number  of  generalized  co-ordinates  which  would  be  required  to  specify  a 
position  which  that  mass-chain  was  capable  of  assuming.  The  order  cannot 
be  less  than  one  (if  the  mass- chain  be  not  absolutely  fixed),  while  if  each 
element  of  the  mass-chain  be  absolutely  free,  the  order  will  be  as  much 
as  6/i. 

Starting  from  any  arbitrary  position  of  the  mass-chain,  let  it  receive  a 
small  displacement.  Elach  element  will  be  displaced  from  its  original 
position  to  an  adjacent  position,  compatible  of  course  with  the  conditions 

*  Transaetunu  Royal  Irish  Acad,  Vol.  xxTin.  p.  99  (ISSl). 
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impo80(i  by  the  conntraints.  The  displacemeDt  of  each  element  cvrnM. 
however,  have  been  eflFected  by  a  twist  of  appropriate  amplitude  aUmt  i 
screw  s|>ecially  correlated  to  that  element.  The  tt)tal  effect  of  the  displace* 
ment  could,  therefore,  have  been  produced  by  giving  each  element  a  certain 
twist  about  a  certain  screw. 

339.  The  Graphic  and  Metric  Elements. 

In  the  lowest  type  of  freedom  which  the  mass-chain  can  posaem  (sboct 
of  absolute  fixity)  the  freedom  is  of  the  first  order,  and  any  pasitioo  of 
the  mass-chain  admits  of  specification  by  a  single  co-ordinate.  In  such  « 
case  the  screw  appropriate  to  each  element  is  unique,  and  is  completdy 
determined  by  the  constraints  both  in  ]K>sition  and  in  pitch.  The  rmiia 
of  the  amplitude  of  each  twist  to  the  amplitudes  of  all  the  other  twisli^  b 
also  prescribed  by  the  constraints.  The  one  co-ordinate  which  is  arbitnrr 
may  be  conveniently  taken  to  be  the  amplitude  of  the  twist  about  the 
first  screw.  To  each  value  of  this  co-ordinate  will  correspond  a  possible 
position  of  the  mass-chain.  As  the  ratios  of  the  amplitudes  are  all  Ildova, 
and  as  the  first  amplitude  is  given,  then  all  the  other  amplitudes  are  knova, 
and  consequently  the  position  assumed  by  every  element  of  the  maiw^sii 
is  known. 

The  whole  series  of  screws  and  the  ratios  of  the  amplitudes  thus  embody 
a  complete  description  of  the  psirticular  route  along  which  the  mass-rhahi 
admits  of  displacement.  The  actual  position  of  the  mass-chain  is  fboad 
by  abiding  to  the  purely  gmphic  element  which  describes  the  rtmis  a  metric 
element,  to  indicate  the  amplitude  through  which  the  mass-chain  hu 
travelled  along  that  route.     This  amplitude  is  the  arbitrary  co-ordinate. 

340.  The  Intermediate  Screw. 

It  will  greatly  facilitate  our  further  progress  to  introduce  a  conventioosl 
process,  which  will  clearly  exhibit  the  determinate  character  of  the  ralk« 
of  the  amplitudes  in  the  screw  series.     Consider  the  two  first  screws,  fl^  and  t, 
of  the  series.     Draw  the  cylindruid  (o,,  a,)  which  contains  thi*se  two  sere wn. 
Since  Oi  and  a,  are  appropriattKl  to  two  ditTerent  elements  of  the  mass-cluin, 
no  kineinatical  significance  can  be  att^vched  to  the  composition  of  the  two 
twists  on  Oj  and  a,.      If,  however,  the  two  twists  on  a,  and  fl^,  having  Ui« 
propter  ratio  of  amplitudes,  hiu\  been  applie<l  to  a  single  rigid  body,  the  dtf- 
placement  pnNluceil    is   one  which  could    have    been  effected   by  a  mf^ 
twist   ab4»ut   a    single    s<Tew    on    the    cylindroid    (a,,    a,).     If    this  iokf- 
mediate    screw    l>e    givi-n,    the    nitio    of   the    amplitudi^   of   the    twiMA  *« 
the   given   s<Tews  is   <letennine<l.       It   is   in   fact   equal   to  the   ratio  of  ikt* 
sines  of  the  angles  into    whi<*h    the   intermediate  screw   divides   the  tdi^ 
In'tween  the  twogivfu  s<Tews.    With  a  similar  significance  we  may  conceive  »ft 
intiTinrdiiiti*  H<Trw  instrt«*t|  iK-twctii  every  eonst^cutive  j>air  of  the  ^  ongin*^ 
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341.  The  definition  of  a  Screw-chain. 

It  will  be  convenient  to  have  a  name  which  shall  concisely  express  the 
entire  series  of  fi  original  screws  with  the  /i  — 1  intermediate  screws  whose 
function  in  determining  the  amplitudes  has  just  been  explained.  We  may 
call  it  a  screiV'chain,  A  turist  about  a  screw-chain  will  denote  a  displace- 
ment of  a  mass-chain,  produced  by  twisting  each  element  about  the 
corresponding  screw,  through  an  amplitude  whose  ratio  to  the  amplitudes 
on  the  two  adjacent  screws  is  indicated  by  the  intermediate  screws.  The 
amplitude  of  the  entire  twist  will,  as  already  mentioned,  be  most  conveniently 
expressed  by  the  twist  about  the  first  screw  of  the  chain.  We  hence  have 
the  following  statement : — 

The  most  general  displacement  of  which  a  mass-chain  is  capable  can  be 
produced  by  a  twist  about  a  screw-chain, 

342.  Freedom  of  the  first  order. 

Given  a  material  system  of  fi  elements  more  or  less  connected  inter  se, 
or  related  to  fixed  points  or  supports :  let  it  be  recjuired  to  ascertain  the 
freedom  which  this  material  system  or  mass-chain  enjoys.  The  freedom  is  to  be 
tested  by  the  capacity  for  displacement  which  the  mass-chain  possesses.  As 
each  such  displacement  is  a  twist  about  a  screw-chain,  a  complete  examina- 
tion of  the  freedom  of  the  mass-chain  will  require  that  a  trial  be  made  to 
twist  the  mass-chain  about  every  screw-chain  in  space  which  contains  the 
right  number  of  elements  fi.  If  in  the  course  of  these  trials  it  be  found  that 
the  mass-chain  cannot  be  twisted  about  any  screw-chain,  then  the  system 
is  absolutely  rigid,  and  has  no  freedom  whatever.  If  after  all  trials  have 
been  made,  one  screw-chain,  and  only  one,  has  been  discovered,  then  the 
nukss-chain  has  freedom  of  the  first  order,  and  we  have  the  result  thus 
stated: — 

When  a  mass-chain  is  so  limited  by  constraints,  that  its  position  can  be 
expressed  by  a  single  co-ordinate,  tlien  the  nuiss-chain  is  said  to  have  freedom 
of  the  first  order,  and  its  possible  movements  are  solely  those  vfhich  could  be 
accomplished  by  twisting  about  one  definite  screw-chain. 

By  this  method  of  viewing  the  question  we  secure  the  advantage  of 
elimioatiug,  as  it  were,  the  special  characters  of  the  constraints.  The 
essential  moving  parts  of  a  steam-engine,  for  example,  have  but  one  degree 
of  freedom.  Elach  angular  position  of  the  fly-wheel  necessarily  involves  a 
definite  position  of  all  the  other  parts.  A  small  angular  motion  of  the  fly- 
wheel necessarily  involves  a  definite  small  displacement  of  each  of  the 
other  parts.  Complicated  as  the  mechanism  may  be,  it  is  yet  always  possible 
to  construct  a  screw-chain,  a  twist  about  which  would  carry  each  element 
from  its  original  position  into  the  position  it  assumes  after  the  displacement 
has  been  effected. 
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343.    Freedom  of  the  second  order. 

Suppase  that  aft(»r  one  screw-chain  has  been  discovered,  about  whieh  ihe 
mass-chain  can  be  twistiKl,  the  search  \h  continued  until  another  i«crew-cliani 
is  detected  of  which  the  »ime  can  be  asserted.  Wo  are  now  able  to  Aow, 
without  any  further  trials  whatever,  that  there  must  be  an  infioiie  nitnibff 
of  other  screw-chains  similarly  circumstanced.  For,  compound  a  twiid  rf 
amplitude  a  on  one  chain,  a,  with  the  twist  of  amplitude  ff  on  the  otber.  /4 
The  position  thus  attained  could  have  been  attained  by  a  twist  about  «oaie 
single  chain  7.  As  a  and  /9'  are  arbitrary,  it  is  plain  that  7  can  be  only  cm 
of  a  system  of  screw-chains  at  least  singly  infinite  in  number  about  wkirli 
twisting  must  be  possible. 

The  problem  to  be  considcreil  may  be  enunciated  in  a  somewhat  man 
symmetrical  manner,  as  follows : — 

To  determine  the  relations  of  three  screw-chains,  a,  fi,  7.  sndi  thai  if 
a  mass-chain  be  twisted  with  amplitudes  a\  /3',  y\  about  each  of  these  acirv- 
chaiiLS  in  succession,  the  mass-chain  will  regain  the  same  position  after  tbe 
last  twist  which  it  had  before  the  first. 

This  problem  can  be  solved  by  the  aid  of  principles  alreaily  laid  do«i 
(Chap.  II.).  Each  element  of  the  mass-chain  receives  two  twists  aboet 
a  and  /3;  these  two  twists  can  be  compounded  into  a  single  twist  abool 
a  screw  lying  on  the  cylindroid  defined  by  the  two  original  screwa  Wc 
thus  have  for  each  element  a  third  screw  and  amplitude  by  which  the  reqoiivd 
screw-chain  7  and  its  amplitude  7'  can  be  completely  determined. 

A  mass-chain  free  to  twist  to  and  fro  on  the  chains  a  and  fi  will  therefore 
be  free  to  twist  to  and  fro  on  the  chain  7.  These  three  chains  being  known, 
we  can  now  construct  an  infinite  number  of  other  screw-chains  about  which 
the  mass-chain  must  be  also  able  to  twist. 

Let  S  bo  a  further  screw-chain  of  the  system,  then  the  screws  «i,  A,7..t 
which   are   the    four  first   screws    of    the    four  screw-chains    must   bt»  a»- 
cylindroidal ;  so  must  a,, /3,,  73,  &,  and  each  similar  set.     We  thus  hart*  ^ 
cylindroids  rletermined  by  the  two  first  chains,  and  each  screw  of  every  chab 
derived  from   this  original  imir  will  lie  u]>on  the  corresponding  cvlindnwd. 
We  have  explained  (§  125)  that  by  the  anhannonic  ratio  of  four  scn»wi  ua 
a  cylindroid  we  mean  the  anhannonic  ratio  of  a  pencil  of  four  lint»  parmlkt 
to  thesi*  scrc»ws.     If  we  denote  the  anharmonic  ratio  of  four  servwK  such  m 
«!»  Ai  7ii  ^i  l>y  the  symbol 

[«i.  /9i»  7i»  ^i]' 
thon  thr  first  theorem   to  be  now  demonstrat^nJ  is  that 

[«!.  A.  7i'  ^i]  =  [«a»  /^i,  7«.  ^]  =  &c- =  [«,..  /*,.,  7^.  Ky 
<ir  that  the  aiiharinonir  nitio  of  each  group  is  the  same. 
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This  important  proposition  can  be  easily  demonstrated  by  the  aid  of 
fundamental  principles. 

The  two  first  chains,  a  and  ^,  will  be  sufficient  to  determine  the  entire 
series  of  cylindroids.  When  the  third  chain,  7,  is  also  given,  the  construction 
of  additional  chains  can  proceed  by  the  anharmonic  equality  without  any 
further  reference  to  the  ratios  of  the  amplitudes. 

When  any  screw,  Sj,  is  chosen  arbitrarily  on  the  first  cylindroid,  then 
Sj.  ^f.&c., ...  S^,  are  all  determined  uniquely;  for  a  twist  about  S,  can  be 
decomposed  into  twists  about  oti  and  ^j.  The  amplitudes  of  the  twists  on 
Oi  and  /5i  determine  the  amplitudes  on  a^  and  ^2  by  the  property  of  the 
intermediate  screws  which  go  to  make  up  the  screw-chains,  and  by  com- 
pounding the  twists  on  ol,  and  /Sj  we  obtain  Sj.  If  any  other  screw  of  the 
series,  for  example,  S,,  had  been  given,  then  it  is  easy  to  see  that  Si  and 
all  the  rest,  S,, ...  S^,  are  likewise  determined.  Thus  for  the  two  first 
cylindroids,  we  see  that  to  any  one  screw  on  either  corresponds  one  screw 
on  the  other. 

If  one  screw  moves  over  the  first  cylindroid  then  its  correspondent  will 
move  over  the  second  and  it  will  now  be  shown  that  these  two  screws  trace 
out  two  homographic  systems.  Let  us  suppose  that  each  screw  is  specified 
by  the  tangent  of  the  angle  which  it  makes  with  one  of  the  principal  screws 
of  its  cyliudroid.  Let  0i,  (f>i  be  the  angles  for  two  corresponding  screws 
on  the  first  and  second  cylindroids,  then  we  must  have  some  relation  which 
connects  tan^i  and  tan<^i.  But  this  relation  is  to  be  consistent  with  the 
condition  that  in  every  case  one  value  of  tan  0i  is  to  correspond  to  one 
value  of  tan^i,  and  one  value  of  tanc^i  to  one  value  of  tan^i. 

If  for  brevity  we  denote  tan  0i  by  x  and  tan  ^1  by  a?'  then  the  geometrical 
conditions  of  the  system  will  give  a  certain  relation  between  x  and  x'.  The 
one-to-one  condition  requires  that  this  relation  must  be  capable  of  being 
expressed  in  either  of  the  forms 

x^U';  x'^U, 
where  U'  is  some  function  of  x'  and  where  U  \s  b.  function  of  x.  From  the 
nature  of  the  problem  it  is  easily  seen  that  these  functions  are  algebraical 
and  as  they  must  be  one  valued  they  nmst  be  rational.  If  we  solve  the  first 
of  these  equations  for  x  the  result  that  we  obtain  cannot  be  different  from 
the  second  equation.  The  first  equation  must  therefore  contain  x'  only  in  the 
first  degree  in  the  form  (see  Appendix,  Note  7) 

_  px'  -h  q 

X  —     f    ,    ;      / . 

px  -{-q 
The  relation  between  tan  di  and  tan  <^  will  therefore  have  the  form  which 
may  generally  be  thus  expressed, 

o  tan  0^  tan  <^  +  6  tan  ^1  +  c  tan  ^^  +  d  =  0. 

24—2 
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Let  01,  6t,  ^jt  ^4  ^"  ^ho  angles  of  four  screws  on  the  firet  cylindroid.  Uini  \ht 
aohamionic  ratio  will  be 

»\n  {0^-0^)  sin  {0^-0,) 
»in  (0^-0,)  sin  (0^-0,)' 

Fn>m  the  rt'lation  just  given  between  tan^i,  tan^,  which  appli«H  of  ctmi^ 
to  the  other  corrvsponding  pair,  it  will  be  easily  seen  that  this  anhanMiaie 
ratio  is  unaltered  when  the  angles  ^,  ^,  &c.,  are  substituted  for  0^,  tf,,  ke. 

We  have,  therefore,  shown  that  the  anharmonic  ratio  of  foor  acrpw*  m 
the  first  cylindn>id  is  equal  to  that  of  the  four  corresponding  8crcw«  tm  tke 
second  cylindroid,  and  so  on  to  the  last  of  the  fi  cylindroid^. 

As  soon,  then^fore,  as  any  arbitrary  screw  S,  has  been  chosen  oo  tke  finl 
cylindroid,  we  can  step  from  one  cylindroid  to  the  next,  merely  gaidcd  ii 
choosing  S,,  £,,  &c.,  by  giving  a  constant  value  to  the  anharmonic  ratio  «f 
the  screw  chosen  and  the  three  other  collateral  screws  on  the  same  crliiidiDd. 
Any  number  of  screw>chains  belonging  to  the  system  may  be  thus  ttmHtj 
constructed. 

This  proce^,  however,  does  not  indicate  the  amplitudes  of  the  twirti 
appropriate  to  S),  S|,  Ss,  &c  One  of  these  amplitudes  may  no  cioabl  be 
chosen  arbitrarily,  but  the  rvst  must  be  all  then  determined  fnim  tke 
geinnetrical  relatioiui.  We  proctHHi  to  show  how  the  relative  values  of  c1m» 
amplitudes  may  be  clearly  exhibiteii 

The  first  thtH)rem  to  be  proved  is  that  in  the  three  scfew-chains  a,  ^,  7 
the  screws  intcnnediate  to  Si  and  a,,  to  /3i  and  )3|,  to  7,  and  7,  are  co- 
rylindroidal.  This  important  step  in  the  theory  of  screw-chains  can  he 
easily  inferrt»d  from  the  fundamental  pro[H.Tty  that  thn»e  twiita  can  ht 
givrn  on  the  screw-chains  a,  /3,  7,  which  neutralize,  and  that  consei{Qt*nt)j 
th«;  three  twists  on  the  scn^ws  ai,/?,,^,  will  neutralize,  as  will  abo  th<Mr 
on  a^,  /3,,  7,.  These  six  twists  must  neutralize  when  compounded  io  •ay 
way  whatiiver.  We  shall  acconiiiigly  compound  Oi  and  a,  into  one  twia 
on  thi'ir  int<;nne<liate  screw,  and  similarly  for  /3,  and  ^,,  and  for  71  and  jr 
We  h»'nce  see  that  the  three  twists  about  the  three  intennediale  acnrwt 
iiiii.*^t  n*'Utnilize,  and  conse<juently  the  thrive  intermediate  screws  mufl  be 
cr>-cylinrlroidal. 

W«*  thus  l<*am  that  in  addition  to  the  several  cylindroids  containing  tbe 
primary  hc-p'wm  of  vavh  t)f  tht*  system  t)f  screw-chains  about  which  a  m***- 
clijiin  with  two  df^Tros  uf  frriHlom  can  twist,  then*  are  alst)  a  m-rifs*  •< 
M-eorKJury  rylimlrnids,  on  which  will  lie  the  si*veral  int<*nnetliate  iCf\-«''  "^ 
lh«'  sv.st«iii  iif  scrrw-rhains. 

If  5,  be  ^iveii,  then  it  is  plain  that  the  intermetiiate  screw  bet«t'«ii^. 
iihd  2,.  iLn  Will  iLs  all  the  other  screws  of  the  chiiin  and  their  int4»roHduW 
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screws,  can  be  uniquely  determined.  If,  however,  the  intemaediate  screw 
between  Si  and  8^  be  given,  the  entire  chain  S  is  also  determined,  yet  it  is 
not  immediately  obvious  that  that  determination  is  unique.  We  can,  however, 
show  as  follows  that  this  is  generally  the  case. 

Let  Sjj  denote  the  given  intermediate  screw,  and  let  this  belong,  not 
only  to  the  chain  Si,  S,,  &c.,  but  to  another  chain  S/,  S^',  &c.  We  then 
have  Si,  S„,  Sj  co-cylindroidal,  and  also  Si',  Sia,  S./  co-cylindroidal.  Decom- 
pose any  arbitrary  twist  of  amplitude  0  on  S^  into  twists  on  Si  and  Sj,  and  a 
twist  of  amplitude  —  ^  on  the  same  S,a  into  twists  on  S/  and  S,'.  Then  the 
four  twists  must  neutralize ;  but  the  two  twists  on  S/  and  Sj  compound  into 
a  twist  on  a  screw  on  the  first  cylindroid  of  the  system ;  and  S,'  and  S,  into 
a  twist  on  the  second  cylindroid  of  the  system ;  and  as  these  two  resultant 
twists  must  be  equal  and  opposite,  it  follows  that  they  must  be  on  the  same 
screw,  and  that,  therefore,  the  cylindroids  belonging  to  the  first  and  second 
elements  of  the  system  must  have  a  common  screw.  It  is,  however,  not 
generally  the  case  that  two  cylindroids  have  a  common  screw.  It  is  only  true 
when  the  two  cylindroids  arc  themselves  included  in  a  three-system,  this 
could  only  arise  under  special  circumstances,  which  need  not  be  further  con- 
sidered in  a  discussion  of  the  general  theory. 

It  follows  from  the  unique  nature  of  the  correspondence  between  the 
intermediate  cylindroids  and  the  primary  cylindroids  that  one  screw  on  any 
cylindroid  corresponds  uniquely  to  one  screw  on  each  of  the  other  cylindroids; 
the  correspondence  is,  therefore,  homographic. 

We  have  now  obtained  a  picture  of  the  freedom  of  the  second  order  of  the 
most  general  type  both  as  to  the  material  arrangement  and  the  character  of 
the  constraints:  stating  summarily  the  results  at  which  we  have  arrived, 
they  are  as  follows: — 

A  mass-chain  of  any  kind  whatever  receives  a  small  displacement.  This 
displacement  is  under  all  circumstances  a  twist  about  a  screw-chain.  If 
the  mass-chain  admits  of  a  displacement  by  a  twist  about  a  second  screw- 
chain,  then  twists  about  an  infinite  number  of  other  screw-chains  must  also 
be  possible.  To  find,  in  the  first  place,  a  third  screw-chain,  give  the  mass- 
chain  a  small  twist  about  the  first  chain ;  this  is  to  be  followed  by  a  small 
twist  about  the  second  chain :  the  position  of  the  mass-chain  thus  attained 
could  have  been  reached  by  a  twist  about  a  third  screw-chain.  The  system 
must,  therefore,  be  capable  of  twisting  about  this  third  screw-chain.  When 
three  of  the  chains  have  been  constructed,  the  process  of  finding  the  re- 
mainder is  greatly  simplified.  Each  element  of  the  mass-chain  is,  in  each 
of  the  three  displacements  just  referred  to,  twisted  about  a  screw.  These 
three  screws  lie  on  one  cylindroid  appropriate  to  the  element,  and  there  are 
just  so  many  of  these  cylindroids  as  there  are  elements  in  the  mass-chain. 
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Between  each  two  screws  of  a  chain  lies  an  intermediate  screw,  iDtrodocfJ 
for  the  purpose  of  defining  the  ratio  of  the  amplitudes  of  the  two  f«re«i«f 
the  chain  on  each  side  of  it.  In  the  three  chains  two  consecutive  elemrslt 
will  thus  have  three  intermediate  screws.  These  screws  are  co-cjIindrunkL 
We  thus  have  two  series  of  cyliiidroids :  the  first  of  thes<»  is  e<|ual  in  Dombtir 
to  the  elements  of  the  mass-chain  (m).  oach  cylindroid  corresponding  t«»*«e 
element.  The  second  series  of  cylindroids  consists  of  one  less  than  ike 
entire  number  of  elements  (fi-  1).  Each  of  these  latter  cylindroids  cotit- 
s|K)nds  to  the  intenne<liate  screw  between  two  consecutive  elements  Ai 
entire  screw-chain  will  consist  of  /i  primary  screws,  and  /a—  1  intermedikte 
screws.  To  form  such  a  screw-chjiin  it  is  only  necessary  to  inscribe  on  «ffc 
of  the  2/i—  1  cylindroids  a  screw  which,  with  the  other  three  screws  oo  tint 
cylindroid,  shall  have  a  consUmt  anharmonic  ratio.  Any  one  screw  on  is? 
one  of  the  2/i— 1  cylindroids  maybe  chosen  arbitrarily;  but  then  all  liie 
other  screws  of  that  chain  are  absolutely  detennined,  as  the  anhaniKwir 
nitio  is  known.  The  mass-chain  which  is  capable  of  twisting  about  two 
screw-chains  amnot  refuse  to  be  twisted  about  any  other  screw-chain  cos- 
structed  in  the  manner  just  described.  It  may,  however,  refuse  to  bp 
twisted  about  any  screw-chains  not  so  constructe<l ;  and  if  so,  tbeo  ik 
nuiHs-chain  hjis  freedom  of  the  sect)nd  order. 

344.    Homography  of  Screw-systems. 

Ik'fore  extending  the  conception  of  screw-chains  to  the  examinaiiuii  o^ 
the  higher  onlers  of  freedom,  it  will  be  necessary  to  notice  some  exleuMii 
of  the  notions  of  homography  to  the  higher  onlers  of  screw  s>iil^nia  <% 
the  cylindroid  the  niatter  is  (piite  simple.  As  we  have  already  had  occs5i*« 
to  explain,  we  can  conceive  the  screws  on  two  cylindn>ids  to  be  boaio- 
gniphically  relatt'd.  just  as  eiisily  lus  we  can  conceive  the  rays  of  two  pfaui^ 
|>encils.  The  same  idejis  can,  however,  be  adapted  to  the  higher  !Jj-!ariii!» 
of  screw.s — the  3nl,  the  4th,  the  oth — while  a  case  of  remarkable  intend 
is  pri'sonted  in  the  homography  of  two  systems  of  the  6th  order. 

Th<'  homogniphy  of  two  threi'-systems  is  completi^ly  t^stablished  whtti  u> 
oa<*h  screw  on  one  syst<*m  corrt's|)«»nd.s  one  si^rcw  on  the  other  HY»tem,^Dd 
c<nivfrs<'ly.  We  cau  n'prcscnt  the  scn»ws  in  a  thret»*.syHU'm  by  the  piHUtik 
ill  a  plane  (sci*  Chap.  XV.).  \\v  then'fore  choose  two  planes,  one  far  t«cfc 
of  the  thnM*-s\ steins,  and  th«*  scn*w  corres|)<)ndencc*  of  which  we  an-  is 
searrh  is  idrnti<-al  with  the  hnniographif  |M>int-com'S|M>ndenc^*  b^'twf^^n  tb« 
two  planes. 

We  have  already  had  to  njake  n.se  in  §  817  of  the  fundamental  pn>|i«^? 
that  wht-n  four  pairs  of  correspondents  in  the  twt»  plant's  ar\»  giieti  iH'ti 
the  corres|iondence   between   every   other  piiir  of  points   is   del^^rmincd  by 
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rigorous  construction.  Any  fifth  point  in  one  plane  being  indicated,  the 
fifth  point  con*esponding  thereto  in  the  other  plane  can  be  determined. 
It  therefore  follows  that  when  four  given  screws  on  one  three-system  are 
the  correspondents  of  four  indicated  screws  on  the  other  system,  then  the 
correspondence  is  completely  established,  and  any  fifth  screw  on  one  system 
being  given,  its  correspondent  on  the  other  is  determined. 

346.    Freedom  of  the  third  order. 

We  are  now  enabled  to  study  the  small  movements  of  any  mass-chain 
which  has  freedom  of  the  third  order.  Let  such  a  mass-chain  receive 
any  three  displacements  by  twists  about  three  screw-chains.  It  will,  of 
course,  be  understood  that  these  three  screw-chains  are  not  connected  in 
the  specialized  manner  we  have  previously  discussed  in  freedom  of  the 
second  order.  In  snch  a  case  the  freedom  of  the  mass-chain  would  be  of 
the  second  order  only  and  not  of  the  third.  The  three  screw-chains  now 
under  consideration  are  perfectly  arbitrary ;  they  may  differ  in  every  con- 
ceivable way,  all  that  can  be  affirmed  with  regard  to  them  is  that  the 
number  of  primary  screws  in  each  chain  must  of  course  be  equal  to  fi, 
t.e.  to  the  number  of  material  elements  of  which  the  mass-chain  consists. 

It  may  be  convenient  to  speak  of  the  screws  in  the  different  chains  which 
relate  to  the  same  element  (or  in  the  case  of  the  intermediate  screws,  the 
same  pair  of  elements)  as  homologous  screws.  Each  set  of  three  homologous 
screws  will  define  a  three-system.  Compounding  together  any  three  twists 
on  the  screw-chains,  we  have  a  resultant  displacement  which  could  have 
been  effected  by  a  single  twist  about  a  fourth  screw-chain.  The  first  theorem 
to  be  proved  is,  that  each  screw  in  this  fourth  screw-chain  must  belong  to  the 
three-system  which  is  defined  by  its  three  homologous  screws. 

So  far  as  the  primary  screws  are  concerned  this  is  immediately  seen. 
Each  element  having  been  displaced  by  three  twists  about  three  screws,  the 
resultant  twist  must  belong  to  the  same  three-system,  this  being  the  im- 
mediate consequence  of  the  definition  of  such  a  system.  Nor  do  the  inter- 
mediate screws  present  much  difficulty.  It  must  be  possible  for  appropriate 
twists  on  the  four  screw-chains  to  neutralize.  The  four  twists  which  the 
first  element  receives  must  neutralize :  so  must  also  the  four  twists  imparted 
to  the  second  element  These  eight  twists  must  therefore  neutralize, 
however  they  may  be  compounded.  Taking  each  chain  separately,  these 
eight  twists  will  reduce  to  four  twists  about  the  four  intermediate  screws : 
these  four  twists  must  neutralize;  but  this  is  only  possible  if  the  four 
intermediate  screws  belong  to  a  three-system. 

On  each  of  ^  primary  three-systems,  and  on  each  of  ^  —  1  intermediate 
three-systems   four  screws  are  now  supposed  to  be  inscribed.     We  are  to 
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determine  a  fifth  screw  about  which  the  system  even  though  it  has  «i}t 
freedom  of  the  thin!  order,  must  still  be  permitted  to  twist. 

To  begin  with  we  may  choose  an  arbitrary  screw  in  any  one  of  the  ibrw^- 
systems.  In  the  exercise  of  this  choice  we  have  two  degrees  of  Utitodf^; 
but  once  the  choice  has  been  made,  the  remainder  of  the  screw-ehaiu  » 
fixed  by  the  following  theorem : — 

If  each  set  of  five  homologous  screws  of  five  screw-chains  \io»  on  a  ihrpe- 
systcm,  and  if  a  mass-chain  be  free  to  twist  about  four  of  these  screw-chainn. 
it  will  also  be  free  to  twist  about  the  fifth,  provided  each  set  of  homoiogotti 
screws  is  homographic  with  every  other  set. 

Let  S  denote  the  fifth  screw-chain.  If  S)  be  chosen  arbitrarily  on  tlie 
three-system  which  included  the  first  element,  then  a  twist  about  2, 
be  decomposed  into  three  twists  on  «!,  /9i.  71.  By  the  intermediate 
these  three  twists  will  give  the  amplitudes  of  the  twists  on  all  the  olfcer 
screws  of  the  chains  a,  /8,  7,  and  each  group  of  three  homologous  twisli 
being  com|)ounded,  will  give  the  corresponding  screws  on  the  chain  i  We 
thus  see  that  when  S,  is  given,  Sj,  S,,  &c.,  are  all  determinate.  It  is  ai» 
obvious  that  if  B^,  or  any  other  primary  screw  of  the  chain,  were  given,  thra 
all  the  other  screws  of  the  chain  would  be  detennine<l  uniquely. 

If,  however,  an  intermediate  screw,  S,.^,  had  been  given,  then,  altboogk 
the  ccmditions  are,  S4)  far  Jis  numb<;r  goes,  ailequate  to  the  deU^rmiuatioo  M 
the  screw-chain,  it  will  be  necessary  to  prove  that  the  determination  i» 
unique.  This  is  proved  in  the  siime  manner  as  for  freetlom  of  the  secmid 
order  (§  .S4.S).  If  there  were  two  screw-chains  which  had  the  same  inter- 
mediate screw,  then  it  must  follow  that  the  two  primary  three-syst^^ros*  iniwt 
have  a  common  screw,  whieh  is  not  generally  the  case. 

We  have  thus  sh(»wii  that  when  any  one  s^Tew  of  the  chain  8,  wht-thtT 
primary  or  intennediate,  is  given,  then  all  the  rest  of  the  screws  of  iht 
chain  are  uniquely  determinate.  Eiieh  group  of  five  homohtgtms  screw*  mii4 
therefore  be  homographic. 

It  is  thus  e;i.sy  to  construct  ;us  many  screw-chains  as  may  be  deswrpJ 
alxMit  which  a  ma.Ks-ohain  which  hixs  freetlom  of  the  thini  onlvT  miu4  he 
ca|uihle  of  twisting.  It  is  «»niy  necess4iry,  after  ft>ur  chains  have  brrti 
found,  to  ins^TJbe  an  arbitrary  screw  on  one  of  the  thn^e-systenis.  and  lK*« 
t4>  construct  the  c«»rresp<niding  s<'rfW  on  each  of  the  other  h4>m*4*»p*o* 
systems. 

In  ch«M»sin^'  om-  scrrw  of  tlio  chain  wc  have  two  degnn^s  of  latitude  »«' 
may,  for  rxaiiinU'.  niovr  lln*  s<Tr\\  chusrn  ovrr  the  surface  of  any  ovlunln*^ 
embraciil  in  tli»*  tlin-c-systcm  :  ihr  niiiaining  hcrews  of  the  screwchaiti, 
primary  and  intrriiHMJial*',  will  each  and  all  nioye  over  the  surface  of  cvnt- 
s|H»mljng  cylindroids. 
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If  the  mass-chain  cannot  be  twisted  about  any  screw- chain  except  those 
we  have  now  been  considering,  then  the  mass-chain  is  said  to  have  freedom 
of  the  third  order.  If,  however,  a  fourth  screw-chain  can  be  found,  about 
which  the  system  can  twist,  and  if  that  screw-chain  does  not  belong  to  the 
doubly  infinite  system  just  described,  then  the  mass-chain  must  have  freedom 
of  at  least  the  fourth  order. 

346.    Freedom  of  the  fourth  order. 

The  homologous  screws  in  the  four  screw-chains  about  which  the  mass- 
chain  can  twist  form  each  a  four-system.  All  the  other  chains  which  can 
belong  to  the  system  must  consist  of  screws,  one  of  which  lies  on  each  of  the 
four-systems. 

It  will  facilitate  the  study  of  the  homography  of  two  four-systems  to 
make  use  of  the  analogy  between  the  homography  of  two  spaces  and  the 
homography  of  two  four-systems  as  already  we  had  occasion  to  do  in  §  317. 
A  screw  in  a  four-system  is  defined  by  four  homogeneous  co-ordinates 
whereof  only  the  ratios  are  significant.  Each  screw  of  such  a  system  can 
therefore  be  represented  by  one  point  in  space.  The  homography  of  two 
spaces  will  be  completely  determined  if  five  points,  a,  6,  c,  d,  e  in  one  space, 
and  the  five  corresponding  points  in  the  other  space,  a',  b\  c\  d\  e'  are 
given. 

From  the  four  original  screw-chains  we  can  construct  a  fifth  by  com- 
pounding any  arbitrary  twists  about  two  or  more  of  the  given  chaina  When 
five  chains  have  been  determined,  then,  by  the  aid  of  the  principle  of  homo- 
graphy, we  can  construct  any  number. 

That  each  set  of  six  homologous  screws  is  homographic  with  every  other 
set  can  be  proved,  as  in  the  other  systems  already  discussed.  With  respect 
to  the  intermediate  screws  a  different  proof  is,  however,  needed  to  show 
that  when  one  of  these  screws  is  given  the  rest  of  the  chain  is  uniquely  de- 
termined. The  proof  we  now  give  is  perhaps  simpler  than  that  previously 
used,  while  it  has  the  advantage  of  applying  to  the  other  cases  as  well.  Let 
a»  A  7>  S  be  four  screw-chains,  and  let  €„,  an  intermediate  screw  of  the 
chain  e,  be  given.  We  can  decompose  a  twist  on  6,9  into  components  of 
definite  amplitude  on  aia,  /812,  719,  S,,.  The  first  of  these  can  be  decomposed 
into  twists  on  ai  and  09;  the  second  on  ^1  and  /Ss,  &c.  Finally,  the  four 
twists  on  ai,  )9i,  71,  Si  can  be  compounded  into  one  twist,  e,,  and  those  on 
Ot,  A,  79,  S9  compounded  into  a  twist  on  e,.  In  this  way  it  is  obvious  that 
when  €12  is  given,  then  e,  and  69  are  uniquely  determined,  and  of  coui'se  the 
same  reasoning  applies  to  the  whole  of  the  chain.  We  thus  see  that  when 
any  screw  of  the  chain  is  known,  then  all  the  rest  are  uniquely  determined, 
and  therefore  the  principle  of  homography  is  applicable. 
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In  the  choice  of  a  screw-chain  about  which  a  mass-chain  with  kmr 
degrees  of  freedom  can  twist  there  are  three  arbitrary  elementiL  We  omj 
choose  as  the  first  screw  of  the  chain  any  screw  from  a  given  foiir-systeoL 

If  one  screw  of  the  chain  be  moved  over  a  two-system,  or  a  three-innrtrm 
included  in  the  given  four-system,  then  every  other  screw  of  the  chain  wiO 
also  describe  a  corres|X)nding  two-system  or  three-system. 

347.    Freedom  of  the  fifth  order. 

In  discussing  the  movements  of  a  system  which  has  freedom  of  the  fifUi 
order,  the  analogies  which  have  hitherto  guided  us  appear  to  fiuL  Ht«ai> 
graphic  pencils,  planes,  and  spaces  have  exhibited  graphically  the  reUti<«» 
of  the  lower  degrees  of  freedom ;  but  for  freedom  of  the  fifth  degree  these 
illustrations  are  inade<]uate.  No  real  difficulty  can,  however,  attend  xht 
extension  of  the  principles  we  have  been  considering  to  the  freedom  of  ik* 
fifth  onler.  We  can  conceive  that  two  five-systems  are  homographkalif 
related,  such  that  to  each  screw  on  the  one  corresponds  one  screw  oci  iht 
other,  and  ciinversely.  To  establisli  the  homography  of  the  two  sysU^mft  it 
will  be  necessary  to  know  the  six  screws  on  one  system  which  correspund  t«» 
six  given  screws  on  the  other:  the  screw  in  either  system  correscponding  to 
any  seventh  screw  in  the  other  is  then  conipleti*ly  determined. 

In  place  of  the  methods  jK^culiar  to  the  lower  degrees  of  freedftm,  »e 
shall  here  state  the  gemral  analytical  pmci'ss  which  is  of  course  a%'aiUblr  is 
the  lower  degrees  of  freedom  as  well. 

A  screw  0  in  a  five-system  is  to  be  s|K»cified  by  five  co-onlinates  tf,.  0^.  i^, 
04t  0g.  These  co-onlinati-s  are  hoinogrncoiis;  but  their  ratios  only  aiv  oun* 
ct»rne<l,  so  they  are  e<|uivalent  to  four  dativ.  The  five  screws  i>f  refenmc* 
may  be  any  five  screws  of  the  system.  Li't  <f>  be  the  screw  of  the  sseci<id 
system  which  is  to  con*espoiicl  to  ^  in  the  first  system.  The  co-ordinatr»  o( 
<f>  may  be  referred  to  any  five  screws  chosen  in  the  second  system.  It  will 
thus  be  seen  that  t\\v  five  screws  of  reference  for  <f>  are  quite  different  fr\»iD 
those  of  0. 

The  geometrical  conditions  expressing  the  connection  between  ^  anil  i 
will  give  certjiin  equations  of  the  ty|)e 

where  Ui Ui  an*  honit>gencH)us  functions  of  ^, ,  ...,  0^.     Tht*se  etpialkcM 

expn*ss  that  «»ne  0  dit<'nninrs  onr  <^.      As  however  <»nt»  ^  is  t4»  det4*miiDt'  «o<- 
0  we  must  have  also  equations  of  the  ty|K' 

^.=  r,';    0,      U::    ...:    0,^  l\. 

where  ^V.  •••.  '^V  Jire  functions  of  0, ,  ...,  <^^. 

Kn)in  tin*  nature  of  th«'  probltiii  th»*S4'  functions  an*  algi*hnucml  an«i  m 
they  must  be  one  \alue4|  they  must  be  rational  functions.     We  have  tbervlurt 
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a  case  of  *' Rational  Transformation"  (see  Salmon's  Higher  Plane  Curves, 
Chap.  VIII.).  The  theory  is  however  here  much  simplified.  In  this  case 
none  of  the  special  solutions  are  admissible  which  produce  the  critical  cases. 
Consider  the  equations  f7a  =  0,  ...,  17^  =  0.  They  will  give  a  number  of 
systems  of  valuas  for  ^i,  ...,  0^  equal  to  the  product  of  the  degrees  of 
J7a,  ...,  Un.  Each  of  these  0  screws  would  be  a  correspondent  to  the  same 
<l>  screw  1,  0,  0,  0,  0.  But  in  the  problems  before  us  this  <f>  as  every  other  <^ 
can  have  only  one  correspoudent.  Hence  all  the  fimctions  CT,,  C/,,  etc. 
Ui,  f/j',  etc.  must  be  linear.     We  may  express  the  fii-st  set  of  equations  thus : 

<^,  =  (11)  ^,  +  (12)  ft, +  (13)  ^,  +  (14)^,  + (15)  ^«, 

<l>,  =  (21)  0,  +  (22)  0,  +  (23)  0,  +  (24)  0,  +  (25)  0,, 

<^,  =  (31)  0,  +  (32)  0,  +  (33)  0,  +  (34)  0,  +  (35)  0,, 

<f>,  =  (41)  0,  +  (42)  0, 4-  (43)  0,  +  (44)  0,  +  (45)  0,, 

<^5  =  (51)  ft, +  (52)  ft, +  (53)  ft, +  (54)  ft,  4- (55)^5. 

For  the  screw  ^  to  be  known  whenever  ft  is  given,  it  will  be  necessary  to 
determine  the  various  coefficients  (11),  (12),  &c.  These  are  to  be  determined 
from  a  sufficient  number  of  given  pairs  of  corresponding  screws.  Of  these  co- 
efficients there  are  in  all  twenty-five.  If  we  substitute  the  co-ordinates  of  one 
given  screw  ft,  we  have  five  linear  equations  between  the  co-onlinates.  Of 
these  equations,  however,  we  can  only  take  the  ratios,  for  each  of  the  co- 
ordinates may  be  affected  by  an  arbitrary  factor.  E^h  of  the  given  pairs 
of  screws  will  thus  provide  four  equations  to  aid  in  determining  the  co- 
efficients. Six  pairs  of  screws  being  given,  we  have  twenty-four  equations 
between  the  twenty-five  coefficients.  These  will  be  sufficient  to  detennine 
the  ratios  of  the  coefficients.  We  thus  see  that  by  six  pairs  of  screws  the 
homography  of  two  five-systems  is  to  be  completely  defined.  To  any  seventh 
screw  on  one  system  corresponds  a  seventh  screw  on  the  other  system,  which 
can  be  constructed  accordingly. 

348.    Application  of  Parallel  Projectioni. 

It  will,  however,  be  desirable  at  this  point  to  introduce  a  somewhat 
different  procedure.  We  can  present  the  subject  of  homography  from 
another  point  of  view,  which  is  specially  appropriate  for  the  present  theory. 
The  notions  now  to  be  discussed  might  have  been  introduced  at  the  outset. 
It  was,  however,  thought  advantageous  to  concentrate  all  the  light  that 
could  be  obtained  on  the  subject ;  we  therefore  used  the  point-homography 
of  lines,  of  planes,  and  of  spaces,  so  long  as  they  were  applicable. 

The  method  which  we  shall  now  adopt  is  founded  on  an  extension  of 
what  are  known  as  "  parallel  projections  **  in  Statics.     We  may  here  recall 
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the  outlines  of  this  theory,  with  the  view  of  geDeralizing  it  into  one  adequate 
for  our  purpose. 

We  can  easily  conceive  of  two  systems  of  corresponding  forces  in  tv*> 
planes.  To  each  force  in  one  plane  will  correspond  one  force  in  the  ochrr 
plane,  and  vice  versd.  To  any  system  of  forces  in  one  plane  will  corrvsipiod 
a  system  of  forces  in  the  other  plane.  We  are  also  to  add  the  cundiiioo  Uukt 
if  one  force  x  vanishes,  the  corresponding  force  x'  will  also  vanish. 

The  fundamental  theorem  which  renders  this  correspondence  of  im- 
portance is  thus  stated : — 

If  a  group  of  forces  in  one  of  the  planes  would  equilibrate  when  appti<«i 
to  a  rigid  body,  then  the  corresponding  group  of  forces  in  the  other  plane 
would  also  equilibrate  when  applied  to  a  rigid  body. 

Draw  any  triangle  in  each  of  these  planes,  then  any  force  can  be  de- 
composed into  three  components  on  the  three  sides  of  the  triangle.  Lrl 
X,  y,  z  be  the  components  of  such  a  force  in  the  first  plane,  and  let  x\  jr\  i 
be  the  components  of  the  corresponding  force  in  the  second  plane ;  we  maA 
then  have  equations  of  the  form 

X  ^ax  -\-hy    -f  cz^ 

y  —  ax  -\-  by  -^  cz, 

z'  =  a'x  +  b"y  +  c"z, 

where  a,  6,  c,  &c..  are  constants.  These  equations  do  not  contain  any  tenm 
independent  of  the  forces,  Ix^aiuso  x\  y\  z  nmst  vanish  when  x,  y,  x  vanistk 
They  are  linear  in  the  comjxmcnts  of  the  forces,  because  otherwise  tine  fuitv 
in  one  plane  will  not  corresj>ond  uniquely  with  one  force  in  the  othe£» 

Let  X,,  y,,  z^\  ^a,  y,,  r^;  ...  x^,  y^y  ^n  bt?  the  compcmentM  of  forces  in  ib«* 
first  plane. 

I>'t  X,',  y,',  Zi\  J"/,  y/,  ^,';  ...  x^\  y^,  Zh  bi»  the  components  of  the  cof7\- 
sponding  forcfs  in  thr  si'cond  phiiio.     Then  we  must  have 

x^  =  iVr^    -f  by^    ^r  czt  . 

yt  =  (f'-^k  +  b'yt  -^  czt . 

zt  =  <i'Vjk  +  b"yk^c  z„, 
when*  k  lijus  every  value  from  1  to  n.      If  therefore  we  writ«e 

^mS     =^  .^1      -f-  J*j      "T"    .  .  .    "T"    .*  n  » 

luul  ^x  =»  Ji '+  J-,'  -f- . . .  +  x^. 
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with  similar  values  for  ^y,  Sy',  %z,  ^z  then  the  above  equations  give 

^x  =a  Sa?  +  6  2y  +  c  2^, 
2y  =  tt'  Sa?  +  6'  2y  +  c'  Xz, 
2/  =  a'2a;  +  6"2y  +  c"2^. 

If  the  system  of  forces  in  the  first  plane  equilibrate,  the  following  con- 
ditions must  be  satisfied : 

lx  =  0,  2y  =  0,  2^  =  0, 
and  from  the  equations  just  written,  these  involve 

2«'=0,  2y'=0,  2/=0, 
whence  the  corresponding  system  in  the  other  plane  must  also  equilibrate. 

To  determine  the  correspondence  it  will  be  necessary  to  know  only 
the  three  forces  in  the  second  plane  which  correspond  to  three  given  forces 
in  the  first  plane.  We  shall  then  have  the  nine  equations  which  will  be 
suflScient  to  determine  the  nine  quantities  a,  b,  c,  &c. 

It  appears,  from  the  form  of  the  equations,  that  the  ratio  of  the  intensity 
of  a  force  to  the  intensity  of  the  corresponding  force  is  independent  of  those 
intensities,  t,e,  it  depends  solely  upon  the  situation  of  the  lines  in  which  the 
forces  act. 

Take  any  four  straight  lines  in  one  system,  and  let  four  forces, 
Xi,  Xi,  X,,  X^,  on  these  four  straight  lines  equilibrate.  It  is  then  well 
known  that  each  of  these  forces  must  be  proportional  to  certain  functions 
of  the  positions  of  these  straight  lines.  We  express  these  functions  by 
Alt  A2,  Ai,  J4.  The  four  corresponding  forces  will  be  Jf/,  X^^  X/,  X^', 
and  as  they  must  equilibrate,  they  must  also  be  in  the  ratio  of  certain 
functions  Ai\  -4/,  A^',  A4  of  the  positions. 

We  thus  have  the  equations 

Ai      Am      Ai      A^ 

JL\       2Lq       JL^       2i.^ 

Ai      Af      Ai      A^ 

We  can  select  the  ratio  of  Xi  to  X/  arbitrarily :  for  example,  let  this  ratio 
be  fjL\  then 

z;  "  a;  ^' 

whence  the  ratio  of  X^  to  X^  is  known.  Similarly  the  ratio  of  the  other 
intensities  Jf , :  Jf ,',  and  X^ :  X^  is  known.  And  generally  the  ratio  of  every 
pair  of  corresponding  forces  will  be  determined 
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It  thus  appeare  that  four  straight  lines  in  one  system  tnay  be*  choiieii 
arbitrarily  to  corre8pi>nd  resfiectively  with  four  straight  Hues  in  the  olhtT 
system ;  and  that  one  force  l)eing  chosen  on  one  of  these  straight  linen  in 
one  system,  the  corre8jH>ii(ling  force  may  be  chosen  arbitrarily  on  the  ci>rn^ 
sponding  straight  line  in  the  other  system.  This  having  been  dooe,  tb<* 
relation  between  the  two  systems  is  completely  defined. 

From  the  case  of  parallel  projections  in  two  planes  it  is  easy  to  pass  to 
the  case  which  will  serve  our  present  purpose.  Instead  of  the  straight  hues 
in  the  two  planes  we  shall  take  screws  in  two  n-systema.  Instead  of  the 
forces  on  the  lines  we  may  take  either  twists  or  wrenches  on  the  scrvvs. 
More  generally  it  will  be  better  to  use  Plucker's  word  "  Dyname,"  which  wtr 
have  previously  had  ocaision  to  employ  (§  2G0)  in  the  sense  either  of  a  tvist 
or  a  wrench,  or  even  a  twist  velocity.  We  shall  thus  have  a  Dynanie  in  00c 
system  corresponding  to  a  Dyname  in  the  other. 

Let  us  suppose  that  a  Dyname  on  a  screw  of  one  n-system  oont'^ioodB 
uniquely  to  a  diflferent  Dyname  on  a  screw  of  another  n-system.  The  Ivo 
n-systems  may  be  coincident  but  we  shall  treat  of  the  general  case. 

In  the  first  phvce  it  can  be*  shown  that  if  any  number  of  Dyname*  in 
the  first  system  neutralize,  their  corresponding  Dynames  in  the  aecuod 
system  must  also  neutnilize.  Take  n  screws  of  reference  in  one  syslem, 
and  also  n  screws  of  reference  in  the  corresponding  system.  Let  6  be  ibt* 
Dyname  in  one  system  which  corresponds  to  ^  in  the  other;  d  can  be 
completely  resolved  inti>  conjjHment  Dynames  of  intensities  ^,,  ...  ^«  on  lh<? 
n  screws  of  reference  in  the  first  system  and  in  like  manner  ^  can  be  resolved 
into  fi  com]H)nents  of  intensities  ^1,  ...  if>n  on  the  screws  of  reference  in  ibe 
second  system  (?<  =  <  6). 

FrtHxi  the  fact  that  the  relation  between  d  and  ^  is  of  the  one-lo-ooe 
t^^N}  the  several  com]x>nonts  ^i,...^^  ^^^*  derived  from  0i,,.,$^hy  n  equaUoc» 
which  may  be  written 


in  which  (11),  (12),  &<\  must  be  inde{>endent  of  both  ^  an<l  ^,  for  otherwise 
the  corres| Mini le nee  would  not  1k'  uni({ue. 

If  then*  be  a  numlnT  t>f  Dynames  in  the  first  system  the  sums  of  iht* 
intt^nsities  «*f  their  coni|)oneiitM  on  thi'  n  sctuws  t)f  ri'ference  may  be  expr\T«<i'd 
as  y,0i,  ...  ^0n  ri*s|)ectiv(*ly.  In  like  manner  the  sums  of  the  inteniQtiei of 
tht^  r^)m|Mmrnts  of  their  corres|H»iMh»nts  (m  the  screws  of  reference  of  ibe 
sec4>nd  Hy^t4•m  may  l>e  represented  by  1^,, ...  !^^  respectively.     We  thetvfcn} 
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obtain  the  following  equations  by  simply  adding  the  equations  just  written 
for  each  separate  screw 


t(f>n  =  (nl)  te,  +  (n2)  25, ...  +  (nn)  S^n- 

If  the  Dynamos  in  the  first  system  neutralize  then  their  components  on 
the  screws  of  reference  must  vanish  or 

2^1  =  0,  ...  X0n  =  O. 

But  it  is  obvious  from  the  equations  just  written  that  in  this  case 

2<^,  =  0,...2<^n  =  0, 
and  therefore  the  corresponding  Dynaraes  will  also  neutralize. 

Given  n  pairs  of  corresponding  Dynamos  in  the  two  systems,  wo  obtain 
n'  linear  equations  which  will  be  adequate  to  determine  uniquely  the  n* 
constants  of  the  type  (11),  (12),  &c.  It  is  thus  manifest  that  n  given  pairs 
of  Dynamos  suffice  to  determine  the  Dynamo  in  either  system,  corresponding 
to  a  given  Dyname  in  the  other.  It  is  of  course  assumed  that  in  this  case 
the  intensities  of  the  two  corresponding  Dynamos  in  each  of  the  n-pairs  are 
given  as  well  as  the  screws  on  which  they  lie. 

349.    PropertieB  of  this  correBpondence. 

To  illustrate  the  distinction  between  this  Dyname  correspondence  and 
the  screw  correspondence  previously  discussed,  let  us  take  the  case  of  two 
cylindroids.  We  have  already  seen  that,  given  any  three  pairs  of  corre- 
sponding screws,  the  correspondence  is  then  completely  defined  (§  343). 
Any  fourth  screw  on  one  of  the  cylindroids  will  have  its  correspondent  on 
the  other  immediately  pointed  out  by  the  equality  of  two  anharmonic  ratios. 
The  case  of  the  Dyname  correspondence  is,  however,  different  inasmuch  as 
we  require  more  than  two  pairs  of  corresponding  Dynamos  on  the  two 
cylindroids,  in  order  to  completely  define  the  correspondence.  For  any 
third  Dyname  0  on  one  of  the  cylindroids  can  be  resolved  into  two  Dynames 
$1  and  0i  on  the  two  screws  containing  the  given  Dynames.  These  com- 
ponents will  determine  the  components  <^i,<^i  on  the  corresponding cylindroid, 
which  being  compounded,  will  give  <f>  the  Dyname  corresponding  to  0. 

It  is  remarkable  that  two  pairs  of  Dynames  should  establish  the  corre- 
spondence as  completely  as  three  pairs  of  screws.  But  it  will  be  observed 
that  to  be  given  a  pair  of  corresponding  screws  on  the  two  cylindroids  is 
in  reality  only  to  be  given  one  datum.  For  one  of  the  screws  may  be 
chosen  arbitrarily;  and  as  the  other  only  requires  one  parameter  to  fix  it 
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on  the  cylindruiil  to  which  it  in  confined  its  specification  niervljr  giires  a 
single  datum.  To  be  given  a  pair  of  corresponding  Dyuaiuen  ia»  bow«*Tt:r, 
to  be  given  really  two  data — one  of  these  is  for  the  screws  themselves  m 
before,  while  the  other  is  derived  from  the  ratio  of  the  amplitudes.  That 
while  three  pairs  of  corresponding  screws  amount  to  three  data,  two  pain 
of  corres]x>nding  Dynames  amount  to  no  less  than  four  data;  the  additiocial 
datum  in  this  case  enabling  us  to  indicate  the  intensity  of  each  correspoiMk^t 
as  well  as  the  screw  on  which  it  is  situated. 

It  can  further  be  shown  in  the  most  general  case  of  the  correspoodeooe 
of  the  Dynames  in  two  ii -systems  that  the  number  of  pairs  of  D}iuuih« 
rei|uired  to  define  the  correspondence  is  one  less  than  the  number  of  pain 
of  screws  which  would  be  re(|uired  to  define  merely  a  screw  corretipoodeooe 
in  the  same  two  /i -systems.  In  an  ii -system  a  screw  has  n  —  1  dispusakh* 
co-ordinates.  To  define  the  correspondence  we  rec|uire  n  4- 1  pairs  of  screws. 
Of  course  those  on  the  first  system  may  have  been  chosen  arbitrarilj,  so 
that  the  number  of  data  re<|uired  for  the  correspondence  is 

(ii-l)(w-|-l)  =  n»-l. 

A  Dyname  in  an  n-system  has  n  arbitmry  data,  viz.,  n  —  1  for  the  scww. 
and  one  for  the  intt»nsity :  hence  when  we  are  given  n  pairs  of  corrmpoodiiig 
Dynames  we  have  altogether  n*  daUv.  We  thus  see  that  the  ii  pain  of 
corresponding  Dynames  really  contribute  one  more  datum  to  the  pruUm 
than  do  the  n  +  1  (Kiirs  of  corresponding  screws.  The  additional  datum  is 
applied  in  allotting  the  appropriate  intensity  to  the  sought  Dyname. 

We  can  then  use  either  the  n  pair  of  Dyname  correspondents  or  the 
(n  -I- 1)  pairs  of  screw  corres(>ondents.  In  previous  articles  we  have  used  ihe 
latter;  we  shall  now  use  the  fonner. 

360.    Freedom  of  the  fifth  order. 

In  the  higher  onlers  of  freedom  the  screw  correspondence  does  not  imktii 
afionl  (|uite  so  simple  a  means  of  constructing  the  several  pairs  of  cunv- 
sponding  screws  as  we  obtain  by  the  Dyname  ct>rrespondenci».  In  two 
five-systems  the  c<»rri\sj)ondence  is  complete  when  we  are  given  five  Dy 
in  one  and  the  corn*sjH>nding  five  Dynames  in  the  other.  To  find 
Dyname  A'  in  the  secon<l  syst<*m,  corres|)onding  to  any  given  Dyname 
in  the  first  sysU*m,  we  procee<l  as  follows : — Decompose  A  into  Dy 
on  the  five  s<*n*ws  whii'h  (M»ntJiiii  the  ^\e  given  Dynames  on  the  first  sjslc 
This  is  always  |)ossil)le,  and  the  H4)lution  is  unique.  Thi'se  cimipunento  wi 
corresixmd  to  <leti'riiiinate  Dynaiiies  on  the  \\\e  com^spuuding  st*rews:  ibt 
Dynames  com|>oun<led  together  will  give  the  nn^uired  Dyname  A'  both 
int4*n.Hity  and  {M>sitioii. 

In   the  genend   case   where  a  mass-chain   possesses  freedom  of  the  fi 
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order  we  may,  by  trial,  determine  five  screw-chains  about  which  the  S3rstem 
can  be  twisted.  Each  set  of  five  homologous  screws  will  determine  a 
five-system.  In  this  method  of  proceeding  we  need  not  pay  any  attention 
to  the  intermediate  screws :  it  will  only  be  necessary  to  inscribe  one  Dyname 
(in  this  case  a  twist)  in  each  of  the  homologous  five-systems  so  that 
the  group  of  six  shall  be  homographic.  The  set  of  twists  so  found  will  form 
a  displacement  which  the  system  must  be  capable  of  receiving.  This  is 
perhaps  the  simplest  geometrical  presentment  of  which  the  question 
admits. 

One  more  illustration  may  be  given.  Suppose  we  have  a  series  of  planes, 
and  three  arbitrary  forces  in  each  plane.  We  insert  in  one  of  the  planes 
any  arbitrary  force,  and  its  parallel  projection  can  then  be  placed  in  all 
the  other  planes.  Suppose  a  mechanical  system,  containing  as  many  distinct 
elements  as  there  are  planes,  be  so  circumstanced  that  each  element 
is  free  to  accept  a  rotation  about  each  of  the  three  lines  of  force  in  the 
plane,  and  that  the  amplitude  of  the  rotation  is  proportional  to  the  intensity 
of  the  force ;  it  must  then  follow  that  the  system  will  be  also  fi-ee  to  accept 
rotations  about  any  other  chain  formed  by  an  arbitrary  force  in  one  plane  and 
its  parallel  projections  in  the  rest. 

We  may,  however,  also  examine  the  case  of  a  mass-chain  with  freedom 
of  the  fifth  order  by  the  aid  of  the  screw  correspondence  without  intro- 
duction of  the  Dyname.  We  find,  as  before,  five  independent  screw-chains 
which  will  completely  define  all  the  other  movements  which  the  system 
can  accept.  To  construct  the  subsequent  screw-chains,  which  are  quadruply 
infinite  in  variety,  we  begin  by  first  finding  any  sixth  screw-chain  of  the 
system  by  actual  composition  of  any  two  or  more  twists  about  two  or  more 
of  the  five  screw-chains.  When  a  sixth  chain  has  been  ascertained  the 
construction  of  the  rest  is  greatly  simplified.  E^h  set  of  six  homologous 
screws  lie  in  a  five-system.  Place  in  each  of  these  five-systems  another 
screw  which,  with  the  remaining  six,  form  a  set  which  is  homographic  with 
the  corresponding  set  in  each  of  the  other  five-systems.  These  screws 
so  determined  then  form  another  screw-chain  about  which  the  system  must 
be  fi:«e  to  twist. 

In  the  choice  of  the  first  screw  with  which  to  commence  the  formation 
of  any  further  screw-chains  of  the  five-system  we  have  only  a  single  condition 
to  comply  with:  the  screw  chosen  must  belong  to  a  given  five-system. 
This  implies  that  the  chosen  screw  must  be  reciprocal  merely  to  one  given 
screw.  On  any  arbitrary  cylindroid  a  screw  can  be  chosen  which  is  reciprocal 
to  this  screw,  and  consequently  on  any  cylindroid  one  screw  can  always  be 
selected  wherewith  to  commence  a  screw-chain  about  which  a  mass-chain 
with  freedom  of  the  fifth  order  must  be  free  to  twist. 

25 
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361.  Freedom  of  the  dxth  order. 

In  freedom  of  the  sixth  order  we  select  at  random  six  displacem^ito  o( 
which  the  mass-chain  admits,  and  then  construct  the  six  corresponding  screw- 
chains.  The  homologous  screws  in  this  case  lie  on  six-systems,  but  a  rix- 
system  means  of  course  every  conceivable  screw.  It  is  easily  shown  (§  t48) 
that  if  to  one  screw  in  space  corresponds  another  screw,  and  conversely,  then 
the  homography  is  completely  established  when  we  are  given  raven  sonewi 
in  one  system,  and  the  corresponding  seven  screws  in  the  other.  Any  eighth 
screw  in  the  one  system  will  then  have  its  correspondent  in  the  other  illlm^- 
diately  determined. 

It  is  of  special  importance  in  the  present  theory  to  dwell  on  the  type  of 
homography  with  which  we  are  here  concerned.  If  on  the  one  hand  it 
seems  embarrassing,  from  the  large  number  of  screws  concerned,  on  the 
other  hand  we  are  to  recollect  that  the  question  is  free  from  the  complicmtioe 
of  regarding  the  screws  as  residing  on  particular  n-systeros.  Seven  soevi 
may  be  drawn  anywhere,  and  of  any  pitch ;  seven  other  screws  may  abo  ht 
chosen  anywhere,  and  of  any  pitch.  If  these  two  groups  be  made  to  com- 
spond  in  pairs,  then  any  other  screw  being  given,  its  corresponding  screw  will 
be  completely  determined.  Nor  is  there  in  this  correspondence  any  olKer 
condition,  save  the  simple  one,  that  to  one  screw  of  one  system  one  screw 
of  the  other  shall  correspond  linearly. 

Six  screw-chains  having  been  found,  a  seventh  is  to  be  constructed 
This  being  done,  the  construction  of  as  many  screw-chains  as  may  be  desiivd 
is  immediately  feasible.  From  the  homographic  relations  just  referriHi  t«» 
we  have  appropriate  to  each  element  of  the  system  seven  homologous  sctvwk 
and  also  appropriate  to  each  consecutive  pair  of  elements  we  have  the  fettn 
homologous  intermediate  screws.  An  eighth  screw,  appropriate  to  sot 
element,  may  be  drawn  arbitrarily,  and  the  corresponding  screw  being  am- 
stnicted  on  each  of  the  other  systems  gives  at  once  another  screw -chain  sbuot 
which  the  system  must  be  free  to  twist. 

When  a  mass-chain  has  freedom  of  the  sixth  order  we  see  thai  anv  oor 
element  may  be  twisted  about  any  arbitrary  chosen  screw,  but  thai  ihe 
screw  about  which  every  other  element  twists  is  then  detennined,  and  »» 
are  also  the  ratios  of  the  amplitudes  of  the  twists,  by  the  aid  of  the  mU^- 
mediate  screws. 

362.  Freedom  of  the  seventh  order. 

Passing  from  the  ca^so  of  six  degrees  of  freedom  to  the  case  of  stf^ro 
degrt*e».  we  have  a  somewhat  remarkable  departure  from  the  pbtrnoiiKO* 
shown  by  the  lower  degrees  of  free<lom.  Give  to  the  mass-chain  anv  «««* 
arbitniry  displacements,  and  construct  the  seven  screw-chaius,  a,/ij,  %  i.  < 
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f,  f)  by  twists  about  which  those  displacements  could  have  been  effected. 
In  the  construction  of  an  eighth  chain,  0,  we  may  proceed  as  follows : — 
Choose  any  arbitrary  screw  di.  Decompose  a  twist  on  5,  into  components 
on  fli, /8i,  7i,  Si,  ei,  fi.  This  must  be  possible,  because  a  twist  about  any 
screw  can  be  decomposed  into  twists  about  six  arbitrary  screws,  for  we 
shall  not  discuss  the  special  exception  when  the  six  screws  belong  to  a  system 
of  lower  order. 

The  twists  on  a^  ...  fi,  &c.,  determine  the  twists  on  the  screw-chains 
a, ...  f,  and  therefore  the  twists  on  the  screws  Oj,  ...  fa,  which  compound 
into  a  twist  on  O^,  similarly  for  6^,,  &c.;  consequently  a  screw-chain  of  which 
01  is  the  first  screw,  and  which  belongs  to  the  system,  has  been  constructed. 
This  is,  however,  only  one  of  a  number  of  screw-chains  belonging  to  the 
system  which  have  0i  for  their  first  screw.  The  twist  on  0^  might  have  been 
decomposed  on  the  six  screws,  A*  7i>  ^i,  ej,  fi,  t;,,  and  then  the  screws  ^„  &c., 
might  have  been  found  as  before.  These  will  of  course  not  be  identical  with 
the  corresponding  screws  found  previously.  Or  if  we  take  the  whole  seven 
screws,  Oi, ...  lyi,  we  can  decompose  a  twist  on  0i  in  an  infinite  number  of 
ways  on  these  seven  screws.  We  may,  in  fact,  choose  the  amplitude  of  the 
twist  on  any  one  of  the  screws  of  reference,  a^,  for  example,  arbitrarily,  and 
then  the  amplitudes  on  all  the  rest  will  be  determined.  It  thus  appears 
that  where  0i  is  given,  the  screw  0^  is  not  determined  in  the  case  of  freedom 
of  the  seventh  order;  it  is  only  indicated  to  be  any  screw  whatever  of  a 
singly  infinite  number.  The  locus  of  0^  is  therefore  a  ruled  surface ;  so  will 
be  the  locus  of  0^,  &c.  and  we  have,  in  the  first  place,  to  prove  that  all  these 
ruled  surfaces  are  cylindroids. 

Take  three  twists  on  0i,  such  that  the  arithmetic  sum  of  their  amplitudes 
is  zero,  and  which  consequently  neutralize.  Decompose  the  first  of  these 
into  twists  on  cti,  A,  71,  Sj,  f,,  7;,,  the  second  on  a,,  /8,,  7,,  81,  €,,  7;i,  and  the 
third  on  cti,  ^i,  71,  Sj,  e,,  f,.  It  is  still  open  to  make  another  supposition 
about  the  twists  on  0i;  let  us  suppose  that  they  are  such  as  to  make  the  two 
components  on  rji  vanish.  It  must  then  follow  that  the  total  twists  on  each 
of  the  remaining  six  screws,  viz.  «!,  ^1,  71,  Si,  61,  fi  shall  vanish,  for  then* 
resultant  cannot  otherwise  be  zero.  All  the  amplitudes  of  the  twists  about 
the  screw-chains  of  reference  must  vanish,  and  so  must  also  the  amplitudes 
of  the  resultant  twists  when  compounded.  We  should  have  three  different 
screws  for  tf,  corresponding  to  the  three  different  twists  on  0i\  and  as  the 
twists  on  these  screws  must  neutralize,  the  three  screws  must  be  co- 
cylindroidal. 

We  can,  therefore,  in  constructing  a  screw-chain  of  this  system,  not  only 
choose  01  arbitrarily,  but  we  can  then  take  for  6^  any  screw  on  a  certain 
cylindroid :  this  being  done,  the  rest  of  the  screw-chain  is  fixed,  including 
the  intermediate  screws. 

26—2 
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363.     Freedom  of  the  eighth  and  higher  orders. 

If  the  freedom  be  of  the  eighth  order,  then  it  is  easily  shown  Ihut  the 
first  screw  of  any  other  chain  may  be  taken  arbitrarily,  and  that  even  the 
second  screw  may  be  chosen  arbitrarily  from  a  three-system.  Passing  on  to 
the  twelfth  order  of  freedom,  the  two  first  screws  of  the  chain,  as  well  as  tht 
amplitudes  of  their  twists,  may  be  chosen  quite  arbitrarily,  and  the  rest  of 
the  chain  is  fixed.  In  the  thirteenth  order  of  freedom  we  cmn  take  the 
two  first  twists  arbitrarily,  while  the  third  may  be  chosen  anywhere  on  a 
cylindroid.  It  will  not  now  be  difficult  to  trace  the  progress  of  the  chaia 
to  that  unrestrained  freedom  it  will  enjoy  when  the  mass-chain  has  6^ 
degrees  of  freedom,  when  it  is  able  to  accept  any  displacement  whatever.  la 
the  last  stage,  prior  to  that  of  absolute  freedom,  the  system  will  have  it» 
position  defined  by  6;i  —  1  co-ordinates.  A  screw-chain  can  then  be  cboaeo 
which  is  perfectly  arbitrary  in  every  respect,  save  that  one  of  its  screw*  iniii4 
be  reciprocal  to  a  given  screw. 

354.    Reoiprocal  Sorew-Ohains. 

We  have  hitherto  been  engaged  with  the  discussion  of  the  geooietnoAl 
or  kinematical  relations  of  a  mass-chain  of  fi  elements :  we  now  prtx«rd  u* 
the  dynamical  considerations  which  arise  when  the  action  of  foroetf  » 
considered. 

Each  element  of  the  mass-chain  may  be  acted  upon  by  one  or  DOfY 
external  forces,  in  addition  to  the  internal  forces  which  arise  from  the  reactH« 
of  constraints.  This  group  of  forces  must  constitute  a  wrench  appropnatrd 
to  the  particular  element.  For  each  elenieut  we  thus  have  a  certain  wivoch. 
and  the  entire  action  of  the  forces  on  the  mass-chain  is  to  be  represented  h\ 
a  series  of  fi  wrenches.  Recalling  our  definition  of  a  screw-chaiu,  it  will  be 
easy  to  assign  a  meaning  to  the  expression,  wrench  on  a  screw-chain,  Bv  lh» 
we  denote  a  series  of  wrenches  on  the  screws  of  the  chain,  and  the  rmii«>  ^'i 
two  consecutive  intensities  is  given  by  the  intennediate  screw,  as  befuv. 
We  thus  have  the  general  statement : — 

The  action  of  any  system  of  forces  on  a  mass-chain  may  be  repre$i»td 
by  a  wrench  on  a  scretv-chain. 

Two  or  more  wrenches  on  screw-chains  will  compound  into  one  mxttA 
on  a  .H<Tew-chiiin,  and  thf  laws  of  the  co!niK>sition  are  exactly  the  sauih-  »f^ 
for  the  ouiiixmitioii  of  twists,  already  discusstnl. 

Tak<*,  for  example,  any  four  wreneh«»s  on  four  sorow-chaiiLS.     Each  h^  •? 
four  hoiiiologouH  screws  will  determine  a  f«Mir-systeni ;  the  rojiulting  mni^ 
chain  will  consist  <»f  a  s<Ties  of  wrenches  on  these  four-svRtems,  each  be.r.; 
th«*  "  jMirallel  projection  "  of  the  other. 
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Let  a  and  /3  be  two  screw-chains,  each  consisting  of  fi  screws,  appro- 
priated one  by  one  to  the  ^  elements  of  the  mass-chain.  If  the  system 
receive  a  twist  about  the  screw-chain  /S,  while  a  wrench  acts  on  the  screw- 
chain  a,  some  work  will  usually  be  lost  or  gained ;  if,  however,  no  work  be 
lost  or  gained,  then  the  same  will  be  true  of  a  twist  around  a  acting  on 
a  wrench  on  /8.  In  this  case  the  screw-chains  are  said  to  be  reciprocal.  The 
relation  may  be  expressed  somewhat  diflFerently,  as  follows : — 

1/  a  masS'Chainy  only  free  to  twist  about  the  screw-chain  a,  he  in  equilibriuniy 
notwithstanding  the  presence  of  a  wrench  on  the  screw-chain  /3,  then,  conversely, 
a  mass-chain  only  free  to  twist  about  the  screw-chain  j3  will  be  in  equilibrium, 
notwithstanding  the  presence  of  a  wrench  on  the  sci'ew-chain  a. 

This  remarkable  property  of  two  screw-chains  is  very  readily  proved 
from  the  property  of  two  reciprocal  screws,  of  which  property,  indeed,  it 
is  only  an  extension. 

Let  tti ...  a^  be  the  screws  of  one  screw-chain,  and  /8i ...  /8^  those  of  the 
other.  Let  a/,  o^^  ...  a/  denote  amplitudes  of  twists  on  ai,  a,,  &c.,  and  let 
flf/^  ««"» &c.,  denote  the  intensities  of  wrenches  on  ai,aj,  &c.  Then,  from 
the  nature  of  the  screw-chain,  we  must  have 

a/  :  a/'  =  o,'  :  Oa''  =  Oi'  :  Oj",  &c., 

for  as  twists  and  wrenches  are  compounded  by  the  same  rules,  the  inter- 
mediate screws  of  the  chain  require  that  the  ratio  of  two  consecutive 
amplitudes  of  the  twists  about  the  chain  shall  coincide  with  the  ratio  of  the 
intensities  of  the  two  corresponding  wrenches.  Denoting  the  virtual 
coefficient  of  Oi  and  /8i  by  the  symbol  w.^^,,  we  have  for  the  work  done  by 
a  twist  about  a,  against  the  screw-chain  fi, 

while  for  the  work  done  by  a  twist  about  $  against  the  screw-chain  a  we 
have  the  expression 

2ai"A'^.^.  +  2a,")8>^.,  &c. 

If  the  first  of  these  expressions  vanishes,  then  the  second  will  vanish  also. 

It  will  now  be  obvious  that  a  great  part  of  the  Theory  of  Screws  may  be 
applied  to  the  more  general  conceptions  of  screw-chains.  The  following 
theorem  can  be  proved  by  the  same  argument  used  in  the  case  when  only  a 
single  pair  of  screws  are  involved. 

If  a  screw-cluiin  0  be  reciprocal  to  two  screw-chains  a  and  0,  then  0  will 
be  reciprocal  to  every  screw-chain  of  the  system  obtained  by  compounding 
twists  on  a  and  jS. 
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A  screwchain  is  defined  by  6/i  -  1  data  (§  363).  It  follows  thai  a  finitr 
number  of  screw-chains  can  be  determined,  which  shall  be  reciprocal  U) 
6/4  —  1  given  screw-chains.  It  is,  however,  easy  to  prove  that  that  nttmbfr 
must  be  one.  If  two  chains  could  be  found  to  fulfil  this  conditioo.  th«« 
every  chain  formed  from  the  system  by  composition  of  two  twists  tberet* 
would  fulfil  the  same  condition.     Hence  we  have  the  important  result — 

One  screw-chain  can  alioays  be  determined  which  is  reciprocal  lo  6^  - 1 
given  screw-chains. 

This  is  of  course  only  the  generalization  of  the  fundamental  prupositiuci 
with  respect  to  a  single  rigid  body,  that  one  screw  can  always  be  found 
which  is  reciprocal  to  five  given  screws  (§  25). 

365.    Twists  on  G/i  4- 1  screw-chains. 

Given  6/i  +  1  screw-chains,  it  is  always  possible  to  determine  the  ampli- 
tudes of  certain  twists  about  those  chains,  such   that  if  those  twists  be 
applied  in  succession  to  a  mass-chain  of  fi  elements,  the  mass-chain  shalL 
afier  the  last  twist,  have  resumed  the  same  position  which  it  had  befive  ike 
first.     To  prove  this  it  is  first  necessar}'  to  show  that  from  the  system  fonned 
by  composition  of  twists  about  two  screw-chains,  one  screw-chain  can  alwmr» 
be  found  which  is  reciprocal  to  any  given  screw-chain.     This  is  indeed  ike 
generalization  of  the  statement  that  one  screw  can  alwa^^  be  found  on  « 
cylindroid  which  is  reciprocal   to  a  given  .screw.     The  proof  of  the  iikii^ 
general  theorem  is  equally  easy.     The  number  of  screw-chains  prodooed  br 
composition  of  twists  about  the  screw -chains  a  and  0   is  singly   infinite 
There  can,  therefore,  be  a  finite   number   of  screw-chains  of  this  system 
reciprocal  to  a  given  screw-chain  0.     But  that  number  must  be  one ;  for  if 
even  two  screw-chains  of  the  system  were  reciprocal  to  0,  then  eveiy  scirw- 
chain  of  the  system  must  also  be  reciprocal  to  6.     The  solution  of  the  origioAl 
problem  is  then  as  follows  : — Let  a  and  (i  be  two  of  the  given  6/*  +  1  chaio^ 
and   let  0  be   the   one  screw -chain  which    is  reciprocal  to  the  remaining 
6fi  —  1  chains.     Since  the  6/i  +  1  twists  are  to  neutralize,  the  total  quanutj 
of  work   done   against   any  wrench -chain    must  be  zero.      Take,  tbeo,  ant 
wrench-chain  on  0.    Since  this  is  rtK;iprocal  to  6fi  —  1  of  the  screw-chains^  tke 
twists  about  these  screw-chains  can  do  no  work  against  a  twist  on  0.    It 
follows  that  the  amplitudes  of  the  twists  about  a  and  /9  must  be  snch  tbu 
the  total  amount  of  work  done  must  be  zero.     For  this  to  be  the  csie,  tke 
two  twists  on  a  and  /3  mu.st  compound  into  one  twist  on  the  screw-chain ' 
which  belongs  to  the  system  (OLfS),  and  is  also  reciprocal  to  0.     This  d<»fin« 
the  ratio  of  the  amplitudes  of  the  two  twists  on  a  and  /8.     We  mav  m  fart 
draw  any  cylindroid  conUiining  three  homologous  screws  of  a,  /9,  and  7.  ibea 
the  ratio  of  the  sint^s  of  the  angles  into  which  7  divides  the  angle  bctwcttj 
a  and  fi  is   the   ratio  of  the  amplitudes  i»f  the  twists  on   a   and  0,     lu  a 
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similar  manner  the  ratio  of  the  amplitudes  of  any  other  pair  of  twists  can 
be  found,  and  thus  the  whole  problem  has  been  solved. 

We  are  now  able  to  decompose  any  given  twist  or  wrench  on  a  screw- 
chain  into  6ft  components  on  any  arbitrary  6fi  chains.  The  amplitudes  or 
the  intensities  of  these  6fi  components  may  be  termed  the  6/i  co-ordinates 
of  the  given  twist  or  wrench.  If  the  amplitude  or  the  intensity  be  regarded 
as  unity,  then  the  6/a  quantities  may  be  taken  to  represent  the  co-ordinates 
of  the  screw-chain.  In  this  case  only  the  ratios  of  the  co-ordinates  are  of 
consequence. 

If  the  mass-chain  have  only  n  degrees  of  freedom  where  n  is  less  than  6/a, 
then  all  the  screw-chains  about  which  the  mass-chain  can  be  twisted  are  so 
connected  together,  that  if  any  n  +  1  of  these  chains  be  taken  arbitrarily,  the 
system  can  receive  twists  about  these  n  + 1  chains  of  such  a  kind,  that  after 
the  last  twist  the  system  has  resumed  the  same  position  which  it  had  before 
the  first.  In  this  case  n  co-ordinates  will  be  sufficient  to  express  the  twist 
or  wrench  which  the  system  can  receive,  and  n  co-ordinates,  whereof  only  the 
ratios  are  concerned,  will  be  suflScient  to  define  any  screw-chain  about  which 
the  system  can  be  twisted. 

6/A  —  n  screw-chains  are  taken,  each  of  which  is  reciprocal  to  n  screw- 
chains  about  which  a  mass-chain  with  freedom  of  the  nth  order  can  twist. 
The  two  groups  of  n  screw-chains  on  the  one  hand,  and  6/i  —  n  on  the  other, 
may  each  be  made  the  basis  of  a  system  of  chains  about  which  a  mechanism 
could  twist  with  freedom  of  the  nth  order,  or  of  the  (6/a  — n)th  order,  re- 
spectively. These  two  systems  are  so  related  that  each  screw-chain  in  the 
one  system  is  reciprocal  to  all  the  screw-chains  in  the  other.  They  may  thus 
be  called  two  reciprocal  systems  of  screw-chains. 

Whatever  be  the  constraints  by  which  the  freedom  is  hampered,  the 
reaction  of  the  constraints  upon  the  elements  must  constitute  a  wrench  on 
a  screw-chain.  It  is  a  fundamental  point  of  the  present  theory  that  this 
screw-chain  belongs  to  the  reciprocal  system.  For,  as  no  work  is  done 
against  the  constraints  by  any  displacement  which  is  compatible  with  the 
freedom  of  the  mass-chain,  it  must  follow,  from  the  definition,  that  the 
wrench-chain  which  represents  the  reactions  must  be  reciprocal  to  all 
possible  displacement  chains,  and  must  therefore  belong  to  the  reciprocal 
systeuL 

For  a  wrench-chain  applied  to  the  mass-chain  to  be  in  equilibrium  it 
must,  if  not  counteracted  by  some  other  external  wrench-chain,  be  counter- 
acted by  the  reaction  of  the  constraints.     Thus  we  learn  that 
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Of  two  reciprocal  screw-chain  systems,  each  expresses  the  coUectiom  «/ 
nfrench'Chains  of  which  each  one  will  equilibrate  when  applied  to  a  moMs^hmm 
only  free  to  twist  about  all  the  chains  of  the  other  system. 

This  is,  perhaps,  one  of  the  most  comprehensive  theorems  on  Equikbrian 
which  could  be  enunciated. 

366.    ImpulsiTe  icrew-oliaiiis  and  instantaneous  sorvw-olwlas. 

Up  to  the  present  we  have  been  occupied  with  considerations  involniig 
kinematics  and  statics :  we  now  show  how  the  principles  of  kinetics  csa  be 
illustrated  by  the  theory  sketched  in  this  chapter. 

We  shall  suppose,  as  before,  that  the  mechanical  arrangement  which  we 
call  the  mass-chain  consists  of  fjL  elements,  and  that  those  elemenUi  are  »^ 
connected  together  that  the  mans-chain  has  n  degrees  of  freedom.  We  shall 
also  suppose  that  the  mass-chain  is  acted  upon  by  a  wrench  about  any  scn^v- 
chain  whatever.  The  first  step  to  be  taken  is  to  show  that  the  gives 
wrench-chain  may  be  replaced  by  another  more  conveniently  circamstsnoed. 
Take  any  n  chains  of  the  given  system,  and  6m  -  n  chains  of  the  rectfirooil 
system,  then  the  given  wrench-chain  cau  be  generally  deocnnposed  into 
components  on  the  ;i  +  (6/i  —  n)  chains  here  specified.  The  latter,  being  all 
capable  of  neutralization  by  the  reaction  of  the  constraints,  may  be  omitted 
while  the  former  n  wrench-chains  lidmit  of  being  compounded  into  a  single 
wrench-chain.     We  hence  have  the  following  important  proposition : — 

Whatever  be  the  forces  which  act  on  a  niass-chain,  their  effect  is  in 
equivalent  to  that  of  a  wrench  ati  a  screw-chain  which  belongs  to  the 
screw-chains  expreseing  the  freedom  of  the  mass-chain. 

The  application  of  this  theorem  is  found  in  the  fact  that,  while  we  still 
retain  the  most  perfect  generality,  it  is  only  necessary,  either  for  twisu  or 
wrenches,  to  consider  the  system,  defined  by  n  chains,  about  which  the  mint 
chain  can  be  twisted. 

Let  us  consider  the  mass-chain  at  rest  in  a  specified  position,  and  suppose 
it  receives  the  impulsive  action  of  any  set  of  forces,  it  is  required  to  determine 
the  in.staiitaneous  motion  which  the  system  will  acquire.  The  first  opermUos 
is  to  combine  all  the  forces  into  a  wrench-chain,  and  then  to  transform  that 
wrench-chain,  in  the  manuer  just  explained,  into  an  equivalent  wrench- 
chain  on  one  of  the  screws  of  the  svstem.  Let  0  be  the  screw-chain  of  the 
system  so  found.  In  consetjUi'iice  of  this  impulsive  action  the  mass-chain. 
previously  suppo80<l  to  be  at  n'st,  will  commence  to  move;  that  motion  can, 
however,  bi»  nothing  else  than  an  instantaneous  twist  velocity  about  a  icrvw- 
chain  a.  We  thus  have  an  impulsive  screw-chain  0  corresponding  to  a& 
instanUineous  screw-chain  a.  In  the  same  way  we  shall  have  the  impukiTc 
Hcrew  chains  <f>,  y^,  &c.,  correlated  to  the  in^^tantaneous  chains,  /9.  *y,  lie. 
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The  first  point  to  be  noticed  is,  that  the  correspondence  is  unique.  To 
the  instantaneous  chain  a  one  impulsive  screw-chain  0  will  correspond.  There 
could  not  be  two  screw-chains  0  and  d'  which  correspond  to  the  same  instan- 
taneous screw-chain  a.  For,  suppose  this  were  the  case,  then  the  twist 
velocity  imparted  by  the  impulsive  wrench  on  0  could  be  neutralized  by  the 
impulsive  wrench  on  d'.  We  thus  have  the  mass-chain  remaining  at  rest 
in  spite  of  the  impulsive  wrenches  on  0  and  0^,  These  two  wrenches  must 
therefore  neutralize,  and  as,  by  hypothesis,  they  are  on  different  screw- 
chains,  this  can  only  be  accomplished  by  the  aid  of  the  reactions  of  the 
constraints.  We  therefore  find  that  0  and  0'  must  compound  into  a 
wrench-chain  which  is  neutralized  by  the  reactions  of  the  constraiiitH. 
This  is,  however,  impossible,  for  0  and  0^  can  only  compound  into  a  wrench 
on  a  screw-chain  of  the  original  system,  while  all  the  reactions  of  the 
constraints  form  wrenches  on  the  chains  of  the  wholly  distinct  reciprocal 
system. 

We  therefore  see  that  to  each  instantaneous  screw-chain  a  only  one 
impulsive  screw-chain  0  will  correspond.  It  is  still  easier  to  show  that  to 
each  impulsive  screw-chain  0  only  one  instantaneous  screw-chain  a  will 
correspond.  Suppose  that  there  were  two  screw-chains,  a  and  a\  either  of 
which  would  correspond  to  an  impulsive  wrench  on  0,  We  could  then  give 
the  mass-chain,  first,  an  impulsive  wrench  on  0  of  intensity  \,  and  make 
the  mass-chain  twist  about  a,  and  we  could  simultaneously  give  it  an  im- 
pulsive wrench  on  the  same  screw-chain  0  of  intensity  —  \,  and  make  the 
mass-chain  twist  about  a\  The  two  impulses  would  neutralize,  so  that  bh 
a  matter  of  hct  the  mass-chain  received  no  impulse  whatever,  but  the 
two  twist  velocities  could  not  destroy,  as  they  are  on  different  Hcrew-chains* 
We  would  thus  have  a  twist  velocity  produced  without  any  expenditure  of 
energy. 

We  have  thus  shown  that  in  the  n-system  of  screw-chains  expressing  the 
freedom  of  die  mass-chain,  one  screw-chain,  regaided  an  an  instantaoeotM 
screw-chain,  wiU  correspond  to  one  screw-chain,  regarded  as  an  impulsive 
screw-chain,  and  conversely,  and  therefore  linear  relations  between  the 
co-ordinates  are  immediately  suggested.  Tliat  there  are  such  relations  can  be 
easily  proved  directly  from  the  laws  of  motion  (see  Appendix,  note  7),  We 
therefore  hare  established  a  case  of  screw-chain  faomograpby  between  the 
two  systems,  so  that  if  Bw-  0»  denote  the  co-ordinates  of  the  impuisive 
8crew-<^iain,  and  if  a,,  ...  a.  denote  the  a>ordmaUsB  of  the  c^/mnpf/tidmg 
instantaoeoos  screw-chain,  we  must  hare  n  equations  of  the  type 

^, «  (11>  a,  +  (12)  tt,  +  a3)  «,...+(!»>  2., 


^»s(a  1)0, +(ft  2)09^ ^<iMi;a«, 
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where  (11),  (12),  &c.,  are  n'  cocfficientH  depending  on  the  distribution  of  the 
masses,  and  the  other  circumstances  of  the  mass-chain  and  its  coostrminu 
The  equations  having  this  form,  the  necessary  one-to-one  correspoodence  ii 
manifestly  observed. 

367.    The  principal  icrew-chainB  of  Inertia. 

We  are  now  in  a  position  to  obtain  a  result  of  no  little  interest.  Juftt  m 
we  have  two  double  points  in  two  homographic  rows  on  a  line,  so  we  have  • 
double  chains  in  the  two  homographic  chain  systems.  If  we  make,  in  the 
foregoing  equations, 

tf,  =  ptf, ;         ^a  =  pa,,  &C., 

we  obtain,  by  elimination  of  a,, ...  On.  an  equation  of  the  nth  degree  in  p. 
The  roots  of  this  equation  are  n  in  number,  and  each  root  substituted  in  the 
equations  will  enable  the  co-ordinates  of  each  of  the  n  double  screw-chaiM 
to  be  discovered.  The  mechanical  property  of  these  double  chains  is  to  be 
found  in  the  following  statement : — 

If  any  mass-chain  have  n  degrees  of  freedom,  then  in  general  n  scre^ 
chains  can  always  be  found  {btU  not  more  than  n),  such  thai  if  the  moje-cAota 
receive  an  impulsive  wrench  from  any  one  of  these  screw-chaine^  ii  will 
immediaiely  commence  to  move  by  twisting  about  the  same  screw-ckain. 

In  the  case  where  the  mass-chain  reduces  to  a  single  rigid  body,  free  or 
constrained,  the  n  screw-chains  to  which  we  have  just  been  conducted  reduce 
to  what  we  have  called  the  n  principal  screws  of  inertia.  In  the  case,  stiO 
more  specialized,  of  a  rigid  body  only  free  to  rotate  around  a  point,  the 
theorem  degenerates  to  the  well-known  prupi^rty  of  the  principal  axes.  We 
may  thus  regard  the  n  principal  chains  now  found  as  the  generalixatioo  uf 
the  familiar  property  of  the  principal  axes  for  any  system  anyhow  ooo- 
strained. 


Considerable  simplification  is  introduced  into  the  equations  when, 
of  choosing  the  chains  of  reference  arbitrarily,  we  select  the  n 
screw-chains  for  this  purpose ;  we  then  have  the  very  simple  results, 

^,«(ll)a,;      tf,  =  (22)a,;     ...  ^««(iin)a,. 

This  gives  a  method  of  finding  the  impulsive  screw-chain  correspooding  W 
any  instantaneous  screw-chain.  It  is  <mly  necessary  to  multiply  the  <»- 
ordinates  of  the  instantaneous  screw-chiiin  o,,  a^  by  the  constant  fiMrtonilh 
(12),  &c,  in  order  to  find  the  co-ordinates  ot  the  impulsive  screw-chain. 

The  g«»nenil  ty|K?  of  honio^niphy  here  indicati^l  has  to  bt*  ik»mtfwhit 
speciaiizeil  for  tlie  case  of  impul.sive  screw-chains  and  instantane4>us  tcr^*- 
chaiuH.  The  n  double  screw-chains  are  generally  quite  unconnect^nl— »»* 
might,  indeed,   have  exhibited  the  relation  between  the  two  homogrmphA 
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systems  of  screw-chains  by  choosing  n  screws  quite  arbitrarily  as  the  double 
screws  of  the  two  systems,  and  then  appropriating  to  them  n  factors  (11), 
(22),  (33),  &c.,  also  chosen  arbitrarily.  In  the  case  of  impulsive  and  instant- 
aneous chains,  the  n  double  chains  are  connected  together  by  the  i^elation 
that  each  pair  of  them  are  reciprocal,  so  that  the  whole  group  of  n  chains 
form  what  may  be  called  a  set  of  co-reciprocals. 

To  establish  this  we  may  employ  some  methods  other  than  those 
previously  used.  Let  us  take  a  set  of  n-co-reciprocal  chains,  and  let  the 
co-ordinates  of  any  other  two  chains,  0  and  <f>  of  the  same  system,  be  ^i, ...  ^n 
and  (f>i,  ...  <f>n'  Let  2pi,  2p^y  &c.,  2pn  be  certain  constant  parameters 
appropriated  to  the  screws  of  reference.  2pi  is,  for  example,  the  work  done 
by  a  twist  of  unit  amplitude  on  the  first  screw-chain  of  reference  against  a 
wrench  of  unit  intensity  on  the  same  chain.  The  work  done  by  a  twist  0i 
against  a  wrench  ^j  on  this  chain  is  2pj^i<^.  As  the  chains  of  reference  are 
co-reciprocal,  the  twist  on  0^  does  no  work  against  the  wrenches  <f>^,  ^j, ...  &c. ; 
hence  the  total  work  done  by  a  twist  on  0  against  the  wrench  on  <^  is 

2pi^i<^+...  -\-2pn0n(f>n; 

and  hence  if  0  and  <f>  be  reciprocal, 

Pi0i<t>i  +  •••  +Pn0n<f>n  =  0. 

The  quantities />i,  .../>»  are  linear  magnitudes,  and  they  bear  to  screw-chains 
the  same  relation  which  the  pitches  bear  to  screws.  If  we  use  the  word 
pitch  to  "signify  half  the  work  done  by  a  unit  twist  on  a  screw-chain  against 
the  unit  wrench  on  the  screw-chain,  then  we  have  for  the  pitch  />,  of  the 
chain  0  the  expression 

The  kinetic  energy  of  the  mass-chain,  when  animated  by  a  twist  velocity  of 
given  amount,  depends  on  the  instantaneous  screw-chain  about  which  the 
system  is  twisting.  It  is  proportional  to  a  certain  quadratic  function  of  the  n 
co-ordinates  of  the  instantaneous  screw.  By  suitable  choice  of  the  screw- 
chains  of  reference  it  is  possible,  in  an  infinite  number  of  ways,  to  exhibit 
this  function  as  the  sum  of  n  squares.  It  follows  from  the  theory  of 
linear  transformations  that  it  is  generally  possible  to  make  one  selection  of 
the  screw-chains  of  reference  which,  besides  giving  the  energy  function  the 
required  form,  will  also  exhibit  p^  as  the  sum  of  n  squares.  This  latter 
condition  means  that  the  screw-chains  of  reference  are  co-reciprocal.  It  only 
remains  to  show  that  the  n  screw-chains  of  reference  thus  ascertained  must 
be  the  n  principal  screw-chains  to  which  we  were  previously  conducted 

We  may  show  this  most  conveniently  by  the  aid  of  Lagrange's  equations 
of  motion  in  generalized  co-ordinates  (§  86). 
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Let  01, ...  On  represent  the  co-oixliiiates  of  the  impulsive  screw-chain,  uA 
let  fli. ...  flu  be  the  co-ordinates  of  the  corresponding  instantancoost  scrrv- 
chain,  reference  being  made  to  the  screw-chains  of  reference  just  found 

Lagrange's  equations  have  the  form 

dt  \daj     da,"     ^'* 

where  T  is  the  kinetic  energy,  and  where  Pi  8a,  denotes  the  work  d»»iir 
against  the  forces  by  a  twist  of  amplitude  Sap 

If  ^"  denote  the  intensity  of  the  impulsive  wrench,  then  its  ci>mp»cirDt 
on  the  first  screw  of  reference  is  ^"^,,  and  the  work  done  is  2/>,^'tf,i«, 
while,  since  the  chains  are  co-reciprocal,  the  work  done  by  &i,  ag3iiD.<t  thr 
components  of  ^"  on  the  other  chains  of  reference  is  zero,  we  therefore  ha%c 

We  have  also 

when  fii,...Un  are  certain  constants. 

We  have,  therefore,  from  Lagrange's  equation, 

whence,  integrating  during  the  small  time  f,  during  which  the  impabire 
force  acts, 

ifM,«da,  =  -d,pJ^"de, 

in  which  a  is  the  actual  twist  velocity  about  the  screw-chain,  S4>  that  di^i^f 
each  being  merely  the  expression  for  the  component  of  that  twist  vel«Yiu 
about  the  screw-chain. 

We  hence  obtain  d,, ...  d^)  proportional  respectively  to 

,    .  .  .  • 

Pi  Ph 

If  we  make  —  =  (11),  &c.,  we  have  the  previous  result, 

^i  =  (ll)ai, 


0^^(nn)an. 


3M.     Oo^Jugate  tcrew-chaint  of  Inertia. 

Fnmi  the  ri»su  Its  just  obtaino<l.  which  relate  of  counw*  only  t4>  thorhAia^'* 
reference,  we  can  cieduce  a  very  rt^inarkable  pn»pi»rty  connecting  instantam^'^^^ 
chain.*4,  ancl  impulsive  chains  in  general.  Let  a  and  ff  be  tH*o  tfu^^inlan^" 
chains,  and  let  0  and  ^  be  the  two  correnpu^iding  itnpuUive  chains,  tkem  «^  • 
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is  reciprocal  to  <f>,  /8  will  be  reciprocal  to  B.  This,  it  will  be  observed,  is  a 
generalization  of  a  property  of  which  much  use  has  been  previously  made 
(§  81).     The  proof  is  as  follows. 

The  co-ordinates  of  the  instantaneous  chains  are 

Otj,  ...  (Xn» 
Pi»  •••  Pn* 

The  co-ordinates  of  the  corresponding  impulsive  chains  are 

,  .  • .  , 

Px  Pn 

and 

,    .  .  .  '   ~      • 

Pi  Pn 

If  the  chain  a  be  reciprocal  to  the  impulsive  chain  which  produces  /3,  then 
we  have 

but  this  being  symmetrical  in  a  and  /3  is  precisely  the  same  as  the  condition 
that  the  impulsive  chain  corresponding  to  a  shall  be  reciprocal  to  /8.  Following 
the  analogy  of  our  previous  language  we  may  describe  two  screw-chains  so 
related  as  conjugate  screw-chains  of  Inertia. 

369.    Harmonic  ■crew-chains. 

We  make  one  more  application  of  the  theory  of  screw-chains  to  the 
discussion  of  a  kinetical  problem.  Let  us  suppose  that  we  have  any  material 
system  with  n  degrees  of  freedom  in  a  position  of  stable  equilibrium  under 
the  action  of  a  conservative  system  of  forces.  If  the  system  receive  a  small 
displacement,  the  forces  will  no  longer  equilibrate,  but  the  system  will  be 
exposed  to  the  action  of  a  wrench  on  a  screw-chain.  We  thus  have  two 
corresponding  sets  of  screw-chains,  one  set  being  the  chains  about  which  the 
system  is  displaced,  the  other  set  for  the  wrenches  which  are  evoked  in 
consequence  of  the  displacements. 

By  similar  reasoning  to  that  which  we  have  already  used,  it  can  be  shown 
that  these  two  corresponding  chain  systems  are  homographic.  We  can 
therefore  find  n  screw-chains  about  which,  if  the  system  be  displaced,  a 
wrench  will  be  evoked  on  the  same  screw-chain,  and  (the  forces  having  a 
potential)  it  can  be  shown  that  this  set  of  n  screw-chains  are  co-reciprocal. 

If  after  displacement  the  system  be  released  it  will  continue  to  make 
small  oscillations.  The  nature  of  these  oscillations  can  be  completely 
exhibited  by  the  screw-chains.  To  a  chain  a,  regarded  as  an  instantaneous 
screw-chain,  will  correspond  the  screw  d  as  an  impulsive  screw-chain.  To  the 
chain  a,  regarded  as  the  seat  of  a  displacing  twist,  will  correspond  a  wrench 


d 
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^  which  is  evoked  by  the  action  of  the  forces.  It  will,  of  coone,  genermll? 
happen  that  the  chain  6  is  different  from  the  chain  ^  It  can  bowerer  be 
shown  that  6  and  <f>  are  not  in  every  case  distinct.  There  are  fi  different 
screw-chains,  each  of  which  regarded  as  a  will  have  the  two  correspoDdinn^ 
screws  0  and  <f>  identical.  Nor  is  it  difficult  to  see  what  the  effect  of  such  % 
displacement  must  be  on  the  small  oscillations  which  follow.  A  wreoch  l« 
evoked  by  the  displacement,  and  since  6  and  ^  coincide,  that  wrench  » 
undistinguishable  from  an  infinitely  small  impulsive  wrench  which  will 
make  the  system  commence  to  twist  about  a.  We  are  thus  led  to  the 
result  that — 

There  are  n  screw-chains  such  that  if  the  system  he  displaced  fry  a  f wui 
ofrout  one  of  these  screw-chains,  and  then  released,  it  will  continue /or  ewer  to 
twist  to  and  fro  on  the  same  screw-chain. 

Following  the  language  previously  used,  we  may  speak  of  theae  m 
harmonic  screw-chains,  and  it  can  be  shown  that  whatever  be  the  small 
displacement  of  the  system,  and  whatever  be  the  small  initial  velocities  with 
which  it  is  started,  the  small  oscillations  are  merely  compounded  of  twu4 
vibrations  about  the  n  harmonic  screw-chains. 


CHAPTER  XXV. 

THE  THEORY  OF  PERMANENT  SCREWS*. 

360.    Introduction. 

In  commencing  this  chapter  it  will  be  convenient  to  recite  a  well-known 
dynamical  proposition,  and  then  to  enlarge  its  enunciation  by  successive 
abandonment  of  restrictions. 

Suppose  a  rigid  body  free  to  rotate  around  a  fixed  point.  There  are,  as 
is  well  known,  three  rectangular  axes  about  any  one  of  which  the  body 
when  once  set  in  rotation  will  continue  to  rotate  uniformly  so  long  as  the 
application  of  force  is  withheld.  These  axes  are  known  as  permanent  axes. 
The  freedom  of  the  body  in  this  case  is  of  a  particular  nature,  included  in 
the  more  general  type  known  as  Freedom  of  the  Third  Order.  The  Freedom 
of  the  Third  Order  is  itself  merely  one  subdivision  of  the  class  which, 
including  the  six  orders  of  freedom,  embraces  every  conceivable  form  of 
constraint  that  can  be  applied  to  a  rigid  body.  We  propose  to  investigate 
what  may  be  called  the  theory  of  permanent  screws  for  a  body  constrained 
in  the  most  general  manner. 

The  movement  of  the  body  at  each  moment  must  be  a  twist  velocity 
about  some  one  screw  0  belonging  to  the  system  of  screws  prescribed  by 
the  character  of  the  constraints.  In  the  absence  of  forces  external  to  those 
arising  from  the  reactions  of  the  constraints,  the  movement  will  not,  in 
general,  persist  as  a  twist  about  the  same  screw  0,  The  instantaneous  screw 
will  usuaUy  shift  its  position  so  as  to  occupy  a  series  of  consecutive  positions 
in  the  system.  It  must,  however,  be  always  possible  to  compel  the  body  to 
remain  twisting  about  0,  For  this  purpose  a  wrench  of  suitable  intensity 
on  an  appropriate  screw  17  may  have  to  be  applied  Without  sacrifice  of 
generality  we  can  in  general  arrange  that  tj  is  one  of  the  system  of  screws 

*  Tram.  Rof.  Irish  Aead^  Vol.  zziz.  p.  613  (l<^>). 
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which  expresses  the  freedom  of  the  body  (§  96).  It  may  aomeiimes  appeir 
that  the  intensity  of  the  necessary  wrench  on  17  vanishes.  The  body  ia 
such  a  case  requires  no  coercion  beyond  that  of  the  original  constraiot*  to 
preserve  d  as  the  screw  about  which  it  twists,  and  when  this  is  the  caw  w 
shall  descril)e  d  as  a  permanent  screw.  This  use  of  the  word  permamni 
does  not  imply  that  the  body  could  remain  for  ever  twisting  about  tUf 
screw,  for  the  movement  of  the  body  to  an  appreciable  distance  will  ia 
general  entail  some  change  in  its  relation  to  the  constraints.  The  chancier 
istic  of  the  permanent  screw  is  the  absence  of  any  acceleration  in  the  bodj 
twisting  about  it,  using  the  word  acceleration  in  its  widest  sense. 

In  the  earlier  parts  of  the  chapter  we  shall  discard  the  reslrictiaai 
involved  in  the  assumption  that  the  material  arrangement  is  only  a  siagie 
rigid  body.  The  doctrine  of  screw-chains  (Chap,  xxiv.)  enables  us  to  extead 
a  considerable  ])ortion  of  the  present  theory  to  any  mass-chain  whateTer 
Any  number  of  material  parts  connected  in  any  manner  must  still  ooofona 
to  the  general  law,  that  the  instantaneous  movements  can  always  be  repre- 
sented by  a  twist  about  a  certain  screw-chain.  In  general  the  maa»-chaio 
will  have  a  tendency  to  wander  from  twisting  about  the  original  screw-chaia. 
In  such  cases  the  position  of  the  instantaneous  screw-chain  cannot  ht 
maintained  without  the  imposition  of  further  coercion  than  that  which  the 
constraints  supply.  This  additional  set  of  forces  may  be  applied  by  s 
restraining  wrench-chain,  the  relation  of  which  to  the  instantaneous  tctev- 
chain  we  shall  have  to  consider.  Sometimes  it  may  appear  that  no  restraining 
wrench-chain  is  necessary  beyon<l  one  of  those  pn>vide<l  by  the  rpacti<«  oi 
the  constmints.  The  instantanetms  screw-chain  is  then  t4>  be  described  m» 
permanent, 

361.    DilTerent  properties  of  a  Principal  Axis. 

Another  preliminar}'  matter  should  be  also  noticed,  because  it  exhibifak 
the  relation  of  tlu»  suhji»ct  discussed  in  this  chapter  to  some  other  paru^  of 
the  Theory  of  Screws.     In  the  ordinary  theory  of  the  rigid  body  there  stp. 
as  is  well  known,  two  distinct  properties  of  a  principal  axis  which  poaw» 
dynamical  sigiiiticance.     We  may  think  of  a  principal  axis  as  the  axis  of  a 
couple  which,  when  applie<l  impulsively  to  the  body,  will   set    it    ri>tatin^ 
about  this  axis.      We  may  also  think  of  the  principal  axis  as  a  duvcii<4i 
about  which,  if  a  IxkIv  Ih»  onct»  set  in  n>tiititm,  it  will  continue  t4»  rvUW 
The  first  of  thesr  j)n»p«-rties  by  suitable  geiienilization  opens  up  the  tlw*^ 
of   prinoijwil    M-rew-ehains  of   inertia,  which  we  have  alreaily  explainiHi  in 
previtMis  ('ha|»t<Ts.     It  is  from  the  other  projH'rty  of  the  principal  ax v^  tkas 
th«-  pnH4-iit   iiivrst ignition  takes  its  rise.     It   is  iin|K>rtant  to  note  thai  l*^* 
t\n\ir  ditfi-n'iit  <i«'partineiitH  in  the  Theory  of  Serew.s  happen  to  cual«ci' :o 
the  very  sjH-eial  m^-  at  n  ri^i<i  Ixnly  r<»tating  around  a  point. 
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362.    A  Property  of  the  Kinetic  Energy  of  a  System. 

It  is  obvious  that  the  mere  alteration  of  the  azimuth  about  a  fixed  axis 
from  which  a  rigid  body  is  set  into  rotation  will  not  affect  its  kinetic  energy, 
provided  the  position  of  the  axis  and  the  angular  velocity  both  remain  un- 
altered. 

A  moment's  reflection  will  show  that  this  principle  may  be  extended  to 
any  movement  whatever  of  a  rigid  body.  At  each  instant  the  body  is 
twisting  about  some  instantaneous  screw  a  with  a  twist  velocity  i  Let 
the  body  be  stopped  in  a  position  which  we  call  A,  Let  it  receive  a  dis- 
placement by  a  twist  of  any  amplitude  about  a  and  thus  be  brought  to  a 
position  which  we  call  5*.  Finally,  let  the  body  be  started  from  its  new 
position  £  so  as  to  twist  again  about  a  with  the  original  twist  velocity  d, 
then  it  is  plain  that  the  kinetic  energy  of  the  body  just  before  being  stopped 
at  the  position  A  is  the  same  as  its  kinetic  energy  just  after  it  is  started 
from  the  position  B. 

Enunciated  in  a  still  more  general  form  the  same  principle  is  as 
follows : — 

Any  mass-chain  in  movement  is  necessarily  twisting  about  some  screw- 
chain.  If  we  arrest  the  movement,  displace  the  mass-chain  to  an  adjacent 
position  on  the  same  screw-chain,  and  then  start  the  mass-chain  to  twist 
again  on  the  same  screw-chain,  with  its  original  twist  velocity,  the  kinetic 
energy  must  remain  the  same  as  it  was  before  the  interruption. 

This  principle  requires  that  whatever  be  the  symbols  employed,  the 
function  T,  which  denotes  the  kinetic  energy,  must  satisfy  a  certain  identical 
equation.  I  propose  to  investigate  this  equation,  and  its  character  will 
perhaps  be  best  understood  by  first  discussing  the  question  with  co-ordinates 
of  a  perfectly  general  type.  We  shall  suppose  the  mass-chain  has  n  degrees 
of  freedom. 

Let  the  co-ordinates  ^,...^n  represent  the  position  of  the  mass-chain, 
and  let  its  instantaneous  motion  be  indicated  by  ^i,...^n*  Let  0  be  the 
initial  position  of  the  mass-chain,  then  in  the  time  ht  it  has  reached  the 
position  (/,  whereof  the  co-ordinates  are 

The  movement  from  0  to  0'  must,  like  every  possible  movement  of  a 
system,  consist  of  a  twist  about  a  screw-chain.  This  is  a  kinematical  fact, 
wholly  apart  from  whatever  particular  system   of  co-ordinates   may  have 

*  We  have  aapposed  thai  the  pitch  of  this  dispUoement  is  the  same  as  the  pitch  of  a.  This 
restriction  is  only  introdaoed  hero  because  the  constraints  will  generaUy  forbid  the  body  to  make 
any  other  twist  abont  the  axis  of  a.  If  the  body  were  quite  free  we  might  discard  the  restriction 
altogether  as  is  in  fact  done  later  on  (§  376). 

B.  26 
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been  adopted.     We  call  this  Hcrew-chain  d,  and  6  denotOB  the  twist  Teiocit; 
with  which  the  system  moves  round  0. 

Choose  any  n  independent  screw-chains,  about  each  one  of  which  the 
maHS-chain  is  capable  of  twisting.  Then  d  can  be  decomposed  into  n  cum- 
ponents  which  have  twist  velocities  ^i,...  ^n  about  the  several  8crew-<rhai]i» 
of  reference  (§  355). 

Since  everything  pertaining  to  the  position  or  the  movement  of  the 
mass-chain  must  necessarily  admit  of  being  expressed  in  terms  of  tbe  co> 
ordinates  of  the  mass-chain,  and  since  the  quantities  ^i,  ...  6^  are  definiteh 
determined  by  the  position  and  movements  of  the  mass-chain,  it  fotIov» 
that  these  quantities  must  be  given  by  a  group  of  formulae  which  may  be 
written 


Let  the  mass-chain  be  stopped  in  the  position  A.  Let  it  then  be  dis- 
placed to  an  adjacent  position  B  defined  by  the  following  variations  of  tbe 
oo-ordinates 

&r| «  XiSe, . . .  &Xn  =  «»Se, 

where  Be  is  a  small  quantity.  From  this  new  position  B  let  the  maas-^kaia 
be  started  into  motion  so  that  it  shall  have  the  same  twist  velocity  m  it 
had  just  before  being  stopped  in  A  and  about  the  same  screw-chmin.  Tlib 
condition  requires  that  each  of  the  quantities  ^n  ...  ^»  shall  resame  its  original 
value  unaltered  by  the  stoppage  and  RubscH)uent  restarting  of  the  mw^ 
chain  from  a  new  position.  There  must  accordingly  be  an  adjustmenl  <^ 
&f,, ...  Sin  tro  satisfy  the  equations 

j^;s.,...+j^-s,.  +  g;8*,H....|;»»..o. 


Under   these  circumstances   T  has   obviously   not   altered,   so   that  «v 
have  also 

,     &r,  +  ...    .      &r„  + -^.   &r, +  ...,.&»,»  0. 
Ia'I  mh  assume,  for  brevity,  the  symbol  A,  such  that 

A  ^  J-,   -        -f     . .  -f  J-n    .       . 
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Then  we  obtain,  by  elimination  of  Sx,,  ...  &r„,  and  Be, 


v.. 


d/.        df. 


A/„. 


dd>i  *      dxn 

dxi  * '"  dxn 

Such  is  the  general  condition  which  must  be  satisfied  by  the  kinetic  energy 
of  any  material  arrangement  whatever.  But  the  equation  is  so  complicated 
when  expressed  in  ordinary  rectangular  co-ordinates  that  there  is  but  little 
inducement  to  discuss  it. 

363.    The  Identical  Equation  in  Screw-chain  Oo-ordinatet. 

The  Theory  of  Screw-chains  exhibits  this  equation  in  a  form  of  special 
simplicity.     For,  suppose  that 

then  the  equation  of  the  last  article  reduces  to 

Ar=o. 

We  thus  have  the  following  theorem: — 

If  ike  cO'OrdinateSy  d/,  ..•  0n$  of  a  mass-chain  be  n  twists  about  n  screw- 
chains,  belonging  to  the  system  of  screw-chains  which  express  the  freedom  of 
the  mass-chain,  and  if  6^,.,.  dn  be  the  twist  velocities  of  the  mass-chain  about 
these  same  screw-chains,  then  the  kinetic  energy  T  satisfies  the  equation 

X  dT        .AdT__^ 

*'i  ZJ3^  •  •  •   '  *'»  J  a  '  —  ^' 
aui  aun 

I  have  thought  it  instructive  to  exhibit  the  origin  of  this  equation  as 
a  special  deduction  from  the  case  of  co-ordinates  of  the  general  type.  For 
a  brief  demonstration  the  following  simple  argument  suffices : — 

If  the  mass-chain  be  displaced  through  S0i,...S0n  while  the  velocities 
are  unaltered,  the  change  of  kinetic  energy  is 

-jK^t  O0i   +  . . .  +  -j^/  O0n* 

aui  aun 

If  the  change  of  the  position  be  due  to  a  small  twist  Be  around  the  screw- 
chain  with  co-ordinates  6i,...dn,  then 


UnBe  =  B0n\ 


26—2 
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but  from  the  physical  property  of  the  kinetic  energy  already  cited,  it  apfinn 
that  this  kind  of  displacement  cannot  change  the  kinetic  enei^,  whence 

X  dT  X   dT  _ 

364.    The  OonYene  Theorem. 

Let  us  take  the  general  case  where  the  co-ordinates  are  x,,...x»  tud 
Xi, ...  Xn-  Suppose  that  ir,, ...  x„  are  all  zero,  then  ^i  is  the  velocity  of  the 
mass-chain.  We  shall  also  take  ^j, ...  Xn  to  be  zero,  so  that  we  only  cnoflider 
the  position  of  the  mass-chain  defined  by  x^.  Think  now  of  the  two  pneqtioof 
for  which  ar,  =  0  and  ar,  =  x^  respectively.  Whatever  be  the  character  of  the 
constraints  it  must  be  possible  for  the  mass-chain  to  pass  from  the  poniliot 
^,  =r  0  to  the  position  x^  =  x^  by  a  twist  about  a  screw-chain.  The  magnitoiie 
x/  is  thus  correlated  to  the  position  of  the  mass-chain  on  a  screw-chain  aboQt 
which  it  twists. 

If  the  co-ordinates  are  of  such  a  kind  that  the  identical  e<|uation  which  f 
must  necessarily  satisfy  has  the  fonn 

.dT      _^.   dT  _^ 

Xi    J     ,  . . .  +  Xn  J-    t  —  "i 
(uTi  dXn 

then  for  the  particular  displacement  corresponding  to  the  first  coH^rdiziaw. 
or^y ,.,  Xn  are  all  zero,  and 

etc/      "' 
and  as  T  must  involve  x^  in  the  second  degree*,  we  have 

where  H  is  independent  of  a-,'. 

I>»t  r,  bi»  the  twist  velocity  about  the  screw-chain  corredp^mtiing  tt»  tbr 
first  co-ordinate,  then,  of  course,  A  being  a  constant, 

whcnco  A  p,'  =  Hx^, 

and  by  intugration  and  ndju.stment  of  units  and  origins 

Wt'  thus  s<H*  that  while  thr  <liHphu*<'ment  rorresponding  to  the  first  ci>-«irdiiu:<' 
must  jilwuys  be  a  twist  alnnit  i\  screw-chain,  whati»ver  be  tht*  ainual  naton^-^ 
th«*  n»etri<'  i-leinent  chosm  (or  tht'  (M>-onlinat<»,  yt*t  that  when  the  ulrol)^ 
«N{uuti<)ii  assumes  the  form 
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the  metric  element  must  be  essentially  the  amplitude  of  the  twist  about  the 
screw-chain.     We  have  thus  proved  the  following  theorem  ; — 

The  co-ordinates  must  he  twists  about  n  screw-chains  of  reference  whenever 
the  identical  equation^  satisfied  by  T,  assumes  the  form 

366.    Transformation  of  the  Vanishing  Emanant. 

Suppose  that  the  position  and  movement  of  a  mass-chain  were  represented 
by  the  co-ordinates  d/,  ^/,  ...  ^»';  di,  ^„  ...  ^n  when  referred  to  one  set  of 
n  screws  of  reference,  and  by  <^/,  i^^',  ...  <^,/;  </>„  ^„ ...  <^„  when  referred  to 
another  set  of  screws  of  reference.  Then  of  course  these  sets  of  co-ordinates 
must  be  linearly  connected. 

We  may  write 

^n'  =  (wl)  <^/  . . .  +  {un)  <^„'. 
Then,  by  differentiation 

^,=(11)^,  ...-f(ln)^n. 

Thus  the  two  sets  of  variables  are  co-gredients,  and  by  the  theory  of 
linear  transformations  we  must  have 

dT  A    dT      :    dT  :    dT 


afJi  a"n  a,<Px  a<Pn 

The  expression  on  either  side  of  the  equation  is  of  course  known  in  algebra 
as  an  emanant  (§  261). 

We  could  have  foreseen  this  result  from  the  fact  that  whatever  set  of 
n  independent  screw-chains  belonging  to  the  system  was  chosen,  the  identical 
equation  must  in  each  case  assume  the  standard  form. 

366.  The  General  Equations  of  Motion  with  Screw- chain 
Oo-ordinates. 

The  screw-chain  co-ordinates  of  a  mass-chain  with  n  degrees  of  freedom 
are  0i\  ...  0n',  the  co-ordinates  of  the  velocities  are  Uu  ...  Un-  Let  17  be  the 
wrench-chain  which  acts  on  the  system.  Let  the  components  of  the  wrench- 
chain,  when  resolved  on  the  screw-chains  of  reference,  have  for  intensities 
^r»  •••  Vn'-  Let  pi, ,.. pnhe  the  pitches  of  the  chains  of  reference,  by  which 
is  meant  that  2/>i  is  the  work  done  on  that  screw-chain  by  a  twist  of  unit 
amplitude  against  a  wrench  of  unit  intensity  on  the  same  screw-chain.  Then 
the  screw-chains  of  reference  being  supposed  to  be  co-reciprocal,  we  have, 
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from  Lagrange's  equations, 

d  (dT\     dT  _.      „ 

dt\d0j  ~  der  ^'^" 

These  u<{uations  iidmit  of  a  transformation  by  the  aid  of  the  identity 

A  dT       .idT^^n 

"'der'     "de:  "• 

Differentiating  this  equation  by  ^„  we  find 

dT      .     d^T  A     dT 


(dT\      AiPT      .    d'T  .     d'T        .    #r  .     rfT 

whence,  by  substitution 

d(dT^_-.d^T         u     d'T       dT 

dt  [dej  "  '  dX'  ■  ■  ■  ■*■    dd4dn "  de: ' 

H<.*nce  when  screw-chain  co-onlinates  arc  employed  Lagrange's  equalii<i» 
may  be  written  in  the  form 

■Ad'T      .    d'T  V     d'T    _       /  ldT\ 


g    d'T        ..     d'T  .d'T      „z„,'«.ldT^^ 

367.    Oeneralixation  of  the  Eulerian  Equatioiia. 

The  e<{uationH  just  written  can  be  further  simplified  by  approph*w 
choice  of  the  sc^rew-chains  of  reference.  Wo  have  already  awtimed  ike 
8cn?w-chain.s  of  refen.»nce  to  l)e  co-reciprocal.  If,  however,  we  iiek^ct  Uus 
particular  group  which  forms  the  princii>al  screw-chains  of  inertia  i §  *IST » 
then  every  pair  vlw  conjugate  screw-chains  of  inertia  besides  being  nvipn^-a. 
In  this  ciisr  T  takes  the  fonn 
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Neglecting  the  small  quantities  6^' ...  &c.  we  have 

Introducing  these  values  we  obtain 

1  dr 


if«.'^.  =  p.(.."  +  ij^). 


These  may  be  regarded  as  the  generalization  for  any  material  arrangement 
whatever  of  the  well-known  Eulerian  equations  for  the  rotation  of  a  rigid 
body  around  a  fixed  point.  If  there  are  no  external  forces  then  17/', ...  i/n" 
are  all  zero,  and  the  equations  of  movement  assume  the  simple  form 


iftt,«^,=  ^^ 


ddn' 

368.    The  Restraining  Wrench-chain. 

If  a  mass-chain  be  twisting  about  an  instantaneous  screw-chain  0,  the 
mass-chain  will,  in  general,  presently  forsake  0  and  gradually  adopt  one 
instantaneous  screw-chain  after  another.  It  is  however  possible,  by  the 
application  of  a  suitable  wrench-chain,  to  compel  the  mass-chain  to  continue 
twisting  about  the  same  screw  0  with  unchanged  twist  velocity.  We  now 
proceed  to  the  discovery  of  this  restraining  wrench-chain  when  no  other 
external  forces  act  on  the  mass-chain. 

As  all  the  accelerations  of  0  must  vanish,  the  co-ordinates  of  the  wrench- 
chain  required  are  obtained  by  imposing  the  conditions 

gj  =  0;     ^,  =  0,...  0n^O. 

We  therefore  infer  from  the  general  equations  of  §366,  that  if  17/', ...  tfn' 
are  the  co-ordinates  of  the  restraining  wrench-chain  we  must  have 


"J.  1  <^^    II 

Pn<itf» 
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whence  we  deduce  the  following  theorem: — 

If  the  position  of  a  masa-chain  be  referred  to  co-reciprocal  screw-cktumi 

of  reference,  then 

_\  dT        _l   dT 

Pi  d0^  *  ' "       pn  dOn 

are  the  co-ordinates  of  the  restraining  wrench-chain  which  would  coerce  the 
mass-chain  into  continuing  to  twist  about  tlie  same  screw-chain  d^. 

369.    Physical  meaning  of  the  Vanishing  Kmanaat. 

We  may  verify  this  theorem  by  the  following  method  of  viewing  \\tt 
subject  It  must  be  possible  to  coerce  the  system  to  twist  about  tf  by  thr 
imposition  of  special  constraints.  The  reactions  of  these  constraints  will 
constitute,  in  fact,  the  restraining  wrench-chain.  It  is,  however,  a  chancttf- 
istic  feature  that,  as  the  system  is,  ex  hypothesi,  still  at  libeKy  to  twv« 
about  0t  the  reaction  of  any  constraints  which  are  coninstent  with  tk» 
freedom  must  lie  on  a  screw-chain  reciprocal  to  0. 

The  condition  that  two  screw-chains,  6  and  17,  shall  be  reciprocal  (§  3S4i 
is 

+  pfilVl  ,  •  •  •  +  Pn^nVn  ==  0, 

but  this  is  clearly  satisfied  if  for  17,,  ...  we  substitute 

p^d0r'"      Pndd/' 

for  the  equation  then  becomes 

^  dT  .  ij    ^^  _A 

which,  when  multiplied  by  ^,  reduces  to  the  known  identity 

We  thus  obtain  a  physical  meaning  of  this  equation.  It  is  no  mon?  than  ah 
expn\ssion  of  the  fact  that  the  restraining  wrench-chain  must  be  rvciprx.*ni! 
to  the  instanUineous  screw-chain. 

370.    A  displacement  without  change  of  Energy. 

It  should  uls4)  be  notice<l  that  pn>vide<l  the  twist  velocitiei*  n^main  ao- 
alti'red  the  kinetic  energy  will  bt»  unrhaiige<l  by  any  small  dUjiUrt^OK'n: 
of  thr  iniLKS-rhaiii  arising  from  a  twist  on  any  screw-chain  reciprvicul  l«»  lb* 
n\Ht mining  screw-chain. 

*  A  iMirticuUr  cmo  of  thin,  or  what  U  e«|uivalcnt  tlicrctu,  u  ^vcoi  in  WiUiamaoii  ami  Tai Wee  • 
/>yNiimto,  2nd  c-d.,  p.  432. 
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For,  if  di, ...  dn  be  the  co-ordinates  of  the  displacement,  the  change  in 

ris 


'  d^,'"^-"^*^"  d0n" 


which  may  be  written 


^,1  dT  ^        ,       a,  1   dT 

P'^'jrdA'^-^P"^"^.de;r 

but  this  will  be  zero  if,  and  only  if,  the  screw-chain  0/,  ...On  be  reciprocal 
to  the  screw-chain 

l^dT         l^  dT 

Pi  ddi    ""  Pn  dOn  ' 

371.    The  Accelerating  Screw-chain. 

When  the  mass-chain  has  forsaken  the  instantaneous  screw-chain  0,  and 
is  twisting  about  another  instantaneous  screw-chain  ^,  there  must  be  a 
twist  velocity  about  some  screw-chain  /j,  which,  when  compounded  with  the 
twist  velocity  about  ^,  gives  the  twist  velocity  about  ^.  When  (f>  and  0  are 
indefinitely  close,  then  p  is  the  accelerating  screw-chain. 

Taking  the  n  principal  screw-chains  of  inertia  as  the  screws  of  reference 
and  assuming  that  external  forces  are  absent,  we  have 

dT 


Mu^%  = 


d0r 


It  is  plain  that  the  co-ordinates  of  the  accelerating  screw-chain  are  ^i, ...  d„, 
whence  we  have  the  following  theorem : — 

If  a  mass-chain  be  twisting  around  a  screw-chain  0,  and  if  external  forces 

are  absent,  the  co-ordinates  of  the  corresponding  accelerating  screw-chain  are 

propoi'tional  to 

l^dT  1    dT 

Ui^d0r'"un'd0n" 

372.    Another  Proof. 

It  is  known  from  the  theory  of  screw-chains  (§  357)  that  if  a  quiescent 
mass-chain  receive  an  impulsive  wrench-chain  with  co-ordinates 

—  ^1,...    -  pn, 

P\  Pn 

the  mjiss-chain  commences  to  twist  about   the   screw-chaiu,  of  which   the 
co-ordinates  are 

Pi9  •••  Pn* 
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If,  by  impoeitioQ  of  a  restraining  wrench-chain,  the  masB-ehain  coiitioo«« 
to  twist  about  the  same  screw-chain  0,  the  restraining  wrench-chain  ha* 
neutralized  the  acceleration.  It  follows  that  the  restraining  wTench-chaia. 
regarded  as  impulsive,  must  have  generated  an  instantaneous  twist  veloctu 
on  the  accelerating  screw-chain,  equal  and  opposite  to  the  accel<»mtioo  ibal 
would  otherwise  have  taken  place.  The  co-ordinates  of  this  impabivr 
wrench-chain  are  proportional  to 

}^dT         \   dT 

PidOi*'"  PndOn' 

The  corresponding  instantaneous  screw-chain  is  obtained  by  mulUpijiBf 
these  expressions  severally  by 

and  thus  we  find,  as  before,  for  the  co-ordinates  of  the  acoelamting  scnrv- 
chain 

]_dT  I    dT 

u,*d0, u^'d0\:  ' 

373.  Accelerating  Screw-chain  and  instantaneous  Scrsw-ckala. 

We  have,  from  the  expressions  already  given, 

M(u,'0,'0,  -h  ...  +  Un'^X)  «  01  ^J.  -h  ...  6^^, . 
But  the  right-hand  side  is  the  einanant  which  we  know  to  be  rem,  whemv 

This  Hhows  that  ^i, ...  0h.  and  0i, ...  ^^  are  on  conjugate  screw-chains  uf 
inertia,  and  hence  we  deduce  the  following  theorem : — 

Whenever  a  vulss-chain  is  moving  without  the  fiction  of  ejctermU  Jorom. 
ot/ier  than  from  cotuttraints  restricting  the  freedom,  the  instanianeous  scrtft- 
chain  and  the  accelerating  screw-chain  are  conjugate  screw-chains  of"'  imertia. 

374.  Permanent  Screw-chains. 

Reverting  to  the  general  system  of  equations  (§  366)  wo  shall  n«>w  m- 
ve«tigate  the  condition  that  0  may  be  a  jK'rmanent  screw-chain.  It  is  ob^U"*!* 
that  if  01,  ...  0n  are  all  zero,  then 

dr  dT 

dO, d0n 

must  rivch  be  zen).     If,  cunversoly,  the  differential  coefficients  just  mnsuc. 
an*  iill  zero,  thi*n  the  (|uantities  di, ...  0^  must  each  also  vanish. 
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This  is  obviously  true  unless  it  were  possible  for  the  determinant 


d>r        d*T 


d*T 
dOido, 

ddxdvn 


d*T 
duiddfi 

d'T 
duidun 
d'T 


to  become  zero.  Remembering  that  7*  is  a  homogeneous  function  of  the 
quantities  du  -..On  ^^  the  second  degree,  the  evanescence  of  the  determinant 
just  written  would  indicate  that  T  admitted  of  expression  by  means  of  n  —  1 
square  terms,  such  as 

This  vanishes  if 

Zi  =  0;    Za  =  0,  &c.;    X«_i=sO; 

each  of  these  is  a  linear  equation  in  ^i, ...  On,  and  consequently  a  real  system 
of  values  for  ^i,...  dn  must  satisfy  these  equations,  and  render  T  zero.  It 
would  thus  appear  that  a  real  motion  of  the  mass-chain  would  have  to  be 
compatible  with  a  state  of  zero  kinetic  energy.  This  is,  of  course,  im- 
possible; it  therefore  follows  that  the  determinant  must  not  vanish,  and 
consequently  we  have  the  following  theorem  : — 

If  the  screw-chains  of  reference  be  co-reciprocal,  then  the  necessary  and 
the  sufficient  conditions  for  0  to  be  a  permanent  screw  are  thai  its  co-ordinates 
Oi,  d„  ...  dn  shall  satisfy  the  equations 

de,'     '  •••  dd„' 

There  are  n  of  these  equations,  but  they  are  not  independent.  The  cnianant 
identity  shows  that  if  n  - 1  of  them  be  satisfied,  the  co-ordinates  so  found 
must,  in  general,  satisfy  the  last  equation  also. 

376.    Oondltlont  of  a  permanent  Screw-chain. 

As  the  quantities  0,',...0n'  are  small,  we  may  generally  expand  T  in 
powers,  as  follows : — 

+  0^'*Tu  +...+  2d,%'T„  +  .... 
The  equation 


therefore  becomes 


dT 


,  =  0 


T^  +  20^'Tn■^2e^'Ta+  ...  =  0. 
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and  as  ^/,  0^,  Sec,,  arc  indefinitely  small,  this  reduces  to 

^1  =  0, 
where  7*1  is  a  homogeneous  function  oi  6^  6%^ ...  Un  in  the  second  degn*f. 

For  the  study  of  the  permanent  screws  we  have,  therefore,  n  equali*jii» 
of  the  second  degree  in  the  co-ordinates  of  the  instantaneous  screw-cham, 
and  any  screw-chain  will  be  permanent  if  its  co-ordinates  render  the  seTi-nl 
diflferential  coefficients  zero.  We  may  write  the  necessary  conditionsi  that 
have  to  be  fulfilled,  as  follows : — 

Let  us  denote  the  several  differential  coefficients  of  T  with  respect  U)  ibr 
variables  by  I,  II,  III,  &c.     Then  the  emanant  identity  is 

^J  +  ^JI  +  ^,III-f  ...=o, 

and  we  may  develop  any  single  expression,  such  as  III,  in  the  following 
form : — 

III  =  III„^,«  -h  III„^,«  +  lllj^  +  2111,^.0,  +  ...  2111^^,^,. 

As  the  emanant  is  to  vanish  identically,  we  must  have  the  coeflBcienU  of 
the  several  terms,  such  as  ^i',  6^6^,  ^i^t^s,  &c.,  all  ssero,  the  result  betuf 
three  types  of  equation — 

ln  =  0.  I«+   II„  =  0,         I«  +  IIj,  +  III„  -  0. 

II«  =  0,         II„+     I„  =  0,  &C., 

III„  =  0,         II«  +  III«  =  0,  Ac, 

IV44  =s  0,  &C.,  &C. 

&c. 

Of  the  first  of  these  classes  of  equations,  I^  =  0,  there  are  n,  of  tho  st-ctHid 

*i  /        i\        ^     f  4k     4k-j  n(n -l)(w-2)    .       ,,  n(H  +  l)(M  +  -> 

there  are  «(w  — 1),  and  of  the  third,  -«    «         »  ^^  *"»      ~i — 5    -i 

\ , Z , o  1.2.0 

376.    Another  identical  equation. 

Let  T  be  the  kinetic  energy  of  a  perfectly  free  rigid  body  twisting  i*^ 
the  moment  around  a  screw  0,  It  is  obvious  that  T  will  be  a  fuucti^Hi  <-f 
the  six  co-ordinates,  ^/, ...  ^c',  which  express  the  position  of  the  body.  AX»ii 
also  of  di,  ...  dg,  the  co-ordinates  of  the  twist  velocity, 

T  =/(0i\  ,.,  04,  a,, ...  tfi). 

\Vf  may  now  make  a  further  application  ot  the  principle  omplovtxl  ic 
§  *M\±  Thr  kinetic  ciut^v  will  ho  uiiultertMl  if  the  motion  of  the*  bi«h  K 
arn'st«»<l,  ami  if,  after  hjivin^  n'reivr<l  a  dispiaoriiK'nt  by  a  twist  of  amplit'i'^ 
€  alKHit  a  screw  of  atii/  pitch  on  the  .**anie  axis  as  the  inst>antaniM»uii  9cr^'^ 
the  ImmIv  Ih*  a^ain  set  in  motion  about  the  original  si^'rt»w  with  the  i»riiriwt 
twi.Ht  vel<K*ity.     This  obvious  pro|>erty  is  now  to  be  stat4Hl  analytically. 
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It  has  been  showD  in  §  265  that  if  ^i,  ^„  ...  (Je  are  the  co-ordinates  of 
a  screw  of  zero  pitch,  then  the  co-ordinates  of  a  screw  of  pitch  px  on  the 
same  axis  are  respectively 


^^+2^^,     ^.  +  ^«^,...^,  +  ^ 


dR 


4pi  ddi '  4p2  ddi '  4tpe  dOe 

In   these   expressions  p«  denotes   an   arbitrary   pitch,  while  R  is   the 
function 

0,'  +  ^8« ...  +  ^«»  +  2  (12)  dA  +  2  (23)  dA,  &c, 

where  (12)  is  the  cosine  of  the  angle  between  the  first  and  second  screws  of 
reference,  and  similarly  for  (23),  &c. 

The  principle  just  stated  asserts  that  T  must  remain  unchanged  if  we 
substitute  for  0i,  6^,  &c.  the  expressions 

We  thus  obtain  tEe  formula 

V'    ^,d6jd0:  \      ^,d6jd0,' 

As  this  must  be  true  for  every  value  of  p„  we  must  have,  besides  the 
vanishing  emanant,  the  condition 

\  dR  dT  1  dR  dT     ^ 

A   — ;+...  + r  — ^,=0. 

Pi  d0i  d0i  pt  d0^  d0^ 

It  is  plain  that  this  is  equivalent  to  the  statement  that  the  screw  whose 
co-ordinates  are 

l^dR      l^dR         l^dR 
Piddi'    P^dd^'"  Ped^e' 

must  be  reciprocal  to  the  screw  defined  by  the  co-ordinates 

1  dT      1^  dT  l^dT 

jpi  d0i  *    Pi  d02  '       />e  d0^' 

The  former  denotes  a  screw  of  infinite  pitch  parallel  to  0  and  hence  it 
follows  that  the  restraining  screw  must  be  perpendicular  to  0.  Remember- 
ing also  that  the  restraining  screw  is  reciprocal  to  0,  it  follows  that  the 
restraining  screw  must  intersect  0.     We  thus  obtain  the  following  result : 

If  0  he  the  screw  abotU  which  a  free  rigid  body  is  twisting,  then  to  check 
the  tendency  of  the  body  to  depart  from  twisting  about  0  a  restraining  wrench 
on  a  screw  which  intersects  0  at  right  angles  must  in  general  he  applied. 
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377.  Different  Screws  on  the  tame  azifl. 

Let  the  body  be  displaced  from  a  standard  position  to  another  pontioe 
defined  by  the  co-ordinates  0/,  6^, ...  0^,  and  let  it  then  be  set  in  rotatii«i 
about  a  screw  of  zero  pitch  with  a  twist  velocity  whose  co-ordinates  are 
^1,  ^s, ...  d^.     Let  the  kinetic  energy  of  the  body  in  this  condition  be  T. 

Suppose  that  in  addition  to  the  rotation  about  0  the  body  of  mmtm  M 
also  received  a  velocity  v  of  translation  parallel  to  0.  Then  the  kinetic 
energy  of  the  body  would  be  T\  where 

It  is  obvious  that  the  position  of  the  body,  i.e.  the  co-ordinates  0^',  $^\ ...  0^, 
can  have  no  concern  in  ^Mv*,  whence 

di       dT        1    •    •! 
,p '  ~  J^f  >  ^"^  similar  equations. 

But  a  body  rotating  about  0  with  an  angular  velocity  6  aad  tnuisUt<!d 
parallel  to  0  with  the  velocity  v  is  really  rotating  about  a  screw  on  tbt* 
same  axis  as  0  and  with  a  pitch  v-rp.  As  v  may  have  any  value  we  obuin 
the  following  theorem  : — 

AH  instantaneous  screws  lying  on  the  same  axis  have  the  same  restraimimf 
screw, 

378.  Co-ordinates  of  the  Restraining  Wrench  fbr  a  flnee  rigM 
body. 

Suppose  the  body  to  have  a  standard  position  from  which  we  displace*  it 
by  small  twists  ^,', ...  tfg'  around  the  six  principal  screws  of  inertia  Whilt* 
the  body  is  in  its  new  position  it  receives  a  twist  velocity  of  which  tbi' 
co-ordinates  relatively  to  the  six  principal  screws  of  inertia  are  4,, ...  4«. 

To  compute  the  kinetic  energy  we  proceed  as  follows : — Let  a  point  h«' 
initially  at  x,  y,  z,  then,  by  the  placing  of  the  body  at  the  starting  ptwithni 
tht?  jMiint  is  moved  to  X,  F,  Z,  where 

Y = 6  {6:  -  0:) + z  {0/ + 0;)  ^x(0: + 0:) + y. 

z  =  c  {0:  -  0:)  +  x(<?;  +  0:)  -  y  ((?/  +  $i) + J, 

in  which  a,  6,  c  are  the  nulii  of  gjrration  on  the  principal  azea  Hk*  n\ 
principal  screws  of  inertia  lie,  of  course,  two  by  two  on  each  of  the  thrve 
principal  axes,  with  pitches  +  a,  —  a  on  the  first,  4-6,-6  on  the  secuod 
and  +c,  —  c  on  the  third. 

In  oonse<|uence  of  the  twist  velocity  with  the  componentM  4,,...  ^«.  ceck 
ix>int  A',  )',  Z  n»ceivcs  a  velocity  of  which  the  comiKinenta  an» 
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Before  substitution  for  X,  7,  Z  it  will  be  convenient  to  use  certain  abbre- 
viations, 

^s'  — ^/  =  €a>     V,  —  ^4  =  ^2;     ^Z  +  tf/^^.     a, +  d4  =  Wj, 

^b'  —  ^e'  =  €j>      ^6  —  de  =  Pj;      ^b'  +  tf/  =  \j,      ^5  +  ^6=  0)3. 

With  these  substitutions  in  v*  the  square  of  the  velocity  of  the  element  we 
readily  obtain  after  integration  and  a  few  reductions  and  taking  the  total 
mass  as  unity, 

+  bce^p^i  —  bcLCjf}^^  —  X^|Q>i  (c*  —  a") 
+  caei/jjWg  —  cbe^ptfi^i  —  XjG)i(»9  (a*  —  6*), 
whence  we  easily  find 

dT 

If  17,",  . . .  i/e"  be  the  co-ordinates  of  the  restraining  wrench,  then,  as  shown 
in  §  .368, 

whence  we  deduce  the  following  fundamental  expressions  for  the  co- 
ordinates of  the  restraining  wrench  : — 

PiVt"  =  +  acp^cD^  —  abp^i  +  (6*  —  c*)  a>««»>j, 
PtVi'  =  —  oftfh^t  +  c6/j,o)i  +  ((^  —  a')  <»f«i, 
l^iV  =  +  ahpifo^  —  c&/:>sa>i  +  ((^  —  a*)  a),a>i , 
/>bV  =  ""  6cp,a),  +  acpia>2  +  (a*  —  6*)  ©lO),, 
p«^/'  =  +  bcp^i  —  acpifo^  +  (o*  —  6*)  ft>ift>t. 
As  usual,  we  here  write  for  symmetry 

Pi  =  +  a;    pa  =  -a;    />,  =  +  6;    |>4  =  -6;    p»  =  +  c;    |>«  =  -c. 

We  verify  at  once  that 

PiVi'01  +  •  •  •  Pifll^'^t  ==  0, 

but  this  is  of  course  known  otherwise  to  be  true,  because  the  restraining 
screw  must  be  reciprocal  to  the  instantaneous  screw. 


M 
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These  equations  enable  us  to  study  the  correspondeDce  between 
instantaneous  screw  0  and  the  corresponding  restraining  screw  if.  It  isk> 
be  noted  that  this  correspondence  is  not  of  the  homographic,  or  ooe-tooiir 
type,  such  as  we  meet  with  in  the  study  of  the  Principal  Screws  of  Inertu. 
and  in  other  parts  of  the  Theory  of  Screws.  The  correspondence  now  u« 
be  considered  has  a  different  character. 

379.  Umitation  to  the  position  of  the  Reetraininir  Screw. 

If  a  particular  screw  0  be  given,  then  no  doubt,  a  corresponding  scnjw  ^ 
is  given  definitely,  but  the  converse  is  not  true.  If  17  be  selected  arbttrmnl? 
there  will  not  in  general  be  any  possible  0,  If,  however,  there  be  any  ooe  t, 
then  every  screw  on  the  same  axis  as  0  will  also  correspond  to  the  same  % 

From  the  equations  in  the  last  article  we  can  eliminate  the  six  (|aantiti«*«. 
tf, , . . .  tfg ;  we  can  also  write  17/'  =  i;"i;, , . . .  17/'  =  ri'rin  where  17"  is  the  in wa^tv 
of  the  restraining  wrench  and  171,...  17*  the  co-ordinates  of  the  screw  <4i 
which  it  acts. 

We  have  a (17,"  +  V')  =  2a6/v»j  —  2acp^»t^ 

whence  «^Z^^^ -^  ^.^  i  P?_  e  ^'. 

a      17, -17,        o),        a», 

and  from  the  two  similar  equations  we  obtain,  by  addition. 

It  might  at  first  have  been  supposed  that  any  screw  might  be  the  pnMsibl^ 
residence  of  a  restraining  wrench,  provided  the  corresponding  instanUuie«Ki« 
screw  were  fitly  chosen.  It  should  however  be  remembered  that  to  escfc 
restraining  screw  corresponds  a  singly  infinite  number  of  possible  ia^^tan- 
taneous  screws.  As  the  choice  of  an  instantaneous  screw  has  five  dt*gn-»:* 
of  infinity,  it  was  to  be  presumed  that  the  restraining  screws  ctmld  «>Qh 
have  four  degrees  of  infinity,  i.e.  that  the  co-ordinates  of  a  restraining  sens 
must  satisfy  some  ei|uation,  or,  in  other  words,  that  they  must  bel«>ng  to  a 
scrt*w  system  of  the  fifth  order,  as  we  have  now  shown  them  to  da 

380.  A  Teriflcation. 

We  confirm  the  expression  for  the  co-onlinates  of  17  in  the  following  maom-r. 
It  has  iK'iai  shown  (§37G)  that  S4>  long  as  0  retains  the  same  direction  Ai»i 
situation,  its  pitch  is  iniinaterial  so  far  as  17  is  conct»nied.  This  might  lutt* 
bei'n  inftTre<l  from  tht*  oonsidtnitioii  that  a  rigid  body  twisting  about  • 
w'D'W  has  no  trnch'ury  to  di'iKort  fnun  the  screw  in  so  far  as  its  veUcitv  y^ 
tnniMlation  is  conoTniHl.  It  is  the  rotation  which  necesBitat^*;^  the  lertraiB- 
iiig  wri-nch  if  tlu*  motion  is  to  Ih*  preserved  about  the  same  instaiitAn<^<t< 
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screw.  We  ought,  therefore,  to  find  that  the  expressions  for  the  co-ordinates 
of  17  remained  unaltered  if  we  substituted  for  ^,, ...  ^«,  the  co-ordinates  of 
any  other  screw  on  the  same  straight  line  as  6,     These  are  (§  47) 

<). + ^  ((J. + (J,).   <^.  -  f  (^. + ^.). 

where  H  is  arbitrary. 

Introducing  these  into  the  values  for  17/',  it  becomes 

from  which  H  disappears,  and  the  required  result  is  proved. 

The  restraining  screw  is  always  reciprocal  to  the  instantaneous  screw, 
and,  consequently,  if  e  be  the  angle  between  the  two  screws,  and  d  their 
distance  apart, 

(Pi  +  Pb)  ^^  e  —  d  sin  e  =  0. 

We  have  seen  that  this  must  be  true  for  every  value  of  p^,  whence 

cos  e  =  0  ;     d  =  0  ; 

i.e.  the  two  screws  must  intersect  at  right  angles  as  we  have  otherwise  shown 
in  §  376. 

This  also  appears  from  the  formulae 

Vi'  +  Vi'  =  2bp^i  -  2cpsa)s, 
17/'  + 17/'  =  2c/o,ft>i  -  2apia)„ 
V  +  Ve'  =  iapito^  —  26/9sO>i; 

multiplying  respectively  by  oh,  <»>,,  o),,  and  adding,  we  get 

(171  + 17.)  (^'i  +  ^»)  +  (17.  +  ^4)  (<>.  + ^'O  +  (17.  + 17.)  (<?.  +  <>.)  =  0, 

which  proves  that  17  and  0  are  rectangular ;  but  we  already  know  that  they 
are  reciprocal,  and  therefore  they  intersect  at  right  angles. 

381.    A  Particular  Case. 

The  expressions  for  the  restraining  wrenches  can  be  illustrated  by  taking 
as  a  particular  case  an  instantaneous  screw  which  passes  through  the  centre 
of  gravity. 

B.  27 
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The  equations  to  the  axis  of  the  screw  are 

oil  a>2  «»t  * 

If  a,  yt  t  are  all  simultaneously  zero,  then 

a/>j     6g,     cpt 

<k>i         0)9         <k>i  * 

and  these  are,  accordingly,  the  conditions  that  the  instantaneous  screw  psawi 
through  the  centre  of  gravity. 

With  these  substitutions  the  co-ordinates  become 

PaV  =  (6*  -  c*)  wjo), ;    P417/'  =  (c«  -  a«)  wjoh ;    p^/'  -  (a«  -  6^)  w^ii, ; 

remembering  that  |>,  =  +  a;  /)>  =  —  a,  &c.,  we  have 

«7i   +«7j  =0;     17,  +1/4   =0;     i?.  +»?•  =0; 

but  these  are  the  conditions  that  the  pitch  of  17  shall  be  infinite ;  in  odi«r 
words  the  restraining  wrench  is  a  couple,  as  should  obviously  be  the  csml 

From  the  equations  already  given,  we  can  find  the  co-ordinates  of  tli# 
instantaneous  screw  in  terms  of  those  of  the  restraining  screw. 

We  have 


H-s/ 


2  (6»  -~c>)  (c>  -  a})  (a«  -  fe«) 


anil     0),  =  //  ,r ,r.',     ft»,  = //  .-— 7; jjz;     tn^^  a         „        -^. 

If  we  make 

then  we  have 

n  //),  +  p#  .  /.a« - /i»\  /P.+P#     /^•-*», 

^'-"'l    2;>.    -^-2-^6^]'      ^-  =  "«l    2^     -     2aAc     '• 

In  the84»  ex|)ri\H.siuns,  ;)^  is  the  pitch  of  6,  iiml  is.  of  course,  an  imietirmiiu!^ 
quantity. 

382.     Remark  on  the  General  Case. 

If  the  freedom  of  a  body  be  restricted,  then  any  screw  will  be  permsocfti* 
provided  its  restraining  screw  belong  to  the  reciprocal  system.     For  ike  bmij 
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will  not  depart  from  the  original  instantaneous  screw  except  by  an  accelera- 
tion. This  must  be  on  a  screw  which  stands  to  the  restraining  screw  in  the 
relation  of  instantaneous  to  impulsive,  but  in  the  case  supposed  these  two 
screws  are  reciprocal,  therefore  they  cannot  be  so  related,  and  therefore  there 
is  no  acceleration. 

There  is  little  to  be  said  as  to  the  restraining  wrench  when  the  freedom 
is  of  the  first  order.  Of  course,  in  this  case,  as  every  movement  of  the  body 
can  only  be  a  twist  about  the  screw  which  prescribes  its  freedom,  the 
restraining  wrench  is  provided  by  the  reactions  of  the  constraints.  It  is 
only  where  the  body  has  liberty  to  abandon  its  original  instantaneous  screw 
that  the  theory  of  the  restraining  wrench  becomes  significant. 

383.    Two  Degrees  of  Freedom. 

If  a  rigid  body  has  two  degrees  of  freedom,  then  it  is  free  to  twist  about 
every  screw  on  a  certain  cylindroid.  If  the  body  be  set  initially  in  motion 
by  a  twist  velocity  about  some  one  screw  on  the  surface,  then,  in  general, 
it  will  not  remain  twisting  about  this  screw.  A  movement  will  take  place 
by  which  the  instantaneous  axis  gradually  comes  into  coincidence  with 
other  screws  on  the  cylindroid.  If  we  impose  a  suitable  restraining  wrench 
7f,  then  of  course  0  can  be  maintained  as  the  instantaneous  screw ;  rj  is 
reciprocal  to  0.  It  may  be  compounded  with  any  reactions  of  the  constraints 
of  the  system.  Thus,  given  0,  there  is  an  entire  screw  system  of  the  fifth 
order,  consisting  of  all  possible  screws  reciprocal  to  0,  any  one  screw  of  which 
may  be  taken  as  the  restrainer.  Of  this  system  there  is  one,  but  only  one, 
which  lies  on  the  cylindroid  itself.  There  are  many  advantages  in  taking  it 
as  the  restraining  wrench,  and  it  entails  no  sacrifice  of  generality  ;  we  there- 
fore have  the  following  statement :— To  each  screw  on  the  cylindroid,  regarded 
as  an  instantaneous  screw,  will  correspond  one  screw,  also  on  the  cylindroid, 
as  a  restraining  screw. 

The  position  of  this  restraining  screw  is  at 
once  indicated  by  the  property  that  it  must  be 
reciprocal  to  the  instantaneous  screw.  If  we 
employ  the  circular  representation  for  the 
screws  on  the  cylindroid  (fig.  42),  and  if  0  be 
the  pole  of  the  axis  of  pitch,  then  it  is  known 
that  the  extremities  of  any  chord,  such  as  IR 
drawn  through  0,  will  correspond  to  two  re- 
ciprocal screws  (§  58).  If  therefore  /  be  the 
instantaneous  screw,  R  must  be  the  restraining  *^' 

screw.  If  a  body  free  to  twist  about  all  the  screws  on  the  cylindroid  be  set 
in  motion  by  a  twist  velocity  about  /,  it  will  be  possible,  by  a  suitable  wrench 

27-8 
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applied  on  the  screw  corresponding  to  R,  to  prohibit  the  body  frorn  chmogiafr 
its  instantaneous  screw. 

Let  (y  be  the  pole  of  the  axis  of  inertia,  then,  if  7^4  be  a  chord  drmwv 
through  0\  the  points  /  and  A  correspond  to  a  pair  of  conjugate  •crew*  of 
inertia  (§  135).  It  further  appears  that  A  is  the  instantaneous  screw  cant- 
sponding  to  an  impulsive  wrench  on  R  (§  140).  Therefore  the  effect  of  tk 
wrench  on  R  when  applied  to  control  the  body  twisting  about  /  is  to  earn- 
pound  its  movement  with  a  nascent  twist  velocity  about  A,  Therefore  A 
must  be  the  accelerating  screw  corresponding  to  /.     We  thus  see  chat — 

0/  two  conjugate  screws  of  inertia,  for  a  rigid  body  with  two  degrees  of 
freedom,  either  is  the  accelerator  for  a  body  animated  by  a  twist  velocity  abmi 
the  other. 

384.    Oalcolation  of  T. 

In  the  case  of  freedom  of  the  second  order  we  are  enabled  to  obtaio  tile 
form  of  T,  from  the  fact  that  the  emanant  vanishes,  that  is. 

If  we  assume  that  7*  is  a  homogeneous  function  of  the  second  ciegrv^  is 
^1  and  ^9,  the  solution  of  this  equation  must  be 

T = Ld,' + 2sdA + Md,' + B  {0i'6,  -  0,'d,y  +  (0,'d,  -  tf/  *,)  {Ai,  ^  Bi,\. 

in  which  L,  S,  M,  H,  A  are  constants.  If  we  further  suppose  that  B^  sod  #, 
are  so  small  that  their  squares  may  be  neglected,  then  the  term  multiplk^ 
by  H  may  be  di«canle<l,  and  we  have 

T  =  Ld,^  +  2SdA  -I-  M*  +  {01  dt  -  0,A)  (A 6,  +  M). 

whence 

dT  fIT* 

^^,  =  +  d,  (ild,  +  Bd,)  ;    -/^^  =  -  rf,  {Ad,  +  M). 

Thus,  for  the  co-ordinates  of  the  restraining  screw,  supposing  the  sct«w»  <i 
reference  U)  be  recipn)cal,  we  have 

from  which  it  is  evident  that 

p^v"d,  -h  ftW'd,  -  0, 
which  is,  of  course,  merely  expressing  the  fact  that  17  and  $  are  rccipfocal 

386.    Another  method. 

It  may  bi»  useful  to  show  how  the  form  of  T,  just  obtained,  can  be  denote 
from  direct  ailculation.  I  merely  set  down  here  the  steps  of  the  work  A»i 
the  tinal  result. 
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Let  us  take  any  two  screws  on  the  eylindroid  a  and  /9,  and  let  their  co- 
ordinates, when  referred  to  the  absolute  screws  of  inertia,  be 

tti,  ...  d^t  and  /3i,  ...  /S^. 

Then  any  other  screw  on  the  eylindroid,  about  which  the  body  has  been 
displaced  by  a  twist,  by  components  0i  on  a  and  6^  on  /9  will  have,  for  co- 
ordinates, 

«i^/  +  P\0%,  . . .  o,%6i  +  fitfi^, 

and  the  screw  about  which  the  body  is  twisting,  with  a  twist  velocity  0,  will 
have,  for  co-ordinates, 

OLidi  +  010%,  . . .  ««vi  +  /9«va. 

It  readily  appears  that,  so  far  as  the  terms  involving  0^  and  A/  are  concerned, 
the  kinetic  energy  is  the  expression 

{0,'d^-0^&,){Ad,^Bd,\ 
where 

+  (6«-  c'Xo,  +  ou)(a,  +  a,)(/8,  +  /S,) 

+  ca(a,  + a,)  [(a, -0,) 09,- A)- (a^- a.) 08i-^,)] 

+  (c«  -  a«)  (a,  +  a.)  (a,  +  a,)  (/3,  +  A) 

+  a6(ae-ha.)[(a,-a,)(A-A)-(«i-a.)(A-A)] 

-h  (tt«  -  6»)  («!  +  a,)  (a,  +  a,)  (A  +  A), 

fi  =  +  6c(A  +  A)[K-«6)(/8a-/94)-(«.-«4)(A-A)] 

-  (6'  -  c*)  («i  +  «s)  (A  +  A)  (A  +  A) 

-h  ca  (A  +  A)[(ai- a.)  (A- A)-(«.-«e)08i- A)] 

-  (c»  -  a«)  (a,  +  a,)  (A  +  A)  (A  +  A) 

+  a6(A  +  A)[(a,-«4)(A-A)-(«i-«,)(A-A)] 

-(a«-6»)(a.  +  a.)(A  +  /9.)(A  +  A). 

386.    The  Permanent  Screw. 

We  now  write  the  equations  of  motion  for  a  body  which  has  two  degrees 
of  freedom,  and  is  unacted  upon  by  any  force,  the  screws  of  reference  being 
Ihe  two  principal  screws  of  inertia. 

We  have,  from  the  general  equations  (§  367) 


422  TAB  THBOEY  OF  SCREWS.  [S8^ 

Introducing  the  value  just  obtained  for  T, 

There  must  be  one  screw  on  the  cylindroid,  for  which 

This  screw  will  have  the  accelerations  0,  and  d,,  both  zero,  and  thus  we  hare 
the  following  theorem  : — 

If  a  rigid  body  has  two  degrees  of  freedom,  then,  among  the  screws  ah^ 
which  itisai  liberty  to  twist,  there  is  one,  and  in  general  only  one,  wkkk  kes 
the  property  of  a  permanent  screw. 

The  existence  of  a  single  permanent  screw  in  the  case  of  freedom  of  tk 
second  order  seems  a  noteworthy  point.  The  analogy  here  ceai»es  betwceft 
the  permanent  screws  and  the  principal  screws  of  inertia.  Of  the  buur 
there  are  two  on  the  cylindroid  (§  84). 

387.    Oeometrical  InTestigation. 

Let  N  (fig.  43)  be  the  critical  point  on  the  circle  which  oorrespoods  lo 
the  permanent  screw  (§  50).     Lict  P  be  a  screw  0,  the  twist  velocity  abost 


Fig.  43. 

which  is  d.     Let  ti^  be  a  linear  parameter  appropriate  to  the  screw  0,  mnA 
that  Mu^'d*  is  the  kinetic  energy. 

Let  Oi  and  0,  be  the  two  screws  of  reference  on  the  cylindroid  and  tat 
convenience  let  the  chord  0^0^  be  unity.     Let  the  point  Q  oorreqpood  w 

another  screw  <(>,  then  from  §  57 

Ptolemy's  theorem  gives 

Now  let  if>  be  the  adjacent  screw  about  which  the  body  is  twisting  in  a  iimt 
St  after  it  was  twisting  about  0, 
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Then 

9i  =  ^1  +  BiBt, 

whence 

PQ_dA-dA 
St'      ^     ' 

which  Ls,  accordingly,  the  rate  at  which  P  will  change  its  position.  If  we 
substitute  for  0i  and  6^  their  values  already  found  in  the  last  article,  we 
obtain  for  the  velocity  of  P  the  expression 

N  being  the  position  of  the  permanent  screw,  let  p  be  the  length  of  the 
chord  PN,  then  the  expression  just  written  assumes  the  form 

kp6uB* 
where  k  ib  a  constant. 

This  expression  illustrates  the  character  of  the  screw  corresponding  to  N. 
K  phe  zero,  then  the  expression  for  this  velocity  vanishes.  This  means  that 
P  has  no  tendency  to  abandon  N;  in  other  words,  that  the  screw  correspond- 
ing to  iV  is  permanent. 

388.    Another  method. 

It  is  worth  while  to  investigate  the  question  firom  another  point 
of  view. 

Let  us  think  of  any  cylindroid  S  placed  quite  arbitrarily  with  respect  to 
the  position  of  the  rigid  body.  A  certain  restraining  screw  17  will  corre- 
spond to  each  screw  0  on  8.  As  0  moves  over  the  cylindroid,  so  must  the 
corresponding  screw  17  describe  some  other  ruled  surface  S\  The  two 
surfaces,  8  and  8\  will  thus  have  two  corresponding  systems  of  screws, 
whereof  every  two  correspondents  are  reciprocal.  One  screw  can  be  dis- 
covered on  S\  which  is  reciprocal,  not  alone  to  its  corresponding  0,  but  to 
all  the  screws  on  the  cylindroid.  A  wrench  on  this  17  can  be  provided  by  the 
reactions  of  the  constraints,  and,  consequently,  the  constraints  will,  in  this 
case,  arrest  the  tendency  of  the  body  to  depart  from  0  as  the  instantaneous 
screw.    It  follows  that  this  particular  0  is  the  permanent  screw. 

The  actual  calculation  of  the  relations  between  17  and  the  cylindroid  is  as 
follows : — 

A  set  of  forces  applied  to  a  rigid  system  has  components  X,  Y,  Z  at 
a  point,  and  three  corresponding  moments  F,  0,  H  in  the  rectangular  planes 
of  reference. 
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Let  p  be  the  pitch  of  the  screw  on  which  the  wrench  thus  repreteoted 
lies,  and  let  x,y,zhe  the  co-ordinates  of  any  point  on  thi«  iicrew.  Thm. 
in  the  plane  of  Z  the  moments  of  the  forces  are  xY^yX,  and  if  to  this  ht 
added  pX,  the  whole  must  equal  H. 

Thus  we  have  the  three  equations,  so  well  known  in  statics, 

F^pX-^-yZ  ^s7, 
O^pY-^tX-xZ, 
E^pZ-^xY-yX. 

The  centrifugal  acceleration  on  a  point  P  is,  of  course,  m'PH,  where  •  &» 
the  angular  velocity,  and  PH  the  perpendicular  let  fall  on  the  axis.  Tbr 
three  components  of  this  force  are  X\  Y\  Z\  where 

J'  =  ^md{xsin  O  —  ycosff), 

F'  =  o»" cos  d(y  cos  0  —  «sin  (?), 

Z'  =  ft>«(r-msin2(?), 

and  the  three  moments  are  F\  0\  H\  where 

F'  =  «*  sin  0  (yz  sin  ^  +  «^  cos  (7  —  imy  ooe  0), 
0'  =  »'  cos  tf  (—  yr  sin  (?  —  xz  cos  0  +  imx  sin  ^ 
^'  =  <tt«  {(y«  -  «»)  sin  tf  cos  tf  +  ay  cos  2^. 

We  arc  now  to  integrate  these  expressions  over  the  entire  maas,  and  ve 
employ  the  following  abbreviations  (§  324) : — 

fxdm   «  Mx^ ;     fydm  =  My^ ;    jzdm  =  Ms. ; 

fxydm  =  if  (,* ;    Jxsdm  =  Jf /,« ;    /yrdm  «  if /,• ; 

J  =  /J'dm;     r=/rdm;     Z^jZ'dm; 
F  =  frdm;    O^fO'dm;    H^JH'dm; 

then,  omitting  the  factor  Jftt^*,  we  have 

X=  +  (a^o  sin  0  -  y,  cos  (7)  sin  (?, 
F=  -  (a*,  sin  0  —  y,  cos  ^cos  (7, 
Z  8B  x:,  -.  fii  sin  20 ; 

/•  =  +  Hin  0  (/,« sin  0  +  i,«  cos  (?)  -  2my,  sin  (?  cos  ^, 
0  ==  -co8  0(/,«8in0+ Vcos0)-h2mjr,  8in(?co«tf, 
//  =  (p,«  -  /»,»)  sin  0  coH  0  +  r»  cos  20. 

We  am  e^isily  verify  that 

FV  -  (iX  =  2mA'  i: 
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We  now  examine  the  points  on  the  cylindroid  intersected  by  the  axis  of 

the  screw 

F=pX+yZ  -zY, 

0=pY-hzX'-xZ, 

H  =  pZ  -hxY-yX. 

We  write  the  equations  of  the  cylindroid  in  the  form 

x=^Rcosif>;    y  =  RBinif>'y    ^  =  m8in2^; 

then,  eliminating  p  and  R,  and.  making 

U=X^  +  F»  ^-Z^ 
V  =  FX'\-OY-hHZ, 

we  find,  after  a  few  reductions, 

teLn^<f>(YV'-0U)  +  taLn^<f>(XV'-FU-h2mXU) 

■hteLn(l>(YV'-GU'-2mYU)'\-XV-FU=0. 

This  cubic  corresponds,  of  course,  to  the  three  generators  of  the  cylindroid 
which  the  ray  intersects. 

If  we  put 

FY^0X  =  2mXY, 

then  the  cubic  becomes,  by  eliminating  m, 

(YUm<f>  +  X){X(YV-OU)tAn^<f>  +  (XV-FU)Y]  =  0. 

The  factor  Ftan^  +  X  simply  means  that  the  restraining  screw  cuts  the 
instantaneous  screw  at  right  angles. 

The  two  other  screws  in  which  tf  intersects  the  cylindroid  are  given  by 
the  equation 

(ZF7  -  ZGC^)  tan»  <^  +  (ZFF- ^CTF)  =  0. 

These  two  screws  are  of  equal  pitch,  and  the  value  of  the  pitch  is 

Pj(X  YV^XOU)^p,(FUY-XYV) 

U(FY-02[)  ' 

where  jp,  and  p^  are  the  pitches  of  the  two  principal  screws  on  the  cylindroid. 
After  a  few  reductions  the  expression  becomes 

V     (Zi»  -  aibpi)  sin  g -f  (^* -f  yoPa)  cos  ^ 
U  XoSmO  —  yo  cos  0 

This  is  the  pitch  of  the  two  equal  pitch  screws  on  the  cylindroid  which  rj 
intersects.  If  i;  is  to  be  reciprocal  to  the  cylindrbid,  then,  of  course,  the 
pitch  of  Tf  itself  should  be  equal  and  opposite  in  value  to  this  expression. 
Hence  the  permanent  screw  on  the  cylindroid  is  given  by 

(ii»  -  a?oPi)  sin  *  +  ( V  +  yoPt)  cos  d  =  0. 
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We  notice  here  the  somewhat  remarkable  circumstance,  that  if 

fi'-«»Pi  =  0,  and    V  +  y#Pi  =  0, 
then  ail  the  screws  on  the  cylindroid  are  permanent  screws. 

It  hence  appears  that  if  two  screws  on  a  cylindroid  are  permaneDi^  tbcs 
every  screw  on  the  cylindroid  is  permanent 

389.    Three  Degrees  of  Freedom. 

Let  us  now  specially  consider  the  case  of  a  rigid  body  which  has  fineedon 
of  the  third  order     On  account  of  the  evanescence  of  the  emanant  we  haft 

X  dT       X  dT      X  dT      ^ 

^ue^'^^'Wi'^^'de:^^' 

It  is  well  known  that  if  (7,  F,  TF  be  three  conies  whose  equations  subtnii  U> 
the  condition 

those  conies  must  have  three  common  intersections. 
It  therefore  follows  that  the  three  equations 

d0i  dO^  dOg 

must   have  three  common  screws.    These  are,  of  course,  the  pennaoeiit 
screws,  and,  accordingly,  we  have  the  theorem: — 

A  rigid  system  which  has  freedom  of  the  third  order  has^  in  genertd^  tkrm 
permanent  screws. 

There  will  be  a  special  convenience  in  taking  these  three  screws  as  th« 
screws  of  reference.  Wc  shall  use  the  plane  representation  of  the  three- 
system,  and  the  equations  of  the  conies  will  be 

A,iJ^  -f  B,i^d,  +  0,6 A  =  0,  or  17-0, 

^M  +  M^i  +  c'M-0,  „  7=0. 

^.^A  +  M^i  +  CM^O,   „    W^O; 

but,  as  d,J7  +  d,r+d,If  =  0, 

identically,  we  must  have 

fi,  =  0;     il,  =  0;     il,«0; 
C\=0;    C,  =0;    5,  =0; 

and  also  -4,  +  B^  +  C\  =  0. 

For  Hyinnii'try  we  may  write 

-di  =  f4  — v;     Bg^v  —  \;     C  =  X  — /4. 


390]  THE   THEORY  OF   PERMANENT  SCREWS.  427 

We  thus  find  that  when  T  is  referred  to  the  three  permanent  screws  of  the 
system,  its  expression  must  be 

Let  71*  be  the  intensity  of  any  wrench  acting  on  a  screw  i;  belonging  to 
the  system,  and  let  2«ri,  represent  the  virtual  coefficient  between  i;  and  the 
first  of  the  three  screws  of  reference. 

Then,  substituting  for  T  in  Lagrange's  equations,  we  have 

+  a^i  +  h'e^  +  gO^  -(/i-  v)  eA  =  ^inV\ 

+  lA  +  b0,  -h/0z  -  (i/  -  \)  0A  =  ^2nV\ 

+  g'0,  +/0,  +  c0,  -  (\  -  /t)  did,  =  m,y. 

If  i;  be  the  restraining  screw,  then  an  appropriate  wrench  i;"  should  be 
capable  of  annihilating  the  acceleration,  i.e.  of  rendering 

^,  =  0 ;     ^,  =  0 ;    §,  =  0 ; 

whence  the  position  of  17,  and  the  intensity  rf"  are  indicated  by  the  equations 

(1/  -  /a)  $26^  =  tsTi^i;", 

{\-v)dA=^.,v'^ 
(fi  -  X)  did,  =  «r„i;''- 
We  can  now  exhibit  the  nature  of  the  correspondence  between  17  and  0,  for 

If  we  make  fl"  =  djd^d, -r  1;",  and  omit  the  dots  over  d,,  &c.,  we  have 

^«  («riai;i  +  PiVi  +  «'«^f )  =  -ff  (a  -  7), 

^«  («^ii^i  +  «^«^9  +  PiVi)  ='H{fi'-  a). 

We  may  reduce  them  to  two  homogeneous  forms,  viz. 

0iL-{-0Ji[+0jr=:O, 
a0^L  +  fi0JU  +  y0jr=O, 

L-i^:     Jf=i^;     ^.J^. 

390.    Qeometrical  Construction  for  the  Permanent  Screwi. 

We  see  that  1;  must  lie  on  the  polar  of  the  point  0^,  0^,  0^  with  respect 
to  the  pitch  conic  (§  201)  or  the  locus  of  all  the  screws  for  which 

p,  =  0. 
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We  also  see  that  rj  must  lie  on  the  polar  of  the  point  a^i,  /9tft»  T^i  ^^ 
regard  to  the  same  conic. 

We  thus  obtain  a  geometrical  construction  by  which  we  diBoorer  tbe 
restraining  screw  when  the  instantaneous  screw  is  given. 

Two  homographic  systems  are  first  to  be  conceived.  A  point  of  the  fim 
system,  of  which  the  co-ordinates  are  0i,  0^,  0^,  has  as  its  correspoodeol  a 
point  in  the  second  s}rstem,  with  co-ordinates  a0i,  /3^,,  7^,.  Tbe  Um« 
double  points  of  the  homography  correspond,  of  course,  to  the  permaiieai 
screws. 

To  find  the  restraining  screw  17  corresponding  to  a  given  instantaaeuiii 
screw  0,  we  join  0  to  its  homographic  correspondent,  and  the  pole  of  thm 
ray,  with  respect  to  the  pitch  conic,  is  the  position  of  17. 

The  pole  of  the  same  ray,  with  regard  to  the  conic  of  inertiA  (|  XllX  » 
the  accelerator.  It  seems  hardly  possible  to  have  a  more  complete  geo- 
metrical  picture  of  the  relation  between  17  and  0  than  that  which  the^ 
theorems  afford. 

391.    Calcalation  of  Permanent  Screws  in  a  Three  ejiiem 

When  a  three-system  is  given  which  expresses  the  freedom  of  a  body 
we  have  seen  how  in  the  plane  representation  the  knowledge  of  a  conic  (the 
conic  of  inertia)  will  give  the  instantaneous  screw  corresponding  to  any 
given  impulsive  screw.  A  conic  is  however  specified  completely  by  fire 
data.  The  rigid  body  has  nine  co-ordinates.  It  therefore  follows  that  ther^ 
is  a  quadruply  infinite  system  of  rigid  bodies  which  with  respect  to  a  given 
three-system  will  have  the  same  conic  of  inertia.  If  in  that  three^ystem  « 
be  the  instantaneous  screw  corresponding  to  17  as  the  impulsive  screw  for 
any  one  body  of  the  quadruply  infinite  system,  then  will  17  and  a  stand  io 
the  same  relation  to  each  other  for  every  body  of  the  system. 

The  point  in  question  may  be  illustrated  by  taking  the  case  of  a  four- 
system.  The  screws  of  such  a  system  are  represented  by  the  points  in 
and  the  e(}uation  obtained  by  equating  the  kinetic  energy  to  zero  ij 
a  quadric.  For  the  8i>ecification  of  the  quadric  nine  data  are 
This  is  just  the  number  of  co-ordinates  required  for  the  specification  0/ 
a  rigid  body.  If  therefore  the  inertia  quadric  in  the  space  representatioo 
be  assume*!  arbitrarily,  then  every  instantaneous  screw  corresponding  U»  t 
given  impulsive  screw  will  bt'  determined;  in  this  case  there  is  only  a  finil* 
number  of  rigid  bodies  and  not  an  infinite  system  for  which  the  correspood- 
ence  sulisists. 

We  thus  note  that  there  is  a  s|>ecial  character  about  the  freedom  of  iht- 
fourth  onier  which  we  may  state  more  generally  as  follows.  To  estabhsi: 
a  chiastic  homography  (§  292)  in  an  n-system  requires  (n  —  !)(»-»-  2)  2  Jau 
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If  the  restraints  are  such  that  the  number  of  degrees  of  freedom  is  less 
than  four,  then  an  infinite  number  of  rigid  bodies  can  be  designed,  such 
that  the  impulsive  screws  and  their  corresponding  instantaneous  screws 
shall  be  represented  by  a  given  chiastic  homography.  If  n  exceed  four  then 
it  will  not  in  general  be  possible  to  design  a  rigid  body  such  that  its  corre- 
sponding impulsive  screws  and  instantaneous  screws  shall  agree  with  a  given 
chiastic  homography.  If,  however,  n  =  4  then  it  is  always  possible  to  design 
one  but  only  one  rigid  body  so  that  its  pairs  of  corresponding  impulsive 
screws  and  instantaneous  screws  shall  be  represented  by  a  given  chiastic 
homography. 

Returning  to  the  three-system  we  may  remark  that,  having  settled  the 
inertia  conic  in  the  plane  representation  we  are  not  at  liberty  to  choose 
three  arbitrary  points  as  representing  the  three  permanent  screws.  For 
if  these  three  points  were  to  be  chosen  quite  arbitrarily,  then  six  relations 
among  the  co-ordinates  of  the  rigid  body  would  be  given,  and  the  conic  of 
inertia  would  require  five  more  conditions.  Hence  the  co-ordinates  of  the 
rigid  body  would  have  in  general  to  satisfy  eleven  conditions  which,  of 
course,  is  not  generally  possible,  as  there  are  only  nine  such  co-ordinates. 
It  is  therefore  plain  that  when  the  conic  of  inertia  has  been  chosen  at  least 
two  other  conditions  must  necessarily  be  fulfilled  by  the  three  points  which 
are  to  represent  the  permanent  screw.  This  fact  is  not  brought  out  by 
the  method  of  §  389  in  which,  having  chosen  the  three  permanent  screws 
arbitrarily,  we  have  then  written  down  the  general  equation  of  a  conic 
as  the  inertia  conic.  This  conic  should  certainly  fulfil  at  least  two  con- 
ditions which  the  equations  as  there  given  do  not  indicate. 

We  therefore  calculate  directly  the  expression  for  the  kinetic  energy  of 
a  body  in  the  position  d/,  d^t  0%  twisting  about  a  screw  with  twist  velocities 
^j,  da,  d*  when  the  screws  of  reference  are  the  three  principal  screws  of  the 
three-system  with  pitches  a,  6,  c,  and  when  a?o.  yo»  ^o»  ^i'»  V,  Vi  Pi* P%>  Pt  *^re 
the  nine  co-ordinates  (§  324)  of  the  rigid  body  relative  to  these  axea 

It  is  easily  shown  that  we  have  for  the  kinetic  energy  the  mass  M  of  the 
body  multiplied  into  the  following  expression  where  squares  and  higher 
powers  of  d/,  d,',  0^  are  omitted : — 

+  d,dj(c -  6) iToH-  dA  (a  -  c) yo  -h  dAib-a)  z^ 
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The  coefficients  of  d/,  d,',  tf,'  respectively  each  equated  to  xero  will  p^ 
three  conies  Z7=0,  F=0,  IF  =  0.  These  conies  have  three  commoo  p>iiit# 
which  are  of  course  the  three  permanent  screws. 

If  we  introduce  a  new  quantity  H  we  can  write  the  three  equations 

The  elimination  of  H  between  each  pair  of  these  equations  will  prodocv 
the  three  equations  Z7  =  0,  F=  0,  TT  =  0.  If  therefore  we  eliminate  0f  ^.  A 
from  the  three  equations  just  written  the  resulting  determinant  gives  s 
cubic  for  fl.  The  solution  of  this  cubic  will  give  three  values  for  O  which 
substituted  in  the  three  equations  will  enable  the  corresponding  values  of 
^ii  ^s>  ^s  to  be  found.  We  thus  express  the  co-ordinates  of  the  three  per- 
manent screws  in  terms  of  the  nine  co-ordinates  of  the  rigid  body  and  their 
determination  is  complete. 

It  may  be  noted  that  the  same  permanent  screws  will  be  found  f«»r  adj 
one  of  the  systems  of  rigid  bodies  whose  co-onlinates  are 

«•»  yo.  ^.  h\  k\  V,  Pi'  +  A,  P*'  +  A.  ^'  +  *. 
whatever  A  may  be. 

\  392.    Case  of  Two  Degrees  of  Freedom. 

We  have  already  shown  that  there  is  a  single  permanent  screw  in  evm 
case  where  the  rigid  body  has  two  degrees  of  freedom.  We  can  demooslrsti? 
this  in  a  different  manner  as  a  deduction  from  the  case  of  the  three- 
system. 

CJonsider  a  cylin<lroid  in  a  three-syst<Mii,  that  is  of  course  a  straij^tit 
line  in  the  plane  repres^'utation  (§  200).  Ix't  this  line  Iw  AB  {iig.  44l  M 
the  movements  of  the  IxkIv  bt*  liinit<*(l  to  twists  iilnrnt  the  scrvwi^  on  ihf 
cylimlroid.  there  may  be  reactions  about  thi*  screw  which  corresponds  lo  \ht 
pok*  P  of  thin  ray  with  resp<?ct  to  the  pitch  conic,  in  luldition  to  the  rt*actK»0» 
oi  the  three-system. 
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The  permanent  screw  on  this  cylindroid  will  be  one  whereof  the  restrain- 
ing screw  coincides  with  P.     In  general,  the  points  corresponding  homo- 


•p 


Fig- 44. 

graphically  to  the  points  on  the  ray  AB  will  form  a  ray  CD,  The  inter- 
section 0,  regarded  as  on  CD,  will  be  the  correspondent  of  some  point  X  on 
AB.  The  restraining  screw  corresponding  to  X  will  therefore  lie  at  P,  and 
will  be  provided  by  the  constraints.  Accordingly,  X  is  a  permanent  screw 
on  the  cylindroid,  and  it  is  obvious  from  the  construction  that  there  can  be 
no  other  screw  of  the  same  character. 

We  can  also  deduce  the  expression  for  T  in  the  two-system  from  the 
expression  of  the  more  general  type  in  the  three-system  ;  for  we  have 

r=  i; + 0*  -  y)  e^dA + (i'  -  x)  0;dA + (x  -  m)  o^dA- 

Consider  any  screw  on  the  cylindroid  defined  by 
sabstituting,  we  obtain 

{0,'d,  -  0,'d,)  [(X  -  fi)  Pd, + (X  - 1.)  gdj. 

which  we  already  know  to  be  the  form  of  the  function  in  the  case  of  the  two- 
system  (§  384). 

393.    Freedom  of  the  Fomth  Order. 

The  permanent  screws  in  the  case  of  a  rigid  body  which  has  freedom  of 
the  fourth  order  may  be  investigated  in  the  following  manner: — If  a  screw  0 
be  permanent,  the  corresponding  restraining  screw  17  must  be  provided  by  the 
reactions  of  the  constraints.  All  the  reactions  in  a  case  of  freedom  of  the 
fourth  order  lie  cm  the  screws  of  a  cylindroid  On  a  given  cylindroid  three 
possible  17  screws  can  be  found.  For,  if  we  substitute  ai  +  X^i,  a,  4-  X^,,  tic., 
for  171,  fitt  ^9  ui  the  equation 

^ ^ M  V, 
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we  obtain  a  cubic  for  X.  The  three  roots  of  this  cobic  oorre^KHid  to  three  f 
screws.  Take  the  0  corresponding  to  one  of  the  17  screws,  then,  of  coone 
0  will  not,  in  general,  belong  to  the  four-system.  We  can,  howerer.  mr|^ 
to  0  any  pitch  we  like,  and  as  it  intersects  17  at  right  angles,  it  must  cut  \wq 
other  screws  of  equal  pitch  on  the  cylindroid  (§  22).  Give  to  tf  a  pitch  e«|«k 
and  opposite  to  that  of  the  two  latter  screws,  then  0  is  reciprocaJ  to  Hbt 
cylindroid,  and  therefore  it  belongs  to  the  four-sjrstem.  We  thus  hav^  i 
permanent  screw  of  the  system,  and  accordingly  we  obtain  the  foUovQ| 
result : — 

In  the  case  of  a  rigid  body  with  freedom  of  the  fourth  order  there  art,  m 
general,  three,  and  only  three,  permanent  screws. 

394.    Freedom  of  the  Fifth  and  Sixth  Orders. 

When  a  rigid  body  has  freedom  of  the  fifth  order,  the  screws  about  whiek 
the  body  can  be  twisted  are  all  reciprocal  to  a  single  screw  p.  In  geoenL  p 
does  not  lie  on  the  system  prescribed  by  the  equation  which  the  oo-ordinatei 
of  all  possible  17  screws  have  to  satisfy.  It  is  thercf(H«,  in  genial,  sol 
possible  that  the  reaction  of  the  constraints  can  provide  an  if.  There  aiv. 
however,  three  screws  in  any  five-system  which  possess  the  property  «f 
permanent  screws  without  however  making  any  demand  on  the  reactioQ  «f 
the  constraints.  The  existence  of  these  screws  is  thus  demonstiated :— * 
Through  the  centre  of  inertia  of  the  body  draw  the  three  principal  axcsk 
then,  on  each  of  these  axes  one  screw  can  always  be  found  which  is  reciprocBl 
to  p.  Each  of  these  will  belong  to  the  five-system,  and  it  is  obrioos 
the  property  of  the  principal  axes,  that  if  the  body  be  set  twisting  about 
of  these  screws  it  will  have  no  tendency  to  depart  therefrom. 

A  body  which  has  freedom  of  the  sixth  order  is  perfectly  free.  Any  acitp-w 

on  one  of  the  princiiml  axes  through  the  centre  of  inertia  is  a  permao^iit 

screw,  and,  consequently,  there  is  in  this  case  a  triply  infinite  number  i>^ 
permanent  screws. 

396.     Summary. 

The  results  obtained  show  that  for  a  rigid  bixiy  with  the  several  degre« 
of  freedom  the  permanent  screws  are  as  follows  : — 

No.  of  PennAnenl 
Free<lom    1 1 

II 1 

III 8 

IV 3 

V 3 

VI Triply  infinite 


CHAPTEK  XXVI. 

AN  INTRODUCTION  TO  THE  THEORY   OF  SCREWS  IN   NON-EUCLIDIAN    SPACE. 

396.  Introduction. 

The  Theory  of  Screws  in  non-Euclidian  space  is  a  natural  growth  from 
some  remarkable  researches  of  Clifford*  in  further  development  of  the 
Theory  of  Riemann,  Cayley,  Klein  and  Lindemann.  I  here  give  the  in- 
vestigation sufficiently  far  to  demonstrate  two  fundamental  principles 
(§§  427,  434)  which  conduct  the  theory  to  a  definite  stage  at  which  it 
seems  convenient  to  bring  this  volume  to  a  conclusion. 

I  have  thought  it  better  to  develop  from  the  beginning  the  non-Euclidian 
geometry  so  far  as  we  shall  at  present  require  it.  It  is  thus  hoped  to  make 
it  intelligible  to  readers  who  have  had  no  previous  acquaintance  with  this 
subject  "f".  I  give  it  as  I  have  worked  it  out  for  my  own  instruction  J.  It  is 
indeed  characteristic  of  this  fascinating  theory  that  it  may  be  surveyed  from 
many  different  points  of  view. 

397.  Preliminary  notions. 

Let  Xi,  rcj,  x,,  x^  be  four  numerical  magnitudes  of  any  description.     We 

may  regard  these  as  the  co-ordinates  of  an  ohject     Let  yi,  ya,  ys,  yi  be  the 

co-ordinates  of  another  object,  then  we  premise  that  the  two  objects  will  be 

identical  if,  and  only  if 

Xi     x^     x^     x^ 

All  possible  objects  may  be  regarded  as  constituting  a  content, 

•  ••  Preliminary  Sketch  of  Biquatemions,*'  Proceedingi  of  the  London  Mathematical  Society, 
VoL  IV.  SSl— 895  (1873).  See  also  *'0n  the  Theory  of  Screws  in  a  Space  of  Constant  Positive 
Curvatnre/'  Mathematical  Paperi,  p.  402  (1876).  Clifford's  Theory  was  much  extended  hy 
the  labours  of  Baohlieim  and  uthers ;  see  the  Bibliographical  notes. 

t  We  are  fortunately  now  able  to  refer  English  readers  to  a  Treatise  in  which  the  Theory  of 
non-Eaolidian  space  and  allied  subjects  is  presented  in  a  comprehensive  manner.  Whitehead, 
Univeriol  Algebra,  Cambridge,  1898. 

X  Tram.  Roy.  Irish  Acad.,  Vol.  zzvui.  p.  169  (1881),  and  Vol.  xxix.  p.  128  (1887). 

B.  28 


434  THE  THEORY   OP  SCREWS.  [S97- 

All  objects  whose  co-ordinates  satisfy  one  linear  homogeneotis  equabaa 
we  shall  speak  of  as  an  extent 

All  objects  whose  co-ordinates  satisfy  two  linear  homogeneous  eqnatioai 
we  shall  speak  of  as  a  range. 

It  must  be  noticed  that  the  content,  with  its  objects,  ranges,  and  extcttik 
have  no  necessary  connexion  with  space.  It  is  only  for  the  sake  of  slndjisf 
the  content  with  facility  that  we  correlate  its  several  objects  with  the  poiati 
of  space. 

398.    The  Intenrene. 

In  ordinary  space  the  most  important  fiinction  of  the  co-ordinates  uf  a 
pair  of  points  is  that  which  expresses  their  distance  apart.  We  dc«in*  u> 
create  that  function  of  a  pair  of  objects  which  shall  be  homology »u«  wiik 
the  distance  function  of  a  pair  of  points  in  ordinary  space. 

The  nature  of  this  function  is  to  be  determined  solely  by  the  attribou^ 
which  we  desire  it  to  possess.  We  shall  take  the  most  fundamental  prv^ 
perties  of  distance  in  ordinary  space.  We  shall  then  re-enunciate  xhem 
properties  in  generaUzed  language,  and  show  how  they  suffice  to  detcsmiae 
a  particular  function  of  a  pair  of  objects.  This  we  shall  call  the  Imterrmi 
between  the  Two  Objects, 

Let  P,  Q,  R  he  three  collinear  points  in  ordinary  space.  Q  lying  betwees 
the  other  two ;  then  we  have,  of  course,  as  a  primary  notion  of  distance, 

PQ^QR  =  PIL 

In  general,  the  distance  between  two  points  is  not  zero,  unless  the  pouit# 
are  coincident.  An  exception  arises  when  the  straight  line  joining  the  pun:.* 
|>asst»s  thnmgh  either  of  the  two  circular  points  at  infinity.  In  this*  ca*. 
however,  the  diiiUince  between  every  piiir  of  points  on  the  straight  Ikoe  » 
zero.     These  statements  involve  the  second  property  of  distance. 

In  onlinary  geometry  we  find  on  every  straight  line  one  point  which  a» 
at  an  infinite  disUuice  from  ever}*  other  point  on  the  line.     We  call  thi»  the 
{Hiint  at  infinity.      Sound  geometry  teaches   us   that   this  single    point  » 
projK'rly  to  Ih»  regarded  as  a  pair  of  points  brought  into  coincidence  by  tlx 
assumptions  ma<l<'  in  Euclid's  doctrine  of  parallelism.     The  exiswncv  ot  a 
{uiir   of  infinite  points  on  a  straight  line  is  the  third   property  whicb.  b^ 
suitable  g<»n(*ralization,  will  (let4rnuni»  an  important  feature  in  the   rsO)^- 
Thr  fnurth  projHTty  of  onlinary  sjwice  is  that  which  asserts  that  a  pi»int  ^ 
infinity  on  a  stniight  lint*  is  also  at  infinity  on  every  other   straighc   I;o< 
|)iis>iiig  through  it.     This  obvious  pro|K»rty  is  equivalent  to  a  significant  U» 
of  inttrvfiir  whi<'h  is  vital  in  the  theory.     If  we  might  venture  to  otiuiK^' 
it  in  an  rpignimniatic  fiLshion.  we  would  say  that  then*  is  no  short  ctil  :• 
infiiiitv. 
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The  fifth  property  of  common  space  which  we  desire  to  generalize  is 
one  which  is  especially  obscured  by  the  conventional  coincidence  of  the  two 
points  at  infinity  on  every  straight  line.  We  prefer,  therefore,  to  adduce 
the  analogous,  but  more  perfect,  theorem  relative  to  two  plane  pencils  of 
homographic  rays  in  ordinary  space,  which  is  thus  stated.  If  the  two  rays 
to  the  circular  points  at  infinity  in  one  pencil  have  as  their  correspondents 
the  two  rays  to  the  circular  points  in  the  other  pencil,  then  it  is  easily 
shown  that  the  angle  between  any  two  rays  equals  that  between  their  two 
correspondents. 

We  now  write  the  five  correlative  properties  which  the  intervene  is  to 
possess.  They  may  be  regarded  as  the  axioms  in  the  Theory  of  the  Content. 
Other  axioms  will  be  added  subsequently. 

399.  Fint  Oroup  of  Aziomi  of  the  Content. 

(I)  If  three  objects,  P,  Q,  i2  on  a  range  be  ordered  in  ascending  para- 
meter (§  400),  then  the  intervenes  PQ,  QR,  PR  are  to  be  so  determined  that 

PQ-^QR  =  PR. 

(II)  The  intervene  between  two  objects  cannot  be  zero  unless  the  objects 
are  coincident,  or  unless  the  intervene  between  every  pair  of  objects  on  the 
same  range  is  also  zero. 

(III)  Of  the  objects  on  a  range,  two  either  distinct  or  coincident  are  at 
infinity,  i.e.  have  each  an  infinite  intervene  with  all  the  remainder. 

(IV)  An  infinite  object  on  any  range  has  an  infinite  intervene  from  every 
object  of  the  content. 

(V)  If  the  several  objects  on  one  range  correspond  one-to-one  with  the 
several  objects  on  another,  and  if  the  two  objects  at  infinity  on  one  range 
have  as  their  correspondents  the  two  objects  at  infinity  on  the  other,  then 
the  intervene  between  any  two  objects  on  the  one  range  is  equal  to  that 
between  their  correspondents  on  the  other. 

400.  Determination  of  the  Function  ezpreieing  the  Intervene 
between  Two  Ol>]ects  on  a  GKven  Range. 

Let  a?,,  a?,,  a?„  x^,  and  yi,  y,,  y,,  y^  be  the  co-ordinates  of  the  objects  by 
which  the  range  is  determined.  Then  each  remaining  object  is  constituted 
by  giving  an  appropriate  value  to  p  in  the  system, 

ooi-^PVu   «i+f>y2,   ^j+pyj»   ^a-^pva' 

Let  \  and  fi  be  the  two  values  of  p  which  produce  the  pair  of  objects  of 
which  the  intervene  is  required.  It  is  plain  that  the  intervene,  whatever  it 
be,  must  be  a  function  of  x^,  x^,  a?,,  x^  and  yi,  y„  y,,  y*,  and  also  of  \  and  fi. 
So  far  as  objects  on  the  same  range  are  concerned,  we  may  treat  the  co- 

28-2 
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ordinates  of  the  originating  objects  as  constant,  and  regard  the  iDt«iT«w 
simply  as  a  function  of  \  and  /li,  which  we  shall  denote  by/(X,  /*). 

The  form  of  this  function  will  be  gradually  evolved,  as  we  endow  h  witfc 
the  attributes  we  desire  it  to  possess.  The  first  step  will  be  to  take  a  xhai 
object  on  the  same  range  for  which  the  parameter  shall  be  v,  where  Ki^9 
are  arranged  in  order  of  magnitude.  Then,  as  we  wish  the  interveDe  to 
possess  the  property  specified  in  Axiom  I.,  we  have 

By  the  absence  of  /a  from  the  right-hand  side,  we  oonclode  that  f^ 
disappear  identically  from  the  left-hand  side.  This  niast  be  the 
whatever  X  and  if  may  be.  Hence,  no  term  in  which  m  enters  can  hmn 
X  as  a  factor.  It  follows  that  /(X,  fi)  must  be  simply  the  difference  of  tw» 
parts,  one  being  a  function  of  X,  and  the  other  the  same  function  of  ^ 

Accordingly,  we  write, 

/(X,/i)  =  <^(X)-<^Oi). 

The  first  step  in  the  determination  of  the  intervene  function  has  thus  het% 
taken.     But  the  form  of  ^  is  still  quite  arbitrary. 

The  rank  of  the  objects  in  a  range  may  be  concisely  defined  by  tht 
magnitudes  of  their  corresponding  values  of  p.  Three  objects  are  miid  to  W 
ordered  when  the  corresponding  values  of  p  are  arranged  tn  ascending  or  dssctsi- 
ing  magnitude. 

Let  P,  Q,  Q^  be  three  ordered  objects,  then  it  is  generally  imptmbl*^ 

that  the  intervenes  PQ  and  PQ'  shall  be  equal ;  for,  suppose  them  to  be  *t 

then 

PQ-{-Qq=PQ  by  Axiom  I.; 

but,  by  hypothesis,  PQ  =  PQf, 

and  hence  QQ  =  0. 

But,  from  Axiom  il.,  it  follows  that  (Q  and  Q"  being  different)  thisi  caiin«4  Sr 
true,  unless  in  the  very  jK»culiar  case  in  which  the  intervene  betWi*t.'a  e\rT} 
pair  of  objects  on  the  range  is  zero.  Omitting  this  exception,  to  which  »f 
shall  subsequently  retuni,  we  see  that  PQ  and  PQ'  caimot  be  et^ual  so  loof: 
as  Q  and  Qf  are  distinct. 

We  hence  draw  the  important  conclusion  that  there  is  for  each  object  P 
but  a  single  object  Q,  which  is  at  a  stated  intervene  therefrom. 

Fixing  our  att<.»ntion  on  some  ilefinite  value  S  (what  value  it  tlo*-^  ik* 
nuittcr)  of  the  intorvi'iK',  we  can,  from  each  object  X,  have  an  ««rJervd  i-q^:- 
intervent*   object  ^  detenniiied.      Each    X   will   define  one  /a.      Each  ^  •'■ 
correspond  to  one  X.     The  values  of  X  with  the  correlat<»d  values  uf  /*  tv^r=: 
two  hoinographic  systems.     The  relation  between  X  and  fi  depends, of  axir^ 
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upon  the  specific  value  of  S,  but  must  be  such  that,  when  one  of  the 
quantities  is  given,  the  other  shall  be  determined  by  a  linear  equation.  It 
is  therefore  assumed  that  \  and  /x  must  be  related  by  the  equation 

AXti  +  B\  +  Cfi  +  D  =  0, 

where  the  ratios  of  the  coefficients  A,  B,C,  D  shall  depend,  to  some  extent, 
upon  8.  If  V  and  fi  be  a  given  pair  of  parameters  belonging  to  objects 
at  the  required  intervene,  then 

-4\V  + ^'+ (7/  + D  =  0, 

by  which  the  disposable  coefficients  in  the  homographic  equation  are  reduced 
to  two. 

The  converse  of  Axiom  ii.,  though  generally  true,  is  not  universally  so. 
It  will,  of  course,  generally  happen  that  when  two  objects  coincide  their 
intervene  is  zero.  But  on  every  range  two  objects  can  be  found,  each 
of  which  is  truly  to  be  regarded  as  two  coincident  objects  of  which  the 
intervene  is  not  zero. 

Let  us,  for  instance,  make  \  =  /i  in  the  above  equation ;  then  we  have 

ilV+(fi+(7)X  +  /)  =  0. 

This  equation  has,  of  course,  two  roots,  each  of  which  points  out  an  object 
of  critical  significance  on  the  range.  We  shall  denote  these  objects  by  0 
and  (y.  Each  of  them  consists  of  a  pair  of  objects  which,  though  actually 
coincident,  have  the  intervene  S.  The  fundamental  property  of  0  and  &  is 
thus  demonstrated. 

Let  X  be  any  object  on  the  range ;  then  (Axiom  i.) 

and  as  S  is  not  zero,  we  have 

XO  =!  infinity. 

Therefore  every  object  on  the  range  is  at  an  infinite  intervene  from  0.  A 
similar  remark  may  be  made  with  respect  to  (X ;  and  hence  we  learn  that 
ihe  two  objects,  0  and  (X,  are  at  infinity. 

We  assume,  in  Axiom  in.,  that  there  are  not  to  be  more  than  two  objects 
on  the  range  at  infinity :  these  are,  of  course,  0  and  0\  We  must,  therefore, 
be  conducted  to  the  same  two  objects  at  infinity,  whatever  be  the  value  of 
the  intervene  S,  from  which  we  started.*  We  thus  see  that  while  the 
original  coefficients  A,  B,  C,  D  do  undoubtedly  contain  S,  yet  that  S  does  not 
a£fect  the  equation 

ilV  +  (5  +  C)X  +  -D  =  0. 

*  Hy  attention  was  kindly  directed  to  this  point  in  a  letter  from  Mr  F.  J.  M'Aolay. 
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It  follows  that  D^  A  and  (-B  +  C) -r  il  must  both  be  independeDt  of  h     W< 
may  therefore  make 

A^A'\     5=5^+^;     0  =  C'-A;    D^  U  \ 
and  thus  the  homographic  equation  becomes 

where  A  is  the  only  quantity  which  involves  8. 

The  equation  can  receive  a  much  simpler  form  by  taking  the  in&in« 
objects  as  the  two  originating  objects  from  which  the  range  was  cieUfrmiiipd 
In  this  case  the  equation 

ilV  +  (5  +  0)X  +  Z)  =  0 

must  have  as  roots  X  =  0  and  X  =  x,  and  therefore 

^=0;    /)  =  0, 

hence  the  homographic  equation  reduces  to 

BX  +  Cm  =  0; 

since  £-;-  C  is  a  function  of  the  intervene  £,  we  may  say,  conversclj,  thai 

We  have,  however,  already  learned  that  the  intervene  is  to  have  lb« 
form 

<^(X)-<^(/i). 

Now  we  find  that  it  can  also  be  expressed,  with  perfect  generality,  in  ibe 
form 

It  follows  that  these  two  expressions  must  be  equal,  so  that 

^(X)-^(m)  =  -pQ). 

In  this  equation  the  particular  value  of  8  does  not  appear,  nor  is  it  even 
implied.  The  formula  must  therefore  represent  an  identical  result  tnie  U< 
all  values  of  X  and  all  values  of  /^ 

We  may,  theivlore,  ditfertntiiite  the  lormula  with  respect  both  to  X  ao^ 
to  /L(,  and  thus  we  obtain 


-^■i.^  =  -l.F(^), 
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whence  we  deduce 

As  \  and  fi  are  perfectly  independent,  this  equation  can  only  subsist  by 
assuming  for  (f>  a  form  such  that 

where  H  is  independent  of  X.     Whence  we  obtain 

and,  by  integration, 

(l>(\)  =  H  log  \  +  constant. 

The  intervene  is  now  readily  determined,  for 

<^(X)-<^(/^)  =  iriogX-^log^  =  iriog-. 

We  therefore  obtain  the  following  important  theorem  which  is  the  well- 
known*  basis  of  the  mensuration  of  non-Euclidian  space : — 

Let  Xi,  x^y  a?,,  a?4,  and  yi,  y,,  y,,  y^  be  the  two  objects  at  infinity  on  a  range, 
and  let  a^  +  Xy,,  x,  +  Xya,  ar^+Xy,,  x^-\-\y^,  and  x^-k-fxy^,  «a4-/ty2,  ^»  +  fiy$, 
«4  +  fiy^  be  any  two  other  objects  on  the  range,  then  their  intervene  will  be 
expressed  by 

H  (log  X  -  log  ^), 

where  H  is  a  constant  depending  upon  the  adopted  units  of  measurement. 

It  will  be  useful  to  obtain  the  expression  for  the  intervene  in  a  rather 
more  general  manner  by  taking  the  equation  in  X  and  fi,  for  objects  at  the 
intervene  B,  as 

A\fi  +  B\  +  Cfi'^D  =  0. 

Let  X'  and  X"  be  the  two  roots  of  this  equation  when  /li  is  made  equal  to  X. 
It  follows  that  what  we  have  just  written  may  be  expressed  thus:— 

X^  +  X(tf-iX'-iX")  +  M(-^-i^'-iO+ >►'>'"  =  0. 

For,  if  X  =  /x,  this  is  satisfied  by  either  X'  or  X",  while  0  disappears.  0  is,  of 
course,  a  function  of  the  intervene,  and  it  is  only  through  0  that  the  inter- 
vene comes  into  the  equation.     By  solving  for  0,  we  find 

^     X/i  -  J  (>-'  +  '^lO^  +  m)  -h  W 

C/=  r . 

/Lt—  X 

•  Professor  George  Bruce  Halsted  remarks  in  Science,  N.  S.,  Vol.  x.,  No.  251,  pages  645 — 557, 
October  20,  1S99,  that  **  Roberto  Bonola  has  just  given  in  the  BoUetino  di  Bibliograjia  e  Storia 
delta  Seienze  Matematiche  (1899)  an  exceedingly  rich  and  valuable  Bibliografia  sui  Fondamenti, 
della  Oeometria  in  relazione  alia  Geometria  non-£uclidea  in  which  he  gives  853  titles." 


./ 


^ 
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The   iDtcrvcnc    itself  is   F{0),   where  F  expresses   some    funciioo;   aod. 
accordingly, 

When  we  substitute  in  this  expression  the  value  of  0  given  above,  we  haTc 
an  identity  which  is  quite  independent  of  the  particular  S.  We  must,  there- 
fore, determine  the  functions  so  that  this  equation  shall  remain  true  for  ftll 
values  of  X,  and  all  values  of  /i.  The  formulae  must  therefore  be  true 
differentiated — 

^      ^Oi-V)(M"V^)       de    ^  (X  -  \'){\"  ^  X) 


whence, 


f(X)     0i-V)(M-O 
^'(m)     (X-X')(X-X") 


/'\  > 


or  (X - X')(X  -  X")  f  (X)  =  (m -  X')(/» -  X")f  0*), 

which  has  the  form 

^(X)=-f(M). 

Considering  the  complete  independence  of  both  X  and  /«,  this  eqoatioo 
quires  that  each  of  its  members  be  independent  alike  of  X  and  m>     We  ahall 
denote  them  by  H  (X'  —  X")  where  B  is&  constant,  whence 

(X  -  X')(X  -  X")  f  (X)  =  fr  (X'  -  X"), 


(x-x'Xx-x") 

"  ^  (x::v  -  x^oT"')  • 

whence,  integrating  and  denoting  the  arbitrary  constant  by  C, 

^  (X)  =  jy  [log  (X  -  X')  -  log  (X  -  X-)]  +  C ; 
similarly, 

^  (m)  =  -ff  [log  (m  -  X')  -  log  (M  -  X")]  +  C ; 

and,  finally,  we  have  for  the  intervene,  or  ^(X)  —  ^0*).  the  expreanuo. 

«"^i"?(x-x")(M-vr 

This  expri^SHion  disoloses  the   intervene  as  the  logarithm  of  a  ct.>rtain  ao- 
hannonic  ratio. 

Wc    may  here  uoU*  how  a   difficulty   must  bo  removed   which   is  \%n 
likuly  to  occur  Ui  om-  who  is  appmurhing  the  uon-Euclidian  geometry  fur  ih* 
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first  time.  No  doubt  we  find  the  intervene  to  be  the  logarithm  of  an  an- 
harmonic  ratio  of  four  quantities,  but  these  quantities  are  not  distances 
nor  are  they  quantities  homologous  with  the  intervene.  They  are  simply 
numerical.  The.  four  numbers,  X,  fi,  V,  X"  are  merely  introduced  to  define 
four  objects,  one  of  them  being, 

ar,  4-Xy,     a:2  +  Xy„     a?,  +  Xy„     ot^A-^Xy^. 

and  the  others  are  obtained  by  replacing  X  by  /a,  X',  X",  respectively.  All 
we  assert  is,  that  if  we  choose  to  call  the  two  objects  defined  by  X'  and  X" 
the  objects  at  infinity,  and  that  if  we  desire  the  intervene  between  the 
objects  X  and  ^  to  possess  the  properties  that  we  have  already  specified, 
then  the  only  function  possible  will  be  the  logarithm  of  the  anharmonic  ratio 
of  these  four  numbers. 

The  word  anharmonic  is  ordinarily  applied  in  describing  a  certain 
function  of  four  collinear  points.  In  the  more  general  sense,  in  which  we 
are  at  this  moment  using  the  word,  it  does  not  relate  to  any  geometrical  or 
spacial  relation  whatever ;  it  is  a  purely  arithmetical  function  of  four  abstract 
numbers. 

We  may  also  observe  that  the  relation  between  0  and  the  intervene  5 
is  given  by  the  equation 

a 

e  =  i(\"  -  X')  Y^ , 

and  the  expression  of  the  intervene  as  a  function  of  0 ;  that  is,  the  expression 
F{0)  is 


401.    Another  proceit. 

We  may  also  proceed  in  the  following  manner.     Let  us  denote  the  values 
of  X  for  the  infinite  objects  on  the  range  by  pc**  and  per^. 

If  then  X,  /i  be  two  parameters  for  two  objects  at  an  intervene  B,  we  must 
have  (p.  439) 

XfA  +  X  (e  —  p  cos  ^)  +  ft  (—  6  -  p  cos  ^)  +  p"  =  0. 

Solving  for  e,  we  have 

_X/i  — pcosg(X-hM)  +  P* 
/i-X 

The  intervene  5  must  be  some  function  of  e,  whence 
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whence 

mt  r^  V 


^..^.         dFde     dF  fA^  -  2f/k  cos  e±^ 
0(\)=     -— -^  =  -.    z 


,,,  ,         dFde      dF  X}"  2X008  0-^ p" 


^  ^  \p  cos  6  ^\J 


de  dfjL     'Si         (m  -  X)" 
(X.«  -  2X  cos  5  +  f>«)  <^'  (X)  =  (/a'  -  2/i  cos  5  +  p*)  ^'  0*)  «  p  sin  tf  8appo0e. 

Hence  we  have 

sind 

P 

and  thus  we  get  for  the  intervene  with  a  suitable  unit 

S  =  tan-(-^A)_tan-.(    '^^). 
\pcoa0  —  \/  Vp  COS  a  —  fi/ 

402.    On  the  Infinite  Objeoti  in  an  Extent. 

On  each  range  of  the  extent  there  will  be  two  objects  at  infinity,  bj  \ht 
aid  of  which  the  intervene  between  every  two  other  objects  on  that  image 
is  to  be  ascertained.  We  are  now  to  study  the  distribution  of  theee  infinite 
objects  over  the  extent.  Taking  any  range  and  one  of  its  infinite  obj«cti^ 
0,  construct  any  other  range  in  the  same  extent  containing  0  as  an  object 
This  second  range  will  also  have  two  infinite  objects.  Is  0  to  be  one  of 
them  ?  Here  we  add  another  attribute  to  our,  as  yet,  immature  ooooepliae 
of  the  intervene. 

In  Euclidian  space  we  cannot  arrive  at  infinity  except  we  take  ao 
infinitely  long  journey.  This  is  because  the  point  at  infinity  on  one  stFaig&i 
line  is  also  the  point  at  infinity  on  any  other  straight  line  passing  thnMigh 
it.  Were  this  not  the  case,  then  a  finite  journey  to  infinity  oould  be  takefi 
by  travelling  along  the  two  sides  of  a  triangle  in  preference  to  the  direct 
route  vid  the  third  side.  To  develop  the  analogy  between  the  concepUoo  oi 
intervene  and  that  of  Euclidian  distance,  we  therefore  assume  (in  Axiom  nr.i 
that  an  infinite  object  has  an  infinite  intervene  with  every  other  object  of 
the  content.     In  consequence  of  this  we  have  the  general  result,  that 

If  0  be  an  infinite  object  on  one  range,  then  it  is  an  infinite  objed  am  cwrt 
one  of  the  ranges  diverging  from  0. 

The  necessity  for  this  assumption  ia  made  clear  by  the  following  c«i- 
sideration  : — Siip|)<)se  that  0  were  an  infinite  object  on  one  range  containinc 
the  object  A,  but  were  not  an  infinite  object  on  another  range  OB,  diverpr*^: 
also  from  O;  then,  although  the  direct  intervene  OA  is  infinite,  yet  ibt* 
intervenes  fn»ni  A  to  Ji  and  from  Ji  to  O  would  be  both  finite.  The  ^'tiy 
esi*u|)e  is  by  the  assumption  wt?  have  just  italicisoil.  Otherwise  infinitji 
could  be  reached  by  two  journeys,  each  of  finite  intervene. 
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Take  any  infinite  object  0.  Construct  a  series  of  ranges  in  the  extent, 
each  containing  0.  Each  of  these  ranges  will  have  another  infinite  object, 
Oi,  Oj,  0,,  <S:c.  The  values  Xi,  a^,  a?,,  which  define  Oi,  0,,  0,,  &c.,  must  fulfil 
some  general  condition,  which  we  may  express  thus : 

/(a?i,  a?a,  ^s)  =  0. 

Form  a  range  through  Oi  and  Og.  There  must  be  two  infinite  objects  on 
this  range,  and  of  course  all  other  objects  thereon  will  be  defined  by  a  linear 
equation  Z  =  0  in  a^i,  a;,,  x^. 

Every  object  satisfying  the  condition /(a;i,  a:,,  a:,)  =  0  is  infinite,  and  there- 
fore all  the  values  of  Xi,  x^y  a:,  common  to  the  two  equations  Z  =  0  and 
/{xi,  x^y  x^)  =  0  must  denote  infinite  objects.  But  we  have  already  seen  that 
there  are  only  two  infinite  objects  on  one  range;  therefore  there  can  be 
only  two  systems  of  values  common  to  the  two  equations.  In  other  words, 
/(^»^f  ^)  must  be  an  algebraical  function  of  the  second  degree.  There 
can  be  no  infinite  object  except  those  so  conditioned ;  for,  suppose  that  S 
were  one,  then  any  range  through  S  would  have  two  objects  in  common 
with  /,  and  thus  there  would  be  three  infinite  objects  on  one  range,  which 
is  contrary  to  Axiom  iii. 

Hence  we  deduce  the  following  important  result : — 

All  the  infinite  objects  in  an  extent  lie  on  a  range  of  the  second  degree. 

We  thus  see  that  every  range  in  an  extent  will  have  two  objects  in 
common  with  the  infinite  range  of  the  second  order.  These  are,  of  course, 
the  two  infinite  objects  on  the  range. 

403.  On  the  Periodic  Term  in  the  Complete  Ezpresiion  of  the 
Intervene. 

We  have  found  for  the  intervene  the  general  expression 

H  (log  X  -  log  fi). 

We  may,  however,  write  instead  of  \, 

(cos  2n7r  -I-  i  sin  2?27r)  X, 

where  n  is  any  integer ;  but  this  equals 

6^»X; 

hence,  log  X  =  2in7r  -I-  log  X ; 

and,  consequently,  the  intervene  is  indeterminate  to  the  extent  of  any 
number  of  integral  multiples  of 

2iH7r. 

The  expression  just  written  is  the  intervene  between  any  object  and 
the  same  object,  if  we  proceed  round  the  entire  circumference  of  the  range. 
We  may  call  it,  in  brief,  the  circuit  of  the  range. 


J 
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The  intervene  between  the  objects  \  and  —  \  is 

Nor  is  this  inconsistent  with  the  &ct  that  X  =  zero  denotes  two  coincidefit 
objects,  as  does  also  \=  ±  infinity.  In  each  of  these  cases  the  ooiockknt 
objects  are  at  infinity,  and  the  intervene  between  two  objects  which  ooak«oe 
iuto  one  of  the  objects  at  infinity  has  an  indeterminate  value,  and  may  ihuk 
of  course,  be  iHw,  as  well  as  anything  else. 

404.    Interrenet  on  Different  Ranges  in  a  Content. 

Let  us  suppose  any  two  ranges  whatever.  There  are  an  infinite  number 
of  objects  on  one  range,  and  an  infinite  number  on  the  other.  The  well* 
known  analogies  of  homographic  systems  on  rays  in  space  lead  us  to  inquirr 
whether  the  several  objects  on  the  two  ranges  can  be  correlated  boOK^ 
graphically.  Each  object  in  either  system  is  to  correspond  definitely  viU 
a  single  object  in  the  other  system. 

We  determine  an  object  on  a  range  by  its  appropriate  X.  Let  the 
corresponding  object  on  the  other  range  be  defined  by  W  The  ncrcopiij 
conditions  of  homography  demand  that  for  each  \  there  shall  be  one  X\  sod 
vice  versd.  Compliance  with  this  is  assured  when  \  and  X'  are  related  hj 
an  equation  of  the  form 

P\K'  +  ^  +  itX'  +  S  =  0. 

Let  X,,  X,,  X,,  X^  be  any  four  values  of  X.  and  let  X,',  X,',  X,',  X^'  be  the  air- 
responding  four  values  of  X',  then,  by  substitution  in  the  equation  just 
written,  and  elimination  of  P,  Q,  R,  S,  it  follows  that 

^LZ_?  V  ^  ~  ^  «  x,!  ^  ^       ^  ""  Xt 

Wo  now  introduce  the  following  important  definition : — 

By  the  expression,  anhamionic  ratio  of  four  objects  on  a  range^  is  tmmmi 
the  anhamionic  ratio  of  the  four  values  of  the  numerical  parameter  by  wkkk 
the  objects  are  indicated. 

We  are  thus  enabled  to  enunciate  the  following  theorem : — 

Whefi  the  objects  on  two  ranges  are  ordered  homograpkically,  ike  ««- 
harmonic  ratio  of  any  four  objects  on  one  range  equals  the  anharynomic  nilw 
of  their  four  correspondents  on  the  other. 

Three  |)airs  uf  correHpondents  can  be  ch«Ksen  arbitrarily,  and  then  ibr 
e<juati<>n  hust  given  will  indiaite  the  relation  between  every  other  X  and  it* 
corrt^sponding  X'. 

Among  the  difl^erent  hofnogniphic  systems  there  is  one  of  special  im- 
portance.    It  is  that  in  which  the  intervene  between  any  two  objects  in 
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one  range  equals  that  between  their  correspondents  in  the  other.  But 
this  horaography  is  only  possible  when  a  critical  condition  is  fulfilled. 

In  the  first*  place,  an  infinite  object  on  one  range  must  have,  as  its 
correspondent,  an  infinite  object  on  the  other.  For  if  X  be  an  infinite 
object  on  one  range,  it  has  an  infinite  intervene  with  every  other  object 
on  that  range  (Axiom  IV.);  therefore  X\  the  correspondent  of  X,  must 
have  an  infinite  intervene  with  every  other  object  on  the  second  range. 

If,  then,  X  and  Y  are  the  infinite  objects  on  one  range,  and  X'  and  F' 
the  infinite  objects  on  the  other,  and  if  A  and  B  be  two  arbitrary  objects  on 
the  first  range,  and  A'  and  B^  their  correspondents  on  the  other;  then, 
using  the  accustomed  notation  for  anharmonic  ratio, 

{ABXY)^{A'RXT). 

But,  if  H'  be  the  factor  (p.  440)  for  the  second  range,  which  H  is  for  the  first, 
we  have,  since  the  intervenes  are  equal, 

H  log  {ABXY)  =  H'  log  {A'RX'T) ; 
and,  since  the  anharmonic  ratios  are  equal,  we  obtain 

If,  then,  it  be  possible  to  order  two  homographic  systems  of  objects,  so  that 
the  intervene  between  any  two  is  equal  to  that  between  their  correspondents, 
we  must  have  H  and  H'  equal ;  and  conversely,  when  H  and  H*  are  equal, 
then  equi-intervene  homography  is  possible. 

We  have  therefore  assumed  Aidom  v.  (§  399)  which  we  have  now  seen 
to  be  equivalent  to  the  assumption  that  the  metric  constant  J7  is  to  be  the 
same  for  every  range  of  the  content. 

Nor  is  there  anything  in  Axiom  v.  which  constitutes  it  a  merely  gratuitous 
or  fantastic  assumption.  Its  propriety  will  be  admitted  when  we  reduce  our 
generalized  conceptions  to  Euclidian  space.  It  is  an  obvious  notion  that 
any  two  straight  lines  in  space  can  have  their  several  points  so  correlated 
that  the  distance  between  a  pair  on  one  line  is  the  same  as  that  between 
their  correspondents  on  the  other.  In  fact,  this  merely  amounts  to  the 
statement  that  a  straight  line  marked  in  any  way  can  be  conveyed,  marks 
and  all,  into  a  different  situation,  or  that  a  foot-rule  will  not  change  the 
length  of  its  inches  because  it  is  carried  about  in  its  owner's  pocket. 

In  a  similar,  but  more  general  manner,  we  desire  to  have  it  possible,  on 
any  two  ranges,  to  mark  out  systems  of  corresponding  objects,  such  that  the 
intervene  between  each  pair  of  objects  shall  be  equal  to  that  between  their 
correspondents.  We  have  shown  in  this  Article  that  such  an  arrangement 
is  possible,  when,  and  only  when,  the  property  v.  is  postulated.  We  may 
speak  of  such  a  pair  of  ranges  as  equally  graduated. 
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The  conception  of  rigidity  involves  the  notion  that  it  shall  be  possible  w 
displace  a  system  of  points  such  that  the  distance  between  every  pair  </ 
■points  in  their  original  position  equals  that  between  the  same  pair  afUr 
the  displacement.  We  desire  to  have  corresponding  notions  in  the  pn-sii^; 
Theory,  which  will  only  be  possible  when  we  have  taken  such  a  special  rytm 
of  the  nature  of  the  intervene  as  is  implied  in  Axiom  V. 

406.  Another  Investigation  of  the  possibilitj  of  equmlly  Orate- 
ated  Ranges. 

The  importance  of  the  subject  in  the  last  Article  is  so  great  in  \ht 
present  Theory  that  I  here  give  it  from  a  different  point  of  view. 

Taking  the  infinite  objects  on  a  range  as  the  originating  objectsi,  we  ban 
on  the  first  range  for  the  intervene  between  the  objects  X  and  et, 

if  (log  X  -  log  o) ; 

and  for  the  second  range  for  the  intervene  between  ^  and  /9,  we  have 

if' (log  M- log /9). 

Regarding  a  and  P  as  fixed,  and  X  and  f&  as  defining  a  pair  of  correlaUTr 
objects,  we  get,  as  the  relation  between  X  and  ^  for  equally  graduated 
ranges, 

tflog^  =  i/'log|; 
whence  the  relation  between  X  and  /i  is  thus  given : 


^(r• 


When  this  is  the  case,  there  are  several  values  of  X  corresponding  u>  t-oe 
value  uf  fi,  which  may  be  thus  found  : — Let  m  be  any  integer  ;  then,  id  lb< 
usual  manner, 

H' 

\ 
a 


( Vl  I     I  cos  2m  .-  IT  4- 1  sm  2m  ^  w  j  ; 


and  therefore 


X 


a 


-G)". 


or 


/Ml"         2//'        .  .    2/r    \ 
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or 

El 

&c.    &c.    &c. 

We  see  that  the  correspondence  between  X  and  fi  cannot  be  of  the  homo- 
graphic  character,  unless 

The  necessity  for  this  condition  may  be  otherwise  demonstrated  by 
considering  the  subject  in  the  following  manner: — 

The  intervene  between  any  two  objects  on  one  range  is,  of  course, 
ambiguous,  to  the  exteut  of  any  integi*al  number  of  the  circuits  on  that  range. 
Let  C  and  C"  be  the  circuits,  and  let  8  be  an  intervene  between  two  objects 
on  the  second  range.  If  we  try  to  determine  two  objects,  a  and  \,  on  the 
firat  range  that  shall  have  an  intervene  S,  we  must  also  have  another  object 
V,  such  that  its  intervene  from  a  is  S  +  C\  Similarly,  there  must  be  another 
object  X"  with  the  intervene  B  -h  2(7',  &c.  It  is  therefore  impossible  to  have. 
a  single  object  at  the  intervene  S  +  mC  from  a,  unless  it  happened  that 

or  that 

Thus,  again,  are  we  led  to  the  conclusion  that  ranges  cannot  be  equally 
graduated  unless  their  circuits  are  the  same. 

The  circuits  on  every  range  in  the  content  being  now  taken  to  be  equal, 
we  can  assume  for  the  circuit  any  value  we  please.  There  are  great  advan- 
tages in  so  choosing  our  units  that  the  circuit  shall  be  ir ;  but  we  have  as  its 
expression, 

2t  JSTtt  ; 
whence  we  deduce 

2iH  « 1. 

406.    On  the  Infinite  Objeoti  in  the  Content. 

Certain  objects  in  the  content  are  infinite,  and  it  is  proposed  to  determine 
the  conditions  imposed  on  Oq,  x^,  ^n  ^4  when  they  indicate  one  of  these.  If 
an  object  0  be  infinite,  then  every  range  through  that  object  will  have  one 
other  infinite  object.  Let  these  be  Oi,  0,,  &c.  These  several  objects  will 
conform  with  the  condition, 

Every  infinite  object  in  the  content  must  satisfy  this  equation;  and, 
conversely,  every  object  so  circumstanced  is  infinite. 
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Two  linear  equations  in  x^,  a^,  x^^  x^  determine  a  range,  mod  tlie  simai- 
taneous  solutioa  of  these  equations  with 

/(«!,  «»,  «i,  a?4)  =  0 

gives  the  infinite  objects  on  that  range — but  there  can  only  be  two— and 
hence  we  have  the  following  important  theorem: — 

T^e  co-ordinates  x^,  x^,  x^,  x^  of  the  infinite  objects  in  a  content  eatMsfy  m 
homogeneous  eqiuUion  of  the  second  degree. 

We  denote  this  equation  by 

[7=0. 

407.  The  Departure. 

Let  the  ranges  ^i,  a:,,  0,  0  be  formed  when  the  parameter  x,  -«-  jc^  has  ercfr 
possible  value,  then  the  entire  group  of  ranges  produced  in  this  way  is  calM 
a  star.  In  ordinary  geometry  the  most  important  function  of  a  pair  of  nn 
in  a  pencil  is  that  which  expresses  their  inclination.  We  have  now  to  cneato. 
for  our  generalized  conceptions,  a  function  of  two  ranges  in  a  star  which 
shall  be  homologous  with  the  notion  of  ordinary  angular  ma^i^itude. 

We  shall  call  this  function  the  Departure.  Its  form  is  to  be  determiiicd 

by  the  properties  that  we  wish  it  to  possess.  In  the  investigation  \»t  the 

departure  between  two  ranges,  we  shall  follow  steps  parallel  to  those  which 
determined  the  intervene  between  two  objects. 

If  OP,  OQ,  OR  be  three  rays  in  an  ordinary  plane  diverging  from  0,  ihct 

^POQ-^/iQOR^/iPOR 

In  general  the  angle  between  two  rays  is  not  zero  unless  the  rays  are  coin- 
cident ;  but  this  sUiteinent  ceases  to  be  true  when  the  vertex  of  the  pt^orii  > 
at  infinity.  In  this  case,  however,  the  angle  between  every  pair  of  rm?*  m 
the  pencil  is  zero. 

Every   plane   pencil    has    two   rays  {i.e.  those  to  the  circular  p^nnt^  »x 
infinity),  which  make  an  infinite  angle  with  every  other  ray. 

408.  Becond  Group  of  Azioma  of  the  Content. 

We  desire  to  construct  a  departure   function   which   shall    pi.^tM^-***  ih- 
following  |»ru|)erties : — 

(  VI )     It*  thref  niMgrs.  /^  Q,  R,  in  a  star,  1h'  oixlrred  in  iisot^ndin^j  |tiin%ii  t  :.  r 

Jifui  it*  thf  departure  between  two  ningt'S.  f*>r  exainplf,  /*  and  (J,  Xn."  txjin 

by  PQ,  thin 

PQ  -f  (^/^  =  PR. 
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(VII)  The  departure  between  two  ranges  cannot  be  zero  unless  the  ranges 
are  coincident,  or  unless  the  departure  between  every  pair  of  ranges  in  that 
star  is  also  zero. 

(VIII)  Of  the  ranges  in  a  star,  two  (distinct  or  coincident)  are  at  infinity, 
%,e.  have  each  an  infinite  departure  from  all  the  remainder. 

(IX)  An  infinite  range  has  an  infinite  departure,  not  only  with  every 
range  in  its  star,  but  with  every  range  in  the  extent. 

(X)  If  the  several  ranges  in  one  star  correspond  one  to  one  with  the 
several  ranges  in  another,  and  if  the  two  infinite  ranges  in  one  star  have  as 
their  correspondents  the  infinite  ranges  in  the  other;  then  the  departure 
between  any  two  ranges  in  one  star  is  equal  to  that  between  the  two  corre- 
sponding ranges  in  the  other. 

409.  The  Form  of  the  Departure  Function. 

The  analogy  of  these  several  axioms  to  those  which  have  guided  us  to 
the  discovery  of  the  intervene,  shows  that  the  investigation  for  the  function 
of  departure  will  be  conducted  precisely  as  that  of  the  intervene  has  been ; 
accordingly,  we  need  not  repeat  the  several  steps  of  the  investigation,  but 
enunciate  the  general  result,  as  follows : — 

Let  ^1,  ^s,  and  y^  y%he  the  co-ordinates  of  any  two  ranges  in  a  star,  and 
letXi.X^t  and  fj^^  fi^  be  the  co-ordinates  of  the  two  infinite  ranges  in  that  star. 
Then  the  departure  between  (xi,  x^  and  (yi,  y,)  is 

iViK-  yi\)  (^fh  -  ^Ah) ' 

410.  On  the  Arrangement  of  the  Infinite  Ranges. 

Every  star  in  the  extent  will  have  two  infinite  ranges,  and  we  have  now 
to  see  how  these  several  infinite  ranges  in  the  extent  can  be  compendiously 
organized  into  a  whole. 

To  aid  in  this  we  have  assumed  Axiom  IX.,  the  eflTect  of  which  is  to 
render  the  following  statement  true.  Let  several  objects  on  a  range,  0,  be 
the  vertices  of  a  corresponding  number  of  stars.  If  0  be  an  infinite  range 
in  any  one  of  the  stars,  then  it  is  so  in  every  one. 

Let  Oi,  a,,  a,  be  any  three  ranges  in  an  extent.  Then  every  range  in 
the  same  extent  can  be  expressed  by 

where  Xi,  Xt,  x^  are  the  three  co-ordinates  of  the  range.     It  is  required  to 
determine  the  relation  between  ^,  ^,  ^  if  this  range  be  infinite. 

B.  29 
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An  object  L  will  be  defined  by  an  equation  of  the  form,  where  1^,1^.  U 

are  numerical, 

ija?i  +  L^  +  L^  =  0, 

for  any  two  sets  of  values,  a:,,  «,.  x^,  which  satisfy  this  equation,  will  deur- 
mine  a  pair  of  ranges  which  have  the  required  object  in  commoD. 

Let  the  relation  between  the  co-ordinates  of  an  infinite  range  be 

then  the  infinite  ranges  in  the  star,  whose  vertex  is  the  object  L.  will  he 
defined  by  co-ordinates  obtained  bom  the  simultaneous  solatioii  of 

LyXi  +  L^  +  L^  «  0, 

But  there  can  only  be  two  such  ranges ;  and,  accordingly,  the  latter  of  tkv 
equations  must  be  of  the  second  degree.  We  hence  deduce  the  foUowia; 
important  result : — 

The  infinite  ranges  in  an  extent  may  be  represented  hy  the  different  yroe/s 
of  values  of  the  co-ordinates  x^,  x^,  Xj  which  satisfy  one  homogeneous  eqwahss 

of  the  second  degree. 

Remembering  that  the  existence  of  zero  intervene  between  every  pair  of 
objects  on  a  range  is  a  consequence  of  the  coincidence  of  the  two  objects  of 
infinite  intervene  on  that  range,  we  have  the  following  result : — 

The  range  through  two  consecutive  objects  of  infinite  intervene  is  a  ramys  if 

zero  intervene. 

And,  similarly,  we  have  the  following : — 

The  object  common  to  two  consecutive  ranges  of  infinite  deparfyre  is  tkt 
vertex  of  a  star  of  zero  departure. 

411     Relations  between  Departure  and  Intenrme. 

With  n'fiTonce  to  the  theory  of  Depart iire,  we  thus  see  that  there  15  a 
systi'm  ot  critieul  ranges,  and  a  system  uf  critical  objects  in  each  tfxlent 
Kvery  critieul  ning»*  has  an  infinite  departure  from  every  other  range,  Eferr 
critieul  ohjeet  is  the  vertex  of  a  stur  uf  which  the  departure  between  efcfy 
jMiir  of  ninges  is  zero.  It  will  be  remembered  that  in  the  theory  of  the 
intervt-ne  we  were  condiictiKl  to  the  knowledge  that  every  extent  contaiocii 
u  syst«»m  <»f  ol)je<'ts  and  rungi's,  critieul  with  reganl  to  the  inter^-ene.  E^t'h 
eritK'ul  nl»jf«  t  had  an  infinite  intervene  with  ever}'  other  object  in  the 
exl«iit.  Each  critical  ran^e  possesseil  the  pro|K»rty  that  the  inter^tcr 
iM-twrrii  any  two  ol»j«-cts  thrreon  is  zen».  There  are,  thus,  objects  AOti 
raiigr>  (Titiral  with  n^ptct  to  the  intervene.  There  are  also  objects  A&i 
raiiu'«'s  critical   with   respect  to  thr  «le|Kirture.     But  nothing  that  we  luTe 
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hitherto  assumed  will  entitle  us  to  draw  any  inference  as  to  the  connexion, 
much  less  as  to  the  actual  identity,  between  the  critical  systems  related  to 
intervene,  and  those  related  to  departure.  We  have  already  assumed  five 
properties  for  the  intervene,  and  five  like  properties  for  the  departure.  These 
are,  in  fiswt,  the  axioms  by  which  alone  the  functions  of  intervene  and  of 
departure  could  be  constructed.  But  another  axiom  of  quite  a  distinct  type 
has  now  to  be  introduced. 

There  are  objects  of  infinite  intervene,  and  objects  of  zero  departure. 
There  are  ranges  of  infinite  departure,  and  ranges  of  zero  intervene.  A 
range  generally  contains  two  objects  of  infinite  intervene,  and  two  of  zero 
departure.  A  star  generally  contains  two  ranges  of  infinite  departure,  and 
two  ranges  of  zero  intervene.  On  a  range  of  zero  intervene  the  two  objects 
of  infinite  intervene  coalesce,  and  their  intervene  from  other  objects  on  the 
range  becomes  indeterminate.  In  a  star  of  zero  departure  the  two  ranges 
of  infinite  departure  coalesce,  and  their  departure  from  other  ranges  in 
the  same  star  becomes  indeterminate.  We  have  thus  the  following  state- 
ment : — 

On  a  range  of  zero  intervene,  the  intervene  between  every  pair  of  objects 
is  zero,  except  where  one  particular  object  is  involved,  in  which  case  the 
intervene  is  indeterminate. 

In  a  star  of  zero  departure,  the  departure  between  every  pair  of  ranges 
is  zero,  except  where  one  particular  range  is  involved,  in  which  case  the 
departure  is  indeterminate. 

The  new  axiom  to  be  now  introduced  will  be  formed  as  the  others  have 
been  by  generalization  from  the  conceptions  of  ordinary  geometry.  In  that 
geometry  we  have  two  diflferent  aspects  in  which  the  phenomenon  of  paral- 
lelism may  be  presented.  Two  non-coincident  lines  are  parallel  when  the 
angle  between  them  is  zero,  or  when  their  intersection  is  at  an  infinite 
distance.  Without  entering  into  any  statement  about  parallel  lines,  we  may 
simply  say,  that  when  two  different  straight  lines  are  inclined  at  the  angle 
zero,  their  point  of  intersection  is  at  infinity.  Generalizing  this  proposition, 
we  assume  the  following  axiom  or  property,  which  we  desire  that  our  systems 
of  measurement  shall  possess. 

412.    The  Eleventh  Axiom  of  the  Content. 

This  axiom,  which  is  the  first  to  bring  together  the  notions  of  intervene 
and  of  departure,  is  thus  stated : — 

(xi)  If  two  ranges  in  the  same  extent  have  zero  departure,  their  common 
object  will  he  at  infinity,  and  conversely. 

The  vertex  of  every  star  of  zero  departure  will  thus  be  at  infinity,  and 
hence  we  deduce  the  important  result  that  all  the  objects  of  infinite  inter- 

29—2 
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venc  are  also  objects  of  zero  departure,  and  conversely.  Thus  we  9ee  xha 
the  two  systems  of  critical  objects  in  the  extent  coalesce  into  a  sin^ 
system  in  consequence  of  the  assumption  in  Axiom  XI. 

Elach  consecutive  pair  of  critical  objects  determine  a  range,  whkh  u  a 
range  of  infinite  departure  as  well  as  of  zero  intervene. 

The  expression  infinite  objects  will  then  denote  objects  which  pon9CJ>  tk 
double  property  of  having,  in  general,  an  infinite  intervene  from  other  ob|ecii 
in  the  extent,  and  of  being  also  the  vertices  of  stars  of  zero  deparlurv. 

The  expression  infinite  ranges  will  denote  ranges  which  poeseas  the  dunfaie 
property  of  having,  in  general,  an  infinite  departure  with  all  other  nngek 
and  which  consist  of  objects,  the  intervene  between  any  pair  of  which  »« n 
general,  zero. 

There  is  still  one  more  point  to  be  decided.  The  measuremeot  of  depar- 
ture, like  that  of  intervene,  is  expressed  by  the  product  of  a  Dummal 
factor  with  the  logarithm  of  an  anharmonic  ratio.  This  factor  ia  H  for  the 
intervene.  Let  us  call  it  H'  for  the  departure.  What  is  to  be  the  rviatH« 
between  H  and  H'l  Here  the  analogy  of  geometry  is  illoaory ;  for.  owinf 
to  the  coincidence  between  the  points  of  infinity  on  a  straight  line,  //  ha»  u> 
be  made  infinite  in  ordinary  geometry,  while  H'  must  be  finite.  But  to  the 
present  more  general  theory  H  is  finite,  and  we  have  found  much  conventeoce 

• 

derived  from  making  it  equal  to  —  ^ ,  for  then  the  entire  circuit  of  any  range 

is  IT,     We  now  stipulate  that  H'  is  also  to  be  — -.     The  circuit  of  a  <ar 

lit 

will  then  be  ir  also. 

With  this  assumption  the  theory  of  the  metrics  of  an  extent  admiu  of  * 
remarkable  development. 

Let  X,  y,  z  be  any  three  objects.  Let  «,  fr,  c  denote  the  inu>nrr&e* 
between  y  and  z,  z  and  x,  x  and  \j,  res|)ectively.  Let  the  depart  urv  betwf»si 
thi*  range.s  from  x  to  \j  and  a:-  to  ^  be  denoted  by  A,  fnmi  y  to  z  and  v  t«»  x  l^ 
(iiMiottd  by  //,  and  fn>m  z  XtO  x  and  z  to  y  b<»  denoted  by  C.     Then. 

sin  A      sin  B     sin  C 
sin  (/       sin  6       sin  c  * 

cos  a  =  cos  h  cos  c  4-  sin  fr  sin  c  cos  A^ 
cos  h  =  cos  c  cos  a  +  sin  c  sin  a  cos  B, 
cos  c  =  C(»s  a  cos  h  -f  sin  a  sin  h  cos  C 

Thus  the  f»rnuiln*  of  sphtTical  trigonometry  an*  generally  applicable  thn»u^h- 
out  the  extent*. 

*   I  l<-%nu>il  thJM  axtuninhin^  tliiMjrt-m  fmin  |*ruf«>H(t<>r   llfstirit   verj  ioUTr«tiB|r  pAprtr.  i^*- 
Trtins.  Tart  ii,  ISMl. 
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413.    Repreientation  of  Objecti  by  Pointi  in  Space. 

The  several  objects  in  a  content  are  each  completely  specified  when  the 
four  numbers,  x^,  a?„  a?,,  x^,  corresponding  to  each  are  known.  It  is  only  the 
ratios  of  these  numbers  that  are  significant.  We  may  hence  take  them  to 
be  the  four  quadiiplanar  co-ordinates  of  a  point  in  space.  We  are  thus  led 
to  the  construction  of  a  system  of  one-to-one  correspondence  between  the 
several  points  of  an  Euclidian  space,  and  the  several  objects  of  a  content. 
The  following  propositions  are  evident : 

One  object  in  a  content  has  for  its  correspondent  one  point  in  spdce^  and 
one  point  in  space  corresponds  to  one  object  in  the  content. 

The  several  objects  on  a  range  correspond  one  to  one  with  the  several  points 
on  a  straight  line. 

The  several  objects  in  an  extent  correspond  one  to  one  with  the  several 
points  in  a  plane. 

Since  the  objects  at  infinity  are  obtained  by  taking  values  of  x^,  x^,  x,,  x^, 
which  satisfy  a  quadric  equation,  we  find  that — 

The  several  objects  at  infinity  in  the  content  correspond  with  the  several 
points  of  a  quadric  surface. 

This  surface  we  shall  call  the  infinite  quadric. 

The  following  theorem  in  quadriplanar  co-ordinates  is  the  foundation  of 
the  metrics  of  the  objects  in  the  content  by  the  points  in  space. 

7/*  a?!,  iTg,  a?3,  a?4  and  j/it  J/i,  J/sy  y^  be  the  qiuidriplanar  co-ordinates  of  two 
points  P  and  Q  respectively,  and  if  Oi,  Og,  0,,  O4  be  any  other  four  points  on 
the  ray  PQ  whose  co-ordinates  are  respectively 

^i  +  \yu   ^+\y«,   ^+\y«,   ^4+\y4, 
^-^^Vu   «»+>^4y2,   a?f+^4yf,   a!^  +  \yi, 

then  we  have  thefollovnng  identity 

\i-\  X^  -  X4  ^  QiO, .  0,04 

Xi  -  X4  •  X,  -  X,""  0,04. 0,0,' 

Remembering  the  definition  of  the  anharmonic  ratio  of  four  objects  on  a 
range  (§  404),  we  obtain  the  following  theorem : — 

The  anharmonic  ratio  of  four  objects  on  a  range  equals  the  anharmonic 
ratio  of  their  four  corresponding  points  on  a  straight  line. 
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We  hence  deduce  the  following  important  result,  that — 

The  intervene  between  any  two  objects  is  proporHonal  to  the  logarithm  >/ 
the  anhannonic  ratio  in  which  the  straight  line  joining  the  corrmpumim 
points  is  divided  by  the  infinite  quadric. 

We  similarly  find  that — 

The  departure  between  any  two  ranges  in  the  same  extent  is  proportimd 
to  the  logarithms  of  the  anharmonic  ratio  of  the  pencil  fonned  by  their  tm 
corresponding  straight  lines,  and  the  two  tangents  in  the  same  plame  frm 
their  intersection  to  the  infinite  quadric. 

414.  Polei  and  Polan. 

The  point  x^,a^,  ^,  x^  has  for  its  polar,  with  regard  to  the  infinite  quadnt. 
the  plane, 

^dU_     ^dU         dV_^^d£^Q 
dxi  dx^  dxf  dx^ 

Thus  we  see  that  an  object  corresponding  to  the  point  will  have  a  pokr 
extent  corresponding  to  the  polar  of  that  point  with  regard  to  the  iofimu 
quadric.  The  following  property  of  poles  and  polars  follows  almoutt  imiae- 
diately. 

The  intervene  from  an  object  to  any  object  in  its  polar  extent  is  equal  to  ^ . 

We  have  hitherto  spoken  of  the  departure  between  a  pair  of  rafM?v» 
which  have  a  common  object :  we  now  introduce  the  notion  of  the  departmr 
between  a  pair  of  extents  by  the  following  definition  : — 

The  departure  between  a  pair  of  extents  is  equal  to  the  intervene  betvem 
their  poles. 

415.  On  the  Homographic  Translbrmation  of  tho  Oontant. 

In  our  further  study  of  tho  theory  of  the  content  we  shall  •*mi»I"V 
instoiwl  of  the  objects  themselves,  their  corresponding  points  in  ordiiukn 
space.  All  the  phenomena  of  the  content  can  be  completely  in^'estigmi*^ 
in  this  wiiy.  Objects,  ranges,  and  extents,  we  are  to  replace  by  poin:^ 
straight  lines,  and  planes.  Intervenes  are  to  be  measured,  not,  in«le^.  m 
distancts,  but  as  logarithms  of  certain  anharmonic  ration  obtained  by  oniiaan 
distance  meiisurement.  Departures  are  to  be  measured,  not,  indtvd.  i* 
angles,  l)ut  as  logarithms  of  anharmonic'  ratios  of  certain  pencils  oblAi!>*i 
by  ordinary  angular  meiu^iuninent. 

I  n«»w  siipposr  the  several  objects  of  a  eonti'Ut  to  be  onlen-d  m  t»  ^ 
hoinoL^'niphie  systt-ms  ^1  and  li.  E;ieh  object,  A',  in  the  cont<*nt,  n*gmnl'*i 
as  brloiigiiig  to  the  system  A,  will  have  another  object,  K,  ct>iT«ipon4i:DZ 
thereto  in  the  system  B.     The  <*orrespt)ndence  is  to  be  simply  of  the  ooe-l*> 
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one  type.  Each  object  in  one  system  has  one  correspondent  in  the  other 
system.  But  if  Z  be  regarded  as  belonging  to  the  system  B,  its  correspondent 
in  A  will  not  be  F,  but  some  other  object,  Y\ 

To  investigate  this  correspondence  we  shall  represent  the  objects  by 
their  correlated  points  in  space.  We  take  iTj,  a?,,  a:,,  X4  as  the  co-ordinates 
of  a  point  corresponding  to  x,  and  yi,  y,,  y„  y^  as  the  co-ordinates  of  the 
point  corresponding  to  y.  We  are  then  to  have  an  unique  correspondence 
between  x  and  y,  and  we  proceed  to  study  the  conditions  necessary  if  this 
be  complied  with. 

416.    Deduction  of  the  Equation!  of  Traniformation. 

All  the  points  in  a  plane  Z,  taken  as  x  points,  must  have  as  their 
correspondents  the  points  also  of  a  plane;  for,  suppose  that  the  corre- 
spondents formed  a  surface  of  the  nth  degree,  then  three  planes  will  have 
three  surfaces  of  the  nth  degree  as  their  correspondents,  and  all  their  n' 
intersections  regarded  as  points  in  the  second  system  will  have  but  the 
single  intersection  of  the  three  planes  as  their  correspondent  in  the  first 
system.  But  unless  n  =  1  this  does  not  accord  with  the  assumption  that  the 
correspondence  is  to  be  universally  of  the  one-to-one  type.  Hence  we  see 
that  to  a  plane  of  the  first  system  must  correspond  a  plane  of  the  second 
system,  and  vice  versd. 

Let  the  plane  in  the  second  system  be 

A^y^  +  A^y^  +  ^,y,  +  A^y^  =  0. 

If  we  seek  its  corresponding  plane  in  the  first  system,  we  must  substitute 
for  yi,  ya,  y„  y^  the  corresponding  functions  of  x^,  x^,  x^,  X4,  Now,  unless 
these  are  homogeneous  linear  expressions,  we  shall  not  find  that  this  remains 
a  plane.  Hence  we  see  that  the  relations  between  ^i,a?s,x,,a?4  and  yi,ya,yj,y4 
must  be  of  the  following  type  where  (11),  (12),  &c.,  are  constants : — 

y,  =  (U)x,  +  (l2)x,  +  (l8)x,'^(U)x,, 

y,  =  (21)^1  4-  (22)  a:,  +  (23)  a:,  +  (24)  0:4. 

y,  =  (31)  Xi  +  (32)x^  +  (33)aji  +  {'M,)x,, 

y,  =  (41 )  X,  +  (42)  x^  +  (43)  x,  +  (44)  x,. 

Such  are  the  equations  expressing  the  general  homographic  transformation 
of  the  objects  of  a  content.  From  the  general  theory,  however,  we  now 
proceed  to  specialize  one  particular  kind  of  homographic  transformation. 
It  is  suggested  by  the  notion  of  a  displacement  in  ordinary  space.  The 
displacement  of  a  rigid  system  is  only  equivalent  to  a  homographic  trans- 
formation of  all  its  points,  conducted  under  the  condition  that  the  distance 
between  every  pair  of  points  shall  remain  unaltered  (see  p.  2).  In  our  extended 
conceptions  we  now  study  the  possible  homographic  transformations  of  a 
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content,  conducted   subject  to   the  condition  that  the  interveDe  betwen 
every  pair  of  objects  shall  equal  that  between  their  correspondents 

417.  On  the  Character  of  a  Homographio  TrmasfbriDaltaa 
which  Ooneenree  Intervene. 

In  all  investigations  of  this  nature  the  behaviour  of  the  infinite  object* 
is  especially  instructive.  In  the  present  case  it  is  easily  shown  that  eren 
object  0  infinite  before  the  transformation  must  be  infinite  afterwvdfi 
when  moved  to  0\  For,  let  X  be  any  object  which  is  not  infinite  before  Ui? 
transformation,  nor  afterwards,  when  it  becomes  X\  Then,  by  hjk-pi^tbt'ate 
the  intervene  OX  is  equal  to  (/X' ;  but  OX  is  infinite,  therefore  (/X'  mu< 
be  also  infinite,  so  that  either  0"  or  X'  is  infinite;  but,  by  hypothesis,  J  it 
finite,  therefore  0'  must  be  infinite,  so  that  in  a  homograpkic  transjurmaiktm 
which  conserves  intervene,  each  object  infinite  be/ore  the  transfomuUian  rem^ami 
infinite  afterwards. 

It  follows  that  in  the  space  representation  each  point,  representi&f 
an  infinite  object,  and  therefore  lying  on  the  infinite  quadric  U^O  most 
after  transformation,  be  moved  to  a  position  which  will  also  lie  on  the 
infinite  quadric.     Hence  we  obtain  the  following  important  result : — 

In  the  space  representation  of  a  homograpkic  transformation  which  cm- 
serves  intervene,  the  infinite  quadric  U=0  is  merely  displaced  an  itself 

A  homographic  transformation  of  the  points  in  space  will  not,  in  gemeral, 
permit  any  quadric  to  remain  unchanged.  A  certain  specialization  of  the 
constants  will  be  necessary.  They  must,  in  fact,  satisfy  a  single  coodithc 
for  which  we  shall  presently  find  the  expression. 

Let  ar,,  ;!•,,  j*,,  x^  be  the  tjuadriplanar  co-ordinates  of  a  point,  and  let  ii* 
transform  these  to  a  new  tetrahedron  of  which  the  vertices  shall  h^vo  a« 
their  co-ordinates  with  respect  to  the  original  tetrahedron 


^.'. 

X.', 

^', 

X.". 

<. 

^.". 

<, 

<rr. 

<'. 

Xn'", 

<'. 

X,"". 

^r. 

<", 

xr 

If  then  X,,  A%,  A\,  X^  be  the  four  co-ordinates  of  the  point  referrvd  w 

the  new  tetniht^lron 

a*,  =  X\Xx  +  x^'X^  -h  Xi"Xi  +  Xi*"X^, 

.r,  =  :r,  A ,  H-  X,  -i ,  -♦-  X,    A ,  +  x,     A 4, 
J*4  —  •'*4  A  I  "T"  X4   ^V  J  +  X4    ^\  J  -r  ^4      A  4 . 
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For  these  equations  must  be  linear  and  if  X^,  X,,  X4  are  all  zero  then 
^i>  ^ii  ^ty  ^4  become  x^,  x^',  a^,  x^  as  they  ought  to  do,  and  similarly  for  the 
others,  whence  we  get 


f  

Xi       Xi 


// 


X 


ttt 


Xa 


// 


mTj  X^ 


/// 


//// 


//// 


X. 


// 


X. 


It 


X, 


X. 


ttt 


Nf 


X* 


tni 


Xt 


//'/ 


Xl= 


x^ 
x^ 


Xi 


'/ 


// 


a;. 


// 


Xa 


// 


X 


/// 


0^2  ^ 


/// 


X^ 


/// 


a:. 


/// 


Xy 


ini 


X, 


//// 


X, 


X. 


//// 


//// 


We  may  write  this  result  thus 


jyz,= 


X, 


^ 
^ 

^ 


// 


/// 


//// 


3^ 


// 


X, 


/// 


X 


'/// 


a:. 


^ 
^ 
^ 


a:^ 


Xj 


/> 


/// 


//// 


Xj 


/// 


X. 


tfft 


Let  us  now  suppose  that  the  vertices  of  this  new  tetrahedron  are  the 
double  points  of  a  homography  defined  by  the  equations 

y,  =  (11)  ah +  (12)a:,  + (13)x,  + (14)X4, 
ya  =  (21)  ah  +  (22)  x^  +  (23)  x^  +  (24)  x,, 
y%  =  (31)  Oh  +  (32)  x^  +  (33)  a:,  +  (34)  x^, 
y*  =  (41)  ah  +  (42)  aj,  +  (43)  aj^  +  (44)  x^. 


We  have  to  solve  the  biquadratic 


(11) -p 

(12) 

(13) 

(14) 

(21) 

(22)  -  p 

(23) 

(24) 

(31) 

(82) 

(33)  -  p 

(34) 

(41) 

(42) 

(43) 

(44) 

-9 


=  0. 


Let  the  roots  be  p,,  p„  p,,  p«.    Then  we  have 


Pi«,' 


(11)  «,'  +  (12)  «i'  +  (13)  a^b'  +  (14)  x/, 
(21)  «,'  +  (22)  xi  +  (23)  flj,'  +  (24)  «/, 
(31)  «,'  +  (32) «,'  +  (33)  x;  +  (34)  «/, 
(41)  xl  +  (42)  «;  +  (43)  xi  +  (44)  x/, 


with  similar  equations  for  xi' ,  xi",  xi'",  xi',  &a 


/ 
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We  thus  get 


ft 


ajj 
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// 


// 


/// 


«, 


/// 


or 


y*' 
y«. 
y4, 


X^  CCi  Xa 


^4 


in 


11 

21 
31 
41 


12 
22 
32 
42 


13 
23 
33 
43 


14 
24 
34 
44 


f»  in 


Wf 


Pt«i  .  Pt^'  >     Pa^ 

Pi^t\  Pl^'\       PA^" 

P%^a\  P%^a\     Pa^a 

Vi  y«     y»     Va 


titt 


«i"    «," 


tt 


a?, 

///  HI  *n  **t 

X\  X^  x%  X^ 


X, 


mt 


'/// 


im 


Xa         > 


But  these  determinants  are  the  co-ordinates  of  y  referred  to  the 

tetrahedron,  and  omitting  needless  factors 

We  thus  obtain  the  following  theorem. 

Let  Xi,  x^,  x^,  x^he  the  co-ordinates  of  a  point  with  respect  to  any  arbitnrj 

tetrahedron  of  reference. 

Le^  Vit  ys>  y^f  Ha  he  the  co-ordinates  of  the  corresponding  point  ib  a 
homographic  system  defined  by  the  equations 

y,  =  (ll)xi  +  (12)x,  +  (13)X|  +  (U)x„ 
y,  =  (21)  X,  +  (22)  X,  +  (23)  a:,  +  (24)  x,. 
y,  =  (31)  x,  +  (32)  X,  +  (33)  X,  +  (34)  x,. 
y,  =  (41)  X,  +  (42)  x,  +  (43)  x,  +  (44)  x,. 

If  we  transfonn  the  tetrahedron  of  reference  to  the  four  doable  p^^tnu  of 
the  homography,  and  if  A",,  X^,  X,,  A^  be  the  co-ordiDat4?«  of  any  point 
with  reganl  to  this  new  tetrahedron  then  the  co-ordinates  of  its  homographr 
correspondent  are 

PxXx,        PlA,,        pt-^ll        ^4-^4. 

where  p\t  pt,  Pi*  p*  J^r^*  tht*  four  nwts  of  the  eijuation, 

=  0. 


{\\)-p 

(12)           (13)           (14) 

(•21  > 

(22) -p    (2.S)           (24) 

(ai) 

(32)           (33) -p    (34) 

(41) 

(42)           (43)           (44) 

-p 
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In  general  there  are  four,  but  only  four  double  points,  i.e,  points  which 
remain  unaltered  by  the  transformation.  If  however  two  of  the  roots  of 
the  biquadratic  equation  be  equal,  then  every  point  on  the  ray  connecting 
the  two  corresponding  double  points  possesses  the  property  of  a  double 
point. 

For  if  pi  =  Pi,  then 

JTi  I  X2  •*  '^1  *  A], 

and  hence  the  point  whose  co-ordinates  are 


being  transformed  into 


remains  unchanged. 


F„  7„  0,  0 


Let  us  now  suppose  that  a  certain  quadric  sur£eu^  is  to  remain  unaltered 
by  the  homographic  transformation. 

At  this  point  it  seems  necessary  to  choose  the  particular  character  of  the 
quadric  surfiice  in  the  further  developments  to  which  we  now  proceed.  The 
theory  of  any  non-Euclidian  geometry  will  of  course  depend  on  whether  the 
surface  adopted  as  the  infinite  be  an  ellipsoid  or  a  double  sheeted  hyperboloid 
with  no  real  generators  or  a  single  sheeted  hyperboloid  with  real  generators. 
We  shall  suppose  the  infinite,  in  the  present  theory,  to  be  a  single  sheeted 
hyperboloid 

The  homographic  transformation  which  we  shall  consider  will  transform 
any  generator  of  the  surface  into  another  generator  of  the  same  system,  for 
if  it  transformed  the  generator  into  one  of  the  other  system,  then  the 
two  rays  would  intersect,  which  is  a  special  case  that  shall  not  be  here 
further  considered. 

Let  three  rays  JBi,  12,,  12,  be  generators  of  the  first  system  on  the 
hyperboloid.  After  the  transformation  these  rays  will  be  transferred  to 
three  other  positions  Ri\  12,',  12,'  belonging  to  the  same  system. 

Let  Si,  flf,  be  two  rays  of  the  second  system.  Then  the  intersection  of 
12,,  12i',  12,.  12,'  &C.,  with  Sj  give  two  systems  of  homographic  points.  The 
two  double  points  of  these  systems  on  81  give  two  points  through  which  two 
rays  of  the  first  system  must  pass  both  before  and  after  the  transformation. 
Two  similar  points  can  also  be  found  on  S,.  These  two  pairs  of  Double 
points  on  81  and  flf,  will  fix  a  pair  of  generators  of  the  first  system  which  are 
unaltered  by  the  transformation. 


^ 
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In  like  manner  we  find  two  rays  of  the  second  system  which  are  uDalu-ff^i 
The  four  intersections  of  these  rays  must  be  the  four  double  potnta  *4  \hi 
system. 

We  can  also  prove  in  another  way  that  in  the  homog^phic  traoflfinni- 
tion  which  preserves  intervene,  the  four  double  points  must,  in  gt.*DersJ  br 
on  the  fundamental  quadric. 

For,  suppose  that  one  of  the  double  points  P  was  not  on  the  qoArirr. 
Draw  the  tangent  cone  from  P.  The  conic  of  contact  will  reinAio  andtrp-d 
by  the  transformation.  Therefore  two  points  0,  and  O,  on  that  oooie  wiL 
be  unaltered  (p.  2).  So  will  R  the  intersection  of  the  tangents  to  the  f*««jr 
at  Oj  and  0,.     The  four  double  points  will  therefore  be  P,  R,  O,  and  O, 

But  PR  cuts  the  quadric  in  two  other  points  which  cannot  chui|:e 
Hence  PR  will  consist  entirely  of  double  points,  and  therefore  thtf  durr- 
minant  of  the  equation  in  p  would  have  to  vanish,  which  does  not  geintmUf 
happen. 

Of  course,  even  in  this  case,  there  are  still  four  double  points  on  tbr 
quadric,  i.e.  Oi,  Og  and  the  two  points  in  which  PR  cuts  the  quadric. 

We  may  therefore  generally  assume  that  two  pairs  of  opposite  edg^  t4 
the  tetrahedron  of  double  points  are  generators  of  the  fundamental  qitadnc. 
the  latter  must  accordingly  have  for  its  equation 

X,X^  +  \X,X,  =  0, 
with  the  essential  condition 

Every  point  on  any  quadric  of  this  family  will  remain  upon   that  iiojcir.- 
notwithstanding  the  transformation. 

Nor  need  we  feel  surprised,  when  in  the  attempt  to  arrange  a  homit|i;r»ph>: 
transformation  which  shall  leave  a  single  quadric  unaltered,  it  apptan^i 
that  if  this  was  accomplished,  then  each  member  of  a  CEtmily  of  qoadno 
would  be  in  the  same  predicament.  Here  again  the  resort  to  ordinAn 
geometry  makes  this  clear. 

In  the  displacement  of  a  rigid  system  in  ordinary  space  one  ray  remamf 
unchanged,  and  so  does  ever)'  circular  cylinder  of  which  this  ray  is  the 
axis.  Thus  we  see  that  there  is  a  whole  family  of  cylinders  which  rvia^i 
unchanged;  and  if  [7  bo  one  of  these  cylinders,  luid  F another,  then  %ll  :h- 
cylinders  of  the  tyjK»  U-^XV  arc  unaltered,  the  plane  at  iutinity  Uin^  ( 
course  merely  an  extrrme  nu*niber  of  the  series.  More  generalU  :hi^ 
cylinders  may  \k*  n»ganle(l  as  a  8p<»cial  case  of  a  system  of  coni*s  with  i 
common  vertex;  and  more  genenilly  still  we  may  say  that  a  (kmiU  :' 
quadrics  remains  unchanged. 
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Reverting,  then,  to  a  space  of  which  the  several  points  correspond  to  the 
objects  of  a  content,  we  find,  that  for  every  homographic  transformation 
which  corresponds  to  a  displacement  in  ordinary  geometry  a  singly  infinite 
family  of  quadrics  is  to  remain  unchanged,  and  the  infinite  quadric  itself  is 
to  form  one  member  of  this  family. 

Let  us  now  suppose  a  range  in  the  content  submitted  to  this  description 
of  homographic  transformation.  Let  P,  Q  be  two  objects  on  the  range,  and 
let  X,  Y  be  the  two  infinite  objects  thereon.  This  range  will  be  transformed 
to  a  new  position,  and  the  objects  will  now  be  P',  Q',  X\  Y\  Since  infinite 
objects  must  remain  infinite,  it  follows  that  X'  and  F'  must  be  infinite,  as 
well  as  X  and  F.  Also,  since  homographic  transformation  does  not  alter 
anharmonic  ratio,  we  have 

{PQXY)^{FqTT)\ 

whence,  by  Axiom  v.,  we  see  that  the  intervene  from  P  to  Q  equals  the 
intervene  from  P'  to  Q';  in  other  words,  that  all  intervenes  remain  unchanged 
by  this  homographic  transformation. 

Every  homographic  transformation  which  possesses  these  properties  must 
satisfy  a  special  condition  in  the  coefficients.  This  may  be  found  from 
the  determinantal  equation  for  p  (p.  458),  for  then  the  following  symmetric 
function  of  the  four  roots  p,,  p,,  p„  p^  must  vanish : 

{piP2  -  pipd  (pipt  -  PiPi)  (pipi  -  puPt)' 

418.    The  Oeometrical  Meaning  of  thif  8]rmnietric  Function. 

We  may  write  the  family  of  quadrics  thus : 

All  these  quadrics  have  two  common  generators  of  each  kind : 

Z,  =  0,    Z,  =  0  IX, ^0,    ^4  =  0 

and  J  and 

For  the  rays  Xi  =  0,  -^,  =  0,  and  JT,  =  0,  X^^O,  are  both  contained  in  the 
plane  X,,  and  therefore  intersect,  and,  accordingly,  belong  to  the  opposed 
system  of  generators. 

The  geometrical  meaning  of  the  equation 

pipi  -  Ptp4  =  0 
can  be  also  shown. 

The  tetrahedron  formed  by  the  intersection  of  the  two  pairs  of  generators 
just  referred  to  remains  unaltered  by  the  transformation.  Any  point  on  the 
edge,  Xi  =  0,  Xj  =  0,  of  which  the  co-ordinates  are 

0,  Xj,    0,  X4, 
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will  be  transformed  to 

0,  f>,X„    0,  p^X^. 

The  question  may  be  illustrated  by  Figure  45. 


Fig.  45. 

Let  1,  2,  3,  4  be  the  tour  comers  of  the  tetrahedron.  Let  the  timzisfi<- 
mation  convey  P  to  P"  and  Q  to  Q'.  As  P  varies  along  the  ray,  so  will  F 
vary,  and  the  two  will  describe  homograph  ic  systems,  of  which  2  and  4  «r^ 
the  double  points.  In  a  similar  way,  Q  and  Qf  will  trace  out  honiogrmpliir 
systems  on  the  ray  1  3.     We  shall  write  the  points  on  2  4,  in  the  order. 

2.  4.    P.  F. 

Through  2.  the  generator  of  the  surface  2  3  can  be  drawn  (12  is  n»A  ^ 
generator),  and  through  4  the  generator  4  1  cau  be  drawn  (4  3  u»  &i»t  a 
generator) ;    thus  we  have,  for  the  corresponding  order  on  1  3. 


3.    1.    Q,    Q'. 


Points. 
2     '  0 


Co^ordimtte*. 


Point*. 


C<M>cdin*tas. 


4 

P 
F 


0 
0 

0 


1 

0 

0    : 

3 

0 

0 

I 

0 

0 

0 

1 

1 

1 

0 

0 

0 

A', 

0 

1 

Q 

A'.' 

0 

at; 

0 

Pt^t 

0 

1 

p*xt  ' 

Q' 

PiX,' 

0 

PiXt 

0 

IT  r 

The  anhannonic  ratio  of  the  first  set  is  that  of  0,  ao ,      * ,    ^*  _/ 


„  second 

but  since  piPs  = />»/3«, 

thfii  the  luihaniionic  rations  iire  (M^ual. 


0     ^'      P«-^V. 

-^  1      pi  *^  I 
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The  theorem  can  otherwise  be  shown  by  drawing  Figure  46. 


Fig.  46. 


1  4  and  3  2  are  to  be  generators  of  the  infinite  quadric.  This  will  show 
that  4  (and  not  2)  is  the  correspondent  to  1,  and  that  2  (and  not  4)  is  the 
correspondent  to  3,  and  thus  the  statement  of  anharmonic  equality, 

(1  Qq  3)  =  (4  PF  2), 

becomes  perfectly  definite. 

1  2  and  3  4  are,  of  course,  not  generators ;  they  are  two  conjugate  polars 
of  the  infinite  quadric. 

We  can  now  see  the  reason  of  the  anharmonic  equality.     Let  PQ  be  a 

generator  of  the  infinite  quadric,  as  is  clearly  possible,  for  1,  3  and  2,  4  are 

both  generators  of  the  opposite  system.      Then,  since  a  generator  of  the 

infinite  quadric  must  remain  thereon  after  the  displacement,  it  will  follow 

that  P'Qf,  to  which  PQ  is  displaced,  must  also  be  a  generator;  and  thus 

we  have  four  generators,  4  1,  PQ,  P'Q',  2  3,  on  a  hyperboloid  of  one  system 

intersecting  the  two  generatora  of  another,  and  by  the  well-known  property 

of  the  surfisu^e, 

(1  QQ'3)  =  (4P/^2). 

We  also  see  why  the  infinite  quadric  is  only  one  of  a  family  which  remains 
unaltered.  For,  if  PQ  be  a  generator  of  any  quadric  through  the  tetrahedron, 
I,  2,  3,  4;  then,  since  P  and  Q  are  conveyed  to  P'  and  Q',  and  since  the 
anharmonic  equality  holds,  it  follows  that  P'Qf  will  also  be  a  generator  of 
the  quadric,  i.e,  a  generator  of  the  quadric  will  remain  thereon  after  the 
displacement. 

It  is  a  remarkable  fact  that,  when  the  linear  transformation  is  given,  the 
infinite  quadric  is  not  definitely  settled.  We  have  seen  how,  in  the  first 
place,  the  linear  transformation  must  fulfil  a  fundamental  condition;  but 
when  that  condition  is  obeyed,  then  a  whole  family  of  quadrics  present 
themselves,  any  one  of  which  is  equally  eligible  for  the  infinite. 


464  THB  THEORY  OF  SCREWS.  [411 

419.    On  the  Intenrene  through  which  Mudi  Obf^ot  te  Ouenfl 

Given  an  object,  Xi,  Z,,  Z„  ^4,  find  the  intervene  through  which  h  m 
conveyed  by  the  transformation,  when 

ZjZa  +  XZ,Z4  =  0 
is  the  infinite  quadric. 

In  this  equation  substitute  for  Z,,  Z,  +  0K,,  &c.;  and,  rememberiDg  ihMi 
F,  a»PiZ,,  &c.,  we  have, 

(Z,  +  p^0X,)  (Z,  +  pj9X,)  +  X  (Z,  +  fH0X,)  (Z,  +  p^X,)  =  0. 
or  0*  (f>,p,ZjZ,  +  \ptp4X^X^) 

+  0  (piXiX^  +  fhXiXi  +  X^vZ,Z4  +  Xp^X^^) 

+  Z,Z,  +  XZ,Z4  =  0. 
We  simplify  this  by  introducing 

Pipt  =  Pip4, 

and  writing  XZ,Z4 -7- ZjZ, »  ^,  whence  the  equation  becomes 

^Pif>f(l+<^)  +  *[pi  +  f>i  +  <^(p,  +  f>4)]  +  (l+*)  =  0; 
hence  if  S  be  the  intervene,  we  have, 

or.  if  we  restore  its  value  to  <f>, 

^^^  g  ^      1       X^X^  (pi  +  p.)  +  (f),  +  Pa)  XZ^4 
2  Vp,p,  Z,Z,  +  xZjZ* 

If  Pl  +  Pt  =  Pl  +  p4. 

then  co8S=^^t^; 

i.f.  all  obj(»ct«  are  translated  through  e<iual  intor\'enoa.  This  i»  the  c*k 
which  we  shall  subsequently  consider  under  the  title  of  the  factor,  «!%  tht* 
remarkable  conception  of  C'littonl's  is  calle<i.     In  this  case,  as 

Pi  +  P.  =  pj  +  p4. 
and  also,  Pip,  =  p^p^, 

we  must  have  p^  =  pj.  and  p,  =  p,, 

or  P\-  p4^  «"»«•  pi-  Pi- 

In  either  oiis«*  the  equation  for  p  will  iK^ome  a  pt»rfect  mjuiire. 
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In  general  let  X^  =  0, 

then  cosS  =  -^?-t^; 

2  Vp,p4 

whence  we  find  that  all  objects  in  the  extent  Xi  are  displaced  through  equal 
intervenes.     This  intervene  can  be  readily  determined  for 


whence 


or 

The  intervene  through  which  every  object  on  X^  is  conveyed  has  the 
same  value. 

We  could  have  also  proved  otherwise  that  objects  on  Xx  and  X^  are  all 
displaced  through  equal  intervenes,  for  the  locus  of  objects  so  displaced  is 
a  quadric  of  the  form 

and,  of  course,  for  a  special  value   of  the  distance  this  quadric  becomes 
simply 

If  Xx  =  0,  and  X^  —  0,  then  cos  S  becomes  indeterminate ;  but  this  is  as 
it  should  be,  because  all  objects  on  X^  and  X,  are  at  infinity. 

420.    The  Orthogonal  Tramformation*. 

The  formulsB 

y,  =  (21)  a?!  -I-  (22)  x^  +  (23)  x^  +  (24)  x^, 
y,  =  (31 )  a?i  +  (32)  x^  +  (33)  x,  +  (34)  X4, 

y4  =  (41)a?i  +  (42)ir,  +  (43)a:,  +  (44)ir4, 

denote  the  general  type  of  transformation.     The  transformation  is  said  to  be 
orthogonal  if  when  x^,  &c.,  are  solved  in  terms  of  yj,  &c.  we  obtain  as  follows: — 

^,  =  (ll)yi  +  (21)y,  +  (31)y,  +  (41)y4, 

^9  =  (12)  yi  +  (22)  y,  +  (32)  y,  +  (42)  y4, 

«i  =  (13)  y.  +  (23)  y,  +  (33)  y,  +  (43)  y«, 

^^4  =  ( 1 4)  yi  +  (24)  y,  +  (34)  y,  +  (44)  y,. 

*  Thifl  is  emplojed  in  Profeesor  Heath's  memoir,  cited  on  p.  452. 
B.  30 
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From  the  first  formulae  the  equation  for  p  is,  as  before,  §  417 

(11) -p    (12)  (13)  (14)         !-0. 

(21)  (22) -p    (23)  (24) 

(31)  (32)  (33) -p    (84) 

(41)  (42)  (43)  (44) -p 

From  the  second,  the  equation  for  p  must  be 

"0; 


(11)-- 

(21)           (31)           (41) 

(12) 

(22) -1    (32)           (42) 

(13) 

(23)          (33) -J    (43) 

(14) 

(24)           (34)           (44)  - 1 

but  wc  may  interchange  rows  and  columns  in  a  determinant  so  thftl  the 
may  be  written, 

-0; 


(11)- 

•  i    (12)           (13)           (14) 

(21) 

(22) -i    (23)          (24) 

(31) 

(32)           (33) -J    (34) 

(41) 

(42)           (43)           (44)  -  i 

whence  we  see  that  the  equation  for  p  must  be  unaltered,  if  for  p  we  i^ib- 

stitute  - .     It  must  therefore  be  a  reciprocal  equation  of  the  type 

p«  +  4il/9«  +  6  J5p«  +  4il  p  +  1  =  0. 
and  the  roots  are  of  the  form 


and  as 


this  tran.sfonnation  fulfils  the  fundainontal  condition  (§  417). 

421.     Quadrict  unaltered  by  the  Orthogonal  Transfbrmatioo. 

The  sjHSMul   facilities  of  tlit*  orthojr,,|)al  tnin.sf<»rnmtion   in   tht»  |»n-!»c*. 
Huhj^-ct  Jiris*'  fn»m  th«*  <'ircinnstainv  that  it  is  tho  nature  of  this  tmii>f^rTia 
tiou  to  leave  unalti*re<l  a  cerUiin   family  of  quaflrica.     Thin  in  m»  »e  iu'* 
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seen  the  necessary  chai'acteristic  of  the  homographic  transformation  which 
preserves  intervene.  The  infinite  quadric  which  the  transformation  fails 
to  derange  can  be  written  at  once,  for  we  have 

It  is  also  easily  seen  that  the  expression 

is  unchanged  by  the  orthogonal  transformation.  We  thus  have  the  following 
quadric,  which  remains  unaltered  : — 

H-iC,  [(31 K +(32)a:, +(33)  j:, +(34)  0:4] +a:4  [(41)a?i +(42)a:a +(43)a:^ 

or,  writing  it  otherwise, 

(1 1  )ar,«  +  (22)ir,«  +  (33)jr,«  +  (44)a:4»  +  [(1 2)  +  (21)]  a:,^:,  +  [(13)  +  (31)]  a?!^ 

+  [(14)  +  (41)]  x,x,  +  [(23)+ (32)]  x,x,  +  [(24)+(42)]  x^x,  +  [(43)+(34)]  x,x,  =  0. 

If  this  be  denoted  by  f/,  and  a:,'  +  a?,'  +  x,"  +  X4*  by  fl,  then,  more  generally, 
U  —  hil  is  unaltered  by  the  transformation. 

We  now  investigate  the  intervene  tf,  through  which  every  object  on 

is  conveyed  by  the  transformation. 

If  we  substitute  Xi  +  Xyi  &c.  for  a?,  &c.  in  the  infinite  quadric  we  have 

n  +  2xi7'+x«n  =  o, 

and,  accordingly,  the  intervene  0,  through  which  an  object  is  conveyed  by 
the  orthogonal  transformation  is  defined  by  the  equation 

co8(?  =  j^; 

hence  the  locus  of  objects  moved  through  the  intervene  0  is  simply 

U- a  cos  0  =  0. 

422.    Proof  that  U  and  A  have  Four  Oommon  Oeneratori. 

The  equation  in  p  has  four  roots  of  the  tjrpe 

These  correspond  to  the  vertices  of  the  tetrahedron  (fig.  47).  Symmetry 
shows  that  the  conjugate  polars  as  distinguished  from  the  generators  will  be 
the  ray  joining  the  vertices  corresponding  to 

-7  and  p\ 
p 

30—2 


kL» 
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and  that  joining 
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—f.  and  p". 
9 


Fig.  47. 

Let  o,,  o„  Oj,  04  and  /9,,  /9„  /9$,  /94  be  the  coordinates  of  the  cornen  At  ^ 
and  p\     If  we  substitute  o,  +  X)8,,  o,  +  X/9, ...  &c.,  for  x,,  a:,  Jbc  in  fl  =  0. 

2X  (oi  A  +  o,^,  +  o,^,  +  04/94)  =  0. 

Let  us  make  the  same  substitution  in  tT,  we  have,  in  general, 

yi=:(ll)a:, +  (12)j:,  +  (13)x,  +  (14)j:, 

=  (ll)(o,  +  X)8i)  +  (12)(a,  +  X^,)  +  (13)(o,+  >A)  +  (14>i«4^^* 
=  p'o,  +  Xp"^, ; 

whence,  remembering  that 

V  =  a-i^i  +  ^,y,  +  x,yj  +  ir4y4, 

L^  =  (a»  +  X/90  (p'a»  +  Xp")8,)  +  (o,  +  X^,)  (p'o,  +  Xf>"/9,)  +  Ac. 

and  as  o  and  )8  are  both  on  fl,  we  have, 

?7  =  X  (p  +  p")  (o,^»  +  o,  A  +  o,  A  +  24/94) ; 

but  since  the  line  joining  p  and  p"  is  a  generator  of  fl,  the  last  factor  ma< 

VHuish,  and  the  line  is  therefore  also  a  generator  of  f7. 

It  is  thus  proved  that  U  has  four  generators  in  common  with  fl, 
423.    Verification  of  the  Invariance  of  Interrene. 

As  an  exercise  in  the  use  of  the  orthogonal  system  of  co-ordinatev  »- 
may  note  tht*  following  |)roj)osition : — 

\aA  .rj,  x^,  Xj,  J'^,  and  j-,',  x/.  x^',  j*/,  be  two  objt^cts  which  Jin»  cimv«'y«>ii  b^ 
tin*  Ininsforinalitui  to  y,,  i/.j,  y,.  t/^,  and  »/,',  »/,',  y/.  y/.  n'S|H»i*tivfly  ::  ;• 
<lfsind  tt>  sliow  that  thr  inttTVtiU'  In'twrfU  thr  two  original  |K>intA  i*  ♦•ju.i^ 
to  that  brtwrrn  tlh*  tran»»f«»riiM*d.  Thf  fxpr^ssions  for  lhi»  oi^im-  «•!  •.'' 
iiitrrvriif  an* 

(^V'  +  -r/  -4  ^'a'  +  ^;-)*  (-^.'^  +  ^.''  +  ^.''  +  •»•;»)♦  • 
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and  the  similar  one  with  y  and  y',  instead  of  x  and  x\     The  denominators 
are  clearly  equal,  and  we  have  only  to  notice  that 

XiX^  +  x^^  +  x^^  +  x^x^  =  y,y,'  +  yjy/  +  yzy^  +  y^y^ ; 

as  an  immediate  consequence  of  the   formulae   connecting  the  orthogonal 
transformation. 

424.    Application  of  the  Theory  of  Emananti. 

We  can  demonstrate  the  same  proposition  in  another  manner  by  revert- 
ing to  the  general  case. 

Let  f/'=0  be  a  function  oi  x^,  x^,  x^,  x^.  Let  x^\  xi,  xi,  xl  be  a  system 
of  variables  cogredient  with  x,,  iCg,  a:,,  x^,  and  let  us  substitute  in  JJ  the  ex- 
pressions J?i  +  kx(,  x^  +  kx^,  &c.,  for  a?j,  a:,.     The  value  of  U  then  becomes 


where 


f7  +  Mf;^-l-j^A«[^+&c., 


.  d         f  d         ,  d         /  d 

A  =  Xi    -J—  +Xi      ,-+«?!    J—   +  ^4 


dxi  dxi         dx^         dx^ 


If  U  he  changed  into  F,  a  function  of  y,  by  the  formulae  of  transformation, 
we  have,  of  course, 

tr=F; 

but  since  yi  is  a  linear  function  of  oti,  &c.,  %.e. 

y,  =  (ll)xi-|-(12)a?,  +  (13)a:,  + (14)^4, 

it  follows  that  if  we  change  x^  into  x^  +  kx^\  &c.,  we  simply  change  y^  into 
yi  +  %/•  Hence  we  deduce,  that  if  U  be  transformed  by  writing  x^  +  kx/, 
&c.,  for  X,  then  V  will  be  similarly  transformed  by  writing  yi  +  A:y/  for  y, 
and,  of  course,  as  the  original  U  and  V  were  equal,  so  will  the  transformed 
U  and  V  be  equal.  It  further  follows  that  as  k  is  arbitrary,  the  several 
coeflScients  will  also  be  equal,  and  thus  we  have 

,dU^       __     ,dJJ, 
^d^'^-~^^dyi      ••• 

Hence  the  intervene  between  two  objects  before  displacement  remains 
unaltered  by  that  operation;   for 

X,  ^  -f  &c. 


and  by  what  we  have  just  proved,  this  expression  will  remain  unaltered  if 
y  be  interchanged  with  x. 


/ 
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426.    The  Vector  in  Orthogonal  OoHHrdinatos. 

Since,  in  general, 

C08<?  =  jj, 

we  have  for  the  vector  (§  419)  the  following  conditions : — 

(11)  =  (22)  =  (33)  =  (44). 

and  also, 

(12)  +  (21)  =  0, 

and  the  similar  equations.     In  fact,  U  can  only  differ  from  it  by 
factor. 

The  orthogonal  equations  require  the  following  conditioDS — 

+  (11).  (12) -(12).  (11) +  (13).  (23) +  (14). (24) -O. 

+  (11). (13) -(12). (23) -(13).  (11) +  (14). (34)  =  0. 

+  (11).  (14) -(12).  (24) -(13).  (34) -(14). (II) -0. 

+  (12).  (13) +  (11).  (23) -(23).  (11) +  (24).  (34) -0. 

+  (12).  (14) +  (11). (24) -(23). (34) -(24). (II)  =  0. 

+  (13).(14)  +  (23).(24)  +  (ll).(34)-(ll).(34)-0. 
+  (11)*  +  (12)*  +  (\Zf  +  (14)«  =  1, 
+  (12)*  +  (11)«  +  (23)' +  (24)P  -  I, 
+  (13)*  +  (23)»  +  (11)»  +  (34)»  -  1, 
+  {Uf  +  (24)'  +  (34)«  +  (11)*  -  1. 

We  now  introduce  the  notation : — 

(ll)  =  a;    (12)  =  /3;    (13)  =  7;    (14)-«. 
and  the  ei|uations  give  us 

+  7(23)+    S    (24)  =  0 

-/9(23)+    h    (34)  =  0  

-/9(24)-.    7    (34)-0 

+  )37        +(24)(34)  =  0  

+  /9S 
+  7S 

+  «'+/?> 

+  /fc^+    o'    +  (i>:i)»  +  (L»4)»=  1" 

+  7'  +  (2;0'+   a'   +(:U)»=l 

+  5«  +  (24)'  +  (34)»+    a«    -1 


-(23)(34)  =  0  .. 
+  (23)(l'4)  =  0... 
+    7»    +    S^    =  I 


(Ul. 

<  lu  \. 

(IV  I. 


) 


\  vi:  L 


425]       THE  THEORY   OF  SCREWS  IN   NON-EUCLIDIAN   SPACE.         471 


From  (iv), 

From  (v), 

by  multiplication, 

but,  from  (vi), 

whence,  we  deduce. 


/97  =  -  (24)  (34). 
/9S  =  +  (23)  (84) ; 

/8VS  =  -  (23)  (24)  (34)' ; 
78  =  -  (23) (24) ; 


/3>=(34)>. 

The  significance  of  the  double  sign  in  the  value  of  /9  will  be  afterwards 
apparent ;  for  the  present  we  take 

/9  =  +  (34). 

From  (ii)  S  =  +  (23), 

From  (iii)  7  =  -  (24), 

while  the  group  (vii)  will  be  satisfied  if 

a'  +  zS'  +  y  +  S'^l. 

The  scheme  of  orthogonal  transformation  for  the  Right  Vector  (for  so  we 
designate  the  case  of  /9  =  +  (34),)  is  as  follows : — 

+  a  +/9  +7  +8 

-/9  +  a  +8  -  7 

-7  -  8  -f  o  +/9 

-8  +7  -/9  +  a 
If  we  append  the  condition 

a*  +  )8«  +  7'  +  ^=l» 
then  we  have  completely  defined  the  Right  Vector, 

We  now  take  the  other  alternative, 

)8«-(34); 
then,  from  (ii),  8  =  -  (23), 

then,  from  (iii),  7  *  +  (24^ 

We  thus  have  for  the  Left  Vector,  the  form, 

-f  a  +/9  +7  48 

-/9  +  a  -  8  +7 

-7  +8  +  a  -/9 

-  8  -7  +/9  +  a 
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with,  as  before,  the  condition, 

If  6  be  the  intervene  through  which  the  vector  displaces  an  object  ibra 
it  is  easily  shown  that  cos  6  ^u. 

426.    Parallel  Vectors. 

The  several  objects  of  a  content  are  displaced  by  the  same  vector  akef 
ranges  which  are  said  to  be  parallel. 

Taking  the  space  representation,  §  413,  Clifford  showed  that  all  rif^x 
vectors,  which  are  parallel,  intersect  two  generators  of  one  sjatein  on  xhi 
infinite  quadric,  while  all  left  vectors,  which  are  parallel,  intenect  t«o 
generators  of  the  other  system. 

A  generator  intersected  by  two  rays  from  a  right  vector  may  be  defined  bjr 
the  points  whose  coordinates  are 

+  «',    -/9,    -r    -8. 
+  /3,    -fa',    -8.     +% 

while    a  generator   intersected   by   two   rays   from   a   left    vector   will  be 
defined  by 

+  «o',    -  A,    -  f;     -  8t» 

+  A,     +  Oo',     +8.,    -  7«. 

To  prove  the  theorem,  it  is  only  necessary  to  show  that  these  four  poiou 

are   coplaiiar,  for  then    the    two   generators   intersect,  i.e,  are  of  oppi ■«:'•«' 

systems.     We   have,    then,  only  to   show   that   the   following   determixuui: 

vanishes : — 

a      —  /9      —  7      —  8 

fi  o'     —  8         7 

I  Oo'     -  A     -  7»     -  8, 

;    A  «•'  8o       -7o 

This  will  be  most  readily  shown  by  squaring,  for  with  an  obvious  notaliaa 
it  then  ri'duces  to  the  simple  form 


0           0         [aV] 

[«'/9.] 

0           0         [/9a.T     [/3/9.] 

1 

[a'a.]     [$,„■]         0            0 

[fi.M]     [m]         0            0 

whnicf  \vc  si-f  thiit  thi-  origiiml  <l<-tcriiiitmnt  is  simply 

[«■«.')     W<]  1 . 

[fi.^]     [dfi.] 

t 
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which  expanded,  becomes 

(aW  +  /9/9.  +  ry.  +  ^>)  (i8/9o  +  a'a,'  -  SS,  -  77,) 
-  (o'/9.  -  /9a,'  -  7S,  +  87.)  ifia,'  -  a'/9.  +  Sy,-  78.) 
=  (o'o.'  +  /3/9,)'  -  (77.  +  SS.)«  +  (o'/9.  -  a.'/9)'  -  (S7.  -  7S.)« 

=  a'«o.'*  +  )8*/9»'  +  <«'•  A"  +  O/S*  -  7*7,'  -  S'V  -  S«7o'  -  W 
=  «'» («.'•  +  /9,')  +  /S*  (a.'*  +  /8,')  -  7»  (7,'  +  8.')  -  8-  (7.'  +  8.«) 
=  (a''  4  iS*)  (a.''  +  A')  -  (7'  +  S*)  (7.*  +  V) ; 

but,  a'»  +  /8'  +  7»  +  S«  =  0; 

whence  this  expression  is 

(a''  +  /S*)  (0.''  +  /9.'  +  7,'  +  S.«)  =  0. 

On  the  supposition  that  the  vectors  were  homonymous,  i.e.  both  right  or 
both  left,  the  corresponding  determinant  would  have  been 


Squaring,  we  get,  as  before. 


a' 

-/9 

-7     - 

-8 

/9 

a' 

-8        7 

/ 

-A 

-  7«    -  So 

«,' 

-80        7» 

1 

[«'«.'] 

[fic^l 

• 

[/9.a'] 

[i8A] 

9 

but  now, 

[a'ct,']  =  [/8/3.], 

[ff^-]  =  -  [/3a.'] ; 
whence  the  determinant  reduces  to 

[o'a.'P  +  [/9a.?. 
a  value  very  different  from  that  in  the  former  case. 

427.    The  Oompoiition  of  Vectors. 

Let  an  object  x  be  conveyed  to  y  by  the  operation  of  a  vector,  and  let  the 
object  y  be  then  conveyed  to  ^  by  the  operation  of  a  second  vector,  which  we 
shall  first  suppose  to  be  homonymous  (i.e.  both  right  or  both  left)  with 
the  preceding.     Then  we  have,  from  the  first,  supposed  right 

y,  =  +  fluci  +  /9x,  +  yx^  -f  8x4, 

y,  =  — /9ar,  +  aup,  -^-Bot-y^** 

y,  =  -74?,-&r,  +CM:,  +  )ar4, 

y4  =  -  Sxi  +  yxj  -  fixt  +  ar4, 
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and,  from  the  second  vector, 

-fi  =  +  o'yi  +  ffy^  +  rt'Vt  +  S'y4. 
^1  =  -  PVi  +  ^y%  +  S'yt-  yy4, 

-^i  =  -  7'yi  -  S'yt  +  « y«  +  i9'y4, 

^4  =  -  S'yi+  iyt-Pyt'¥  a'y*. 

Substituting  for  yi,  y„  y„  y4,  we  obtain  the  following  values  for  #,,  if  ^«  ^ 
The  right  vector,  a,  /8,  7,  8,  followed  by  the  right  vector,  a,  >J',  7',  i* — 


rj=r +ao'-/3/r-77'-W'x,+  +  o/T  + /5a' +  y^* -  V «t  +     «>'-/»' +7«'+V*i+  +  •^  +  ^' ->«' -fc  «.. 


r,=r-o/5'-/3a'-7«'  +  «7'x,+  +aa'-/3/r-77'-M''j+     03'  +  /*/- 7^  + <•'«!+  -  •y'*^- i«  -•Tl, 


r,=  -tty  +  /3>'-7tt'-3/3'x,+  -a3'-/»y'  +  7/r-«a'x,+     .a' - /S^T  -  rr' -  W  Xj -I-  +«^  +  ^'  +  7Jr  -  I7  *p 


i^=-«3'-/S7'  +  y/»'-3a'x,+  +ay-/3«'  +  7a'  +  «/rx,+  -a/r-^'-7«'  +  #7'x,+  +««'-^-7>*-WV 

The  right  vector,  o',  /S',  7',  S',  followed  by  the  right  vector,  a,  fi.  7, 


«,=  +ao'-/3/3'-77'-W'x,+Va/3'  +  /Sa'-7a'  +  »7'x,+  +tty  +  ^  +  7a'-V*i-»-  +  a**  - />>' ^ -J^f  ♦  «i  <•- 


i,=  -o/5'-/3o'  +  7«'->7'x,+  +aa'-/S/3'-77'-««'*j++««'-/»y'  +  7/''  +  <«'«i+  -  «r'-^ -i«  ♦!#  V 


f,=  -ay-3/3'-7o'  +  5/3'x,+  -  oa'  +  /3y-7/J' -  «a'x,+ +oa'-^ -77' -  «''»+  +«^  +  ^' -^r^h  «» 


«4=-oa'  +  /3y-7/3'-«tt'x,+  +oy  +  /3*'  +  7a'-3/rx,+  -  o^f  - /Iki' +  >*' -  *y' 't  +  +««'-/H^->7  -IT*. 

We  thus  learn  the  important  truth,  that  when  two  or  more  lunmomyw^omi 
vectors  are  compounded,  the  order  of  their  application  must  be  can^Uf 
specified.  For  example,  if  the  object  x  be  first  transposed  by  the  vector  s 
and  then  by  a\  it  attains  a  position  different  from  that  it  would  have  gaiDtd 
if  first  tran8i)osed  by  a'  and  then  by  a. 

We  see,  however,  that  in  either  case  two  homonymous  vectors  compixiXKi 
into  a  vector  homonymous  with  the  two  components. 

We  now  study  two  heteroni/mous  vectors,  i.e.  one  right  and  one  left. 

The  right  vector,  a,  /8,  7,  S,  followed  by  the  left  vector,  a\  ff,  y\  i* — 


l,=  +oa'-/i/5'-77'-a^'ri+  +o/!r  +  /ito'-h7a'- V«+  +oy -^  +  7«'i- a^x,+  -t-oT  r;»>  -Td*  •!■'•. 
«,  =  ~o/r-~/3a'  +  >a'-»7'x,+  -rao'->/r4  77'  +  W'x,+  -0^-^' -•^+"ir'x,+  -^my'-fiT-^  -^'^ 


f,^  "Oy-^a'->a'  +  a/rx,+  +  aa' - /*a' -  ^Z*' -  aa' x,  +  +oa'  +  ;J^->7'  +  J«'x,+  -mfr^fim'-yr  -h  '. 


1^=  -oa'  +  /*7'-7/i'-ao'x,+  -  ay-/!M'  +  7a'-a^x,+  +  «/J'- /5a' ->a' -*>''»+  ^mm:^fi^*r^  -IT.-. 

The  Ifft  Victor,  a',  fj^,  7',  S',  folltiwi'd  by  tht*  right  vt'ctor.  o,  /}.  7,  S— 

1,  =  ♦  aa'  -  ,V'     77'     aa'x,  f    ♦  a/r  f  ;<a'  ♦  ->«'  -  a>'x,  f  4  a7'     /la'  +  >«'  ♦  l^x,  ♦    ♦  «4'  ♦  ;i^-   -  >/  .  *. .-. 

1,^  -  o^-/ia  *  7a'-a7'x,  ♦  +aa'  ^ff  t  77*  ♦  aa'x,+  -  aa'  /s->'  7;r  +  aa  x,+  ♦«7'  ->!•-'>«  J/^ 
f,^  -  07'  ,*<a'  7a'  t  a;*'x,  f  toa'  ;*•>'  ->,r-aa'x,  *  ^aa'^  ;<;r-77'  + aa'x,-i.  -«^  ♦;!»  -  yi  m, 
f,«  -«a'+;<y-7/r-a«'x,+  -«7'-/w'  +  7a'-a^x,+  +a/r-;i«'-7<'-*ir''»'^  -Tit^iM'^Y*  -*'*• 
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We  thus  learn  the  remarkable  fact,  that  if  a  right  (left)  vector  be  followed 
by  a  left  (right)  vector,  the  eflFect  produced  is  the  same  as  if  the  order  of 
the  two  vectors  had  been  interchanged. 

This  is  not  true  for  two  right  vectors  or  two  left  vectors. 

The  theorems  at  which  we  have  arrived  may  be  thus  generally 
enunciated : — 

In  the  composition  of  vectors  the  order  of  two  heteronyTnous  vectors  does 
not  affect  the  result,  hut  that  of  two  homonymous  vectors  does  affect  the  result. 

In  the  composition  of  two  homonymons  vectors  the  result  is  also  an  homony- 
mous vector.  In  the  composition  of  two  heteronymous  vectors  the  result  is  not 
a  vector  at  all. 

The  theorems  just  established  constitute  the  first  of  the  fundamental 
principles  relating  to  the  Theory  of  Screws  in  non-Euclidian  Space  referred 
to  in  §  396.  Their  importance  is  such  that  it  may  be  desirable  to  give  a 
geometrical  investigation. 

428.  Cteometrical  proof  that  two  HomonymouB  Vectors  com- 
pound into  one  HomonymouB  Vector. 

Left  vectors  cannot  disturb  any 
right  generators  of  the  infinite  quad- 
ric.  Take  two  such  generators,  AB 
and  A'B  (Fig.  48).  Let  AA\ 
BR,  CC  be  three  left  generators 
which  the  first  vector  conveys  to 
AiAi\  BjBi,  CiCi,  and  the  second 
vector  further  conveys  to  A^^, 
BA\  CJO^'  Let  X  and  F  be  the 
double  points  of  the  two  homo- 
graphic  systems  defined  hy  A,  B,  C 
and  il,,  fi,,  (7,.     Then  we  have 

{ABCX)^{A^Bfi^X\ 
and 

(i!5CF)  =  (i!AC,F). 

As  anharmonic  ratios  cannot  be 
altered  by  any  rigid  displacement,  it 
follows  that  X  and  F  must  each 
occupy  the  same  position  after  the 
second  vector  which  they  had  before 
the  first,  similarly,  X'  and  F'  will 
remain  unchanged,  and  as  the  two 
rays,  AB  and  A'B'  are  divided  homo- 


Fig.  48. 
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graphically,  it  follows  that  XX'  and  YY'  are  both  geDeratom  We  tikr^ 
fore  find  that  after  the  two  vectors  all  the  right  generators  renoaiD  as  b«*(iR. 
and  so  do  also  two  left  generators,  x.e.  the  result  of  the  two  vector?  o4Jd 
have  been  attained  by  a  single  vector  homonymous  therewith. 


429.    Cteometrical  proof  of  the  Law  of  PermutabUltF  of 
nymout  Vectors. 

Let  AB  and  A'R  be  a  pair  of  right  generators  (fig.  49),  £«im1  CD  sad 
CU  a  pair  of  left  generators.     Let  the  right  vector  convey  P  to  i^,  hui 


FiK.  49. 

then  let  the  left  vector  Ciirry  Q  to  the  final  position  P'.  We  shall  nt»w  ^h^..» 
that  1^  would  have  been  ei|ually  reached  if  P  had  gone  first  to  R,  !n>  ih*: 
intervene  PR=QF,  and  that  then  R  was  conveyed  by  the  veci<»r.  RHB 
through  a  distance  e(|ual  to  PQ. 

Draw  through  P  the  transversal  PRCC     Take  R,  so  that 

(PRCC')==(QPDiy); 
but,  because  this  relation  holds, 

PQ,    RP,    CIK    c'ly 

must  all  lie  on  the  wune  hyperboloid. 

Therefore  RP'  must  interst»ct  AL  and  A'M,  and  therefore,  b\}^\ 

(P{iAA')  =  (RFinr). 

Hence,  tiiiJilly,  we  have  for  the  intervenes 

PQ^RP'  and    PR^QF. 

430.     Determination   of  the  Two  Heteronymoue  Voctora  equi- 
valent to  any  given  Motor. 

If  a  ii>,'ht  vector,  o.  fi,  y,  6,  be  followed  by  a  left  vector,  «',  ff,  y\  5.  ibrc 
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the  result  obtained  is  a  displacement  of  the  most  general  type  called  a 
motor.  We  now  prove  CliflFord's  great  theorem  that  a  right  vector  and  a 
left  vector  can  be  determined  so  as  to  form  any  motor,  i.e.  to  accomplish 
any  required  homographic  transformation  that  conserves  intervene. 

For,  if  we  identify  the  several  coeflScients  at  the  foot  of  p.  474  with  those 
of  §  420,  we  obtain  equations  of  the  type 

(11)=  aa' - /9/9' -  77' -  8S', 
(21)  =  -a)8'- /9a  +7S'  -Sy\ 
(31)  =  -  ay  -  /SS'  -  7a'  +  S/9', 
(41)  =  -  aS'  +  /Sy  -  7/8'  -  Ba\ 

These  can  be  simply  reduced  to  a  linear  form ;  for  multiply  the  first  by  a\ 
and  the  second,  third,  and  fourth  by  — /S',  —7',  -  8',  respectively,  and  add, 
we  obtain 

(ll)a'-(21)/9'-(31)7'-(41)S'  =  a; 

o'»  +  ^'»  +  7'*  +  8'»  =  1. 


for 


In  a  similar  manner  we  obtain  a  number  of  analogous  equations,  which 


are  here  all  brought 


+ 
+ 
+ 


+ 
+ 


+ 
+ 
+ 


+ 


ogether  for  convenience — 


ll)a'-(21)/9'-(31 
21)a'-(ll)/8'  +  (41 
31)a'-(41)/9'-(ll 
41)a'  +  (31)/3'-(21 
22)a'  +  (12)i8'-(42 
12)a'-(22))8'-(32 

42)  a' -(32)^8' +  (22 
32)  a'- (42) /9'- (12 
33)a'  +  (43))8'  +  (13 

43)  a' +  (33)^8' -(23 
13)a'-(23))8'-(33 
23)  a' +  (13) /y- (43 

44)  a' -(34)/?' +  (24 
34)a'  +  (44)i8'  +  (l4 
24)a'-(14)^  +  (44 
U)a'-(24))8'-(34 


)7'-(41)S'  =  a, 
)7'-(31)S'  =  /9. 
)7'  +  (21)S'  =  7. 
)7'-(ll)S'  =  S. 
)  7'  +  (32)  S'  =  o, 
)  7'  -  (42)  S'  =  /9. 
)7'  +  (12)S'-7. 
)7'  +  (22)S'  =  S. 
)  7'  -  (23)  8'  =  a. 
)7'-(13)8'  =  y8, 
)  7' -(43)  8' =  7, 
)  7' +  (33)  S' =  S. 
)7'  +  (14)S'  =  a. 
)7'-(24)S'  =  /3. 
)  7' -  (34)  8- =  7, 
)  7'  -  (44)  S'  =  8. 


These  will  enable  a,  /9,  7,  8  and  a,  /3',  y,  8'  to  be  uniquely  determined. 
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431.  The  Pitch  of  a  Mctor. 

Any  small  displacement  of  a  rigid  system  in  the  content  can  be  pmdixvd 
by  a  rotation  (see  §  417)  a  about  one  line  followed  by  a  rotation  0  abimt  iu 
conjugate  polar  with  respect  to  the  infinite  quadric,  the  amplitudes  of  bock 
rotations  being  small  quantities.  The  two  movements  taken  togetbit 
constitute  the  motor.  It  will  be  necessary  to  set  forth  the  conception  a 
the  theory  of  the  motor,  which  is  the  homologue  of  the  concepti«»n  of  j/ttrk 
in  the  Theory  of  Screws  in  ordinary  space.  The  pitch  can  most  conreni^^Uf 
be  expressed  by  the  function 

If  either  a  or  fi  vanish,  then  the  pitch  becomes  leitx  The  nnK>U>r  then 
degenerates  to  a  pure  rotation  about  one  or  other  of  the  two  coDJu^cAt' 
polars.  This,  of  course,  agrees  with  the  ordinary  conception  of  the  pitcL 
which  is  zero  whenever  the  general  screw  motion  of  the  rigid  body  de^rrwi*^ 
to  a  pure  rotation. 

In  ordinary  space  we  have 
where  fi  is  zero  and  where  d  is  infinite.     In  this  case 

i.e.  the  pitch  is  proportional  to  the  function  now  under  consideration 

No  gonenility  will  be  sacrificed  by  the  use  of  a  single  symb«il  to  f  xpn* 
the  pitch.  We  may  make  a  =  cos^  and  /9  =  sin^;  the  pitch  tht-n  a**i;n>-* 
the  very  simple  form  sin  2^.  We  thus  see  that  the  pitch  can  never  rii^-iii 
unity. 

If  the  motor  be  a  vector,  then  we  have  /8=  ±o,  or  0=  ±  45",  and  :fc*- 
pitch  is  simply  ±  1. 

It  should  be  noticcnl  that  a  n)tation  a  about  the  line  <.'l.  antl  a  r*tAn'-c 
0  al)<)ut  its  (M)iijugate  polar  B,  cimstitute  a  motor  of  the  same  pitch  m»  a 
rotation  fi  alwiut  .-!  and  a  about  B. 

432.  Property  of  Bight  and  Left  Vectori. 

To  tiiki-  tlir  iKxt  st<|>  it  will  1h'  n«'<M'ssiiry  to  diMMisssomi'  i*{  thf  n  hiti  r* 
brtwtMii  rii,'ht  and  i«-t't  vrrtors.  A  ri^ht  v«'rtor  will  disphuN*  jiny  |*  r  *  /* 
in  a  rrrtaiii  <lirrrti«ni  1*A  ;  a  Irt't  vtTtor  will  displace  the  Siime  puin:  m  t>.- 
diriTti'iu  /'//  It  will,  of  ronrs**,  usually  happen  that  tht»  dinvti«<f:<i  l\\ 
and    I'Ji  an-    iM»t    idrntical.     It    is,    howrviT.  necessary    for   us    to  i.l***n' 
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that  when  P  is  situated  on  either  of  two  rays  thon  the  dirootions  of  di«- 

m 

placement  are  identical.  To  determine  these  two  niys  wo  draw  the  two 
pairs  of  generators  corresponding  to  the  two  vectors.  As  those  gonomtoro 
belong  to  opposite  systems,  they  will  form  four  edges  of  a  t»otrahoiin>n. 
The  two  remaining  edges  are  a  pair  of  conjugate  polars,  and  thoy  fonn  the 
two  rays  of  which  we  are  in  search.  The  proof  is  obvious:  a  pt>int  P  on 
one  of  these  rays  must  be  displaced  along  the  same  ray  by  either  of  the 
vectors,  for  this  ray  intersects  both  of  the  generators  which  define  that 
vector. 

Let  a  right  vector  consist  of  rotations  +  a,  +  a  about  two  conjugate  [K>lars, 
and  let  a  left  vector  consist  of  rotations  -fa,  —a,  also  about  two  conjugate 
polars.  Without  loss  of  generality  we  may  take  the  two  conjugate  polars 
in  both  cases  to  be  the  pair  just  determined. 

Let  00'  and  PF  be  two  conjugate  polars  (fig.  60).  The  right  vector  is 
appropriate  to  the  generators  OP  and  O'F.   The  loft  vector  to  the  gcnoratoni 


Fig.  60. 

OR  and  (XP.  If  we  take  the  intersections  with  the  quadric  in  the  order  OC/ 
for  4,  then  we  mast  take  them  on  B  in  the  order  PF  if  we  are  considering 
a  right  vector,  and  in  the  orrler  FP  if  we  are  considering  a  left  vector.  T*his 
is  obvious,  for  in  the  first  case  we  take  the  intersections  of  the  conjugate 
polar  with  the  generators  OP  and  (/F,  In  the  second  case  we  take  the 
intersection  of  the  conjugate  polar  with  OF  and  (/P. 

If,  therefore,  the  vectr>r  be  right,  we  have  for  the  displa/v^ments  of  X 
and  F, 

H  log  (XX '0(/)  ^//lofdY  rPF). 
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If,  however,  the  vector  be  left,  then  Y  roust  be  displaced  to  a  dwUncv  F, 

defined  by 

H  log  {XX 'Off)  '-Hlogi  YY.FP) : 

we  therefore  have 

H  log  ( YrPR)  =  ^  log  ( YY.FP) ; 

but  from  an  obvious  property  of  the  logarithms, 

H  log  ( YY.FP)  =  -  fl^  log  ( YY.PF); 
whence,  finally, 

H  log  ( YTPF)  =  -  fl^  log  ( YY.PPy 

We  hence  have  the  important  result,  that  the  intervene  through  which  • 
point  on  one  of  the  common  conjugate  polars  is  displaced  by  one  of  t«o 
heteronymous  vectors  of  equal  amplitude,  merely  differs  in  9ign  fn>m  tb« 
displacement  which  the  same  point  would  receive  from  the  other  vector 

433.  The  Conception  of  Force  in  non-Euclidian  Spmce. 

In  ordinary  space  we  are  quite  familiar  with  the  perfect  identity  which 
subsists  between  the  composition  of  small  rotations  and  the  com{>ii9iiti«*D  'f 
forces.  We  shall  now  learn  that  what  we  so  well  know  in  ordinary*  sjaio.  > 
but  the  survival,  in  an  attenuated  form,  of  a  much  more  complete  thi^-n 
in  non-Euclidian  space.  We  have  in  non-Euclidian  space  force-mot«>r>  Az>i 
force-vectors,  just  as  we  have  displacement-motors  and  displacement -vrct«.<rx 
We  shall  ba'^e  the  Dynamical  theory  on  an  elementary  principle  in  :k* 
theory  of  Energy.  Suppose  that  a  force  of  intensity  /  act  on  a  jiart:-  - 
which  is  displaced  in  a  direction  directly  opposed  to  the  forco  thn.»u>:h  a 
distance  8,  then  the  (quantity  of  work  done  is  denoted  by  — y^. 

434.  Neutrality  of  HeteronymouB  Vectors. 

We  are  now  able  to  demonstnite  a  very  important  theorem  mhioh  Ii—  a: 
the  foundation  of  all  the  applications  of  Dynamics  in  non-Euclidian  ^|iai> 
The  virtual  moment  of  a  foree-vector  and  a  di«placement-vetn4»r  will  .iI«A\« 
vanish  when  the  vectors  are  homonymous  and  at  right  angles.  The  ;uiaI-c:*^ 
of  onlinary  geometry  would  have  suggested  this  result,  and  it  U  easily  ^h-  *r. 
to  be  true.  If,  however,  the  two  vectors  be  not  homonymous,  the  rt->u:'  i* 
extremely  reuiarkahle.  The  two  vectors  muM  then  hare  their  rirtual  m*»mr»t 
zero  under  all  circum^tancea. 

The    pnK)f  of   this  singular   pn»|H>siti»»n   is   very  simple.       I^-i   th«    :• 
Victors  Ix*  what  th^y  may,  wt*  ran  always  find  one  jwiir  of  et»njugat«    |*  'i> 
which  hrlnii^  to  thrni  both      I^'t  the  two  forces  Ih»  X.  X  t»n  the  two  o-nr.j-*'.* 
|H»lars.  and  l«t  the  displartinents  Im*  ^,  —  fi,  then  the  work  done  is 

X/x  -  X/i  =  0. 
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It  seems  at  first  sight  incredible  that  a  theorem  demonstrated  with  such 
simplicity  should  be  of  so  much  significance.  It  is  not  too  much  to  say 
that  the  theory  of  Rigid  Dynamics  in  non-Euclidian  space  depends,  to  a 
large  extent,  upon  this  result.  This  is  the  second  of  the  two  fundamental 
theorems  referred  to  in  §  396. 

These  two  principles  open  up  a  geometrical  Theory  of  Screws  in  non- 
Euclidian  space.  This  is  a  subject  too  extensive  to  be  here  entered  into  any 
further.  It  is  hoped  that  the  present  chapter  will  at  least  have  conducted 
the  reader  to  a  point  from  which  he  can  obtain  a  prospect  of  a  great  field  of 
work.  The  few  incursions  that  have  as  yet  been  made  into  this  field  (see  the 
bibliographical  notes)  have  shown  the  exceeding  richness  and  interest  of  a 
region  that  still  awaits  a  more  complete  exploration. 
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APPENDIX   I. 
NOTE  I. 

Another  solution  of  the  problem  of  §  28. 

Let  the  intensities  of  the  wrenches  on  a,  Pi...ri  be  as  usual  denoted  by 
a",  )3",  ...rj"  respectively. 

As  the  wrenches  are  to  equilibrate  we  must  have  (§  12) 

where  X  is  any  screw  whatever. 

If  six  different  but  independent  screws  be  chosen  in  succession  for  X  we  have 
six  independent  linear  equations,  and  thus  a' -  fi^'  and  the  other  ratios  are  known. 

But  the  process  will  be  much  simplified  by  judicious  choice  of  X.  If,  for 
instance,  we  take  as  X  the  screw  ^  which  is  reciprocal  to  the  five  screws  y,  5,  c,  {^,  17 
then  we  have 

and  we  obtain 

Let  p  be  a  screw  on  the  cylindroid  defined  by  a  and  )3.  Then  wrenches  on 
a,  )3,  p  will  equilibrate  (§  14)  provided  their  intensities  are  proportional  re- 
spectively to 

sin  (fip)t   sin  (pa),    sin  {aft). 

It  follows  that  for  any  screw  /i  we  must  have 

sin  (Pp)  w^  +  sin  (pa)  Wf^  +  sin  (ap)  m^  -  0. 

This  is  indeed  a  general  relation  connecting  the  virtual  coefficients  of  three 
screws  on  a  cylindroid  with  any  other  screw. 

Let  us  now  suppose  that  ft  was  the  screw  ^  just  considered,  and  let  us  further 
take  p  to  be  that  one  screw  on  the  cylindroid  (a,  p)  which  is  reciprocal  to  ^. 

Then 

and  we  have 

sin  (fip)  w^  +  sin  (pa)  w^  =  0. 

31-2 
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But  since  the  seven  screws  are  inde|)endent  both  v«^  and  v^  moit  br.  a 
general,  different  from  zero,  whence  by  the  former  equation  we  have 

sin  (Pp)  "  sin  (pa) ' 

Thus  we  obtain  the  following  theorem  (§  28). 

If  seven  wrenches  on  seven  given  screws  equilibrate  and  if  the  int^nAitj  «'  d 
one  of  the  seven  wrenches  be  given  then  the  intensity  of  the  wrench  «id  aaj  f^p 
P  of  the  remaining  six  screws  can  be  determined  as  follows. 

Find  the  screw  ^  reciprocal  to  the  five  screws  remaining  when  «  and  $  mk 
excluded  from  the  seven. 

On  the  cylindroid  (aP)  find  the  screw  p  which  is  reciprocal  to  ^. 

Resolve  the  given  wrench  a''  on  a  into  component  wrenches  on  fi  and  on  p. 

Then  the  intensity  of  the  component  wrench  thus  found  on  /9  is  the  rrquM 
intensity  p^'  with  its  sign  changed. 


NOTE  II. 

Case    of  equal    roots   in    the    Equation    determining   Principal    Scrnr$    / 

Inertia,  §  86. 

We  have  ali*eady  made  use  of  the  important  theorem  that  if  U  and  V  arp  U^ch 
hoinogcnoous  (juadratic  functions  of  7i  variables,  then  the  discriminant  of  T  -  k^ 
when  ecjuated  to  zero  must  have  n  real  roots  for  k  provided  that  tiiker  ('  i»r  •* 
admitH  of  Wing  expressed  as  the  sufn  of  n  squares  (i$  85). 

Tlie  further  important  discovery  has  lx«n  made  that  whenever  this  d^-ur- 
minantal  etjuation  has  a  repeat<Hi  root,  then  every  minor  of  the  detenui&»£'. 
vanishes  (Kouth,  Jiigiii  Dynamics^  Part  II.  p.  51,  1892). 

This  thiH»rem  is  of  much  intert»st  in  connection  with  the  Principal  Scrvw*  i 
Inertia.  Th(^  result  given  at  the  end  of  Ji  8G  is  a  particular  cai^t^  It  diai  rr 
furthi'i*  pn'Si'nt^'d  as  follows. 

Takiiii^'  the  cjuh'  of  an  u  systi'in  each  root  of  X  will  give  u  equation** 

1  dT  _  I  dT 

Of  th(*M>  n      I  HIT  in  general  in(le|H'ndent  and  thest*  sutlitv  to  indioatr  th**  ^v:^^ 

of  0,,  ...0,. 

I»ut  in  the  i-ase  of  a  nnit  once  n'lx^at^Kl  the  thiNmnn  aliove  ntat^nl  hho^ft  t:.A:  «•> 
have  iMit  iiion*  than  n  -  !J  iiide|H'n<lent  equatitms  in  the  iterief^  Tho  pni:^-;^^ 
Srri-w  of   liMTtia  rorn*.*iiH)ndin^  to  thin  nK)t  is  therefi»rt»  indett^rminatcv 

l>ut   It   Ints  a  l(KUs  found  from  the  eoiisitlcration  that  lx^i<ltrs  tht*»«*   h      .   Ll*** 
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equations  it  must  also  satisfy  the  6  -  n  linear  equations  which  imply  that  it  belongs 
to  the  n-system. 

In  other  words  the  co-ordinates  satisfy  (n  -  2)  +  (6  -  n),  i.e.  four  linear  equations. 
But  this  is  equivalent  to  saying  that  the  screw  lies  on  a  cylindroid.  We  have  thus 
the  following  result. 

In  the  case  when  the  equation  for  \  has  two  equal  roots,  there  must  6«  n  —  2 
sejxirate  a/ad  distinct  principal  screws  of  inertia  and  also  a  cylindroid  of  which 
every  screw  is  a  principal  Screw  of  Inertia. 

For  every  value  of  n  from  1  to  6  it  is  of  course  known  that  the  celebrated 
harmonic  determinantal  equation  of  §  86  has  n  real  roots. 

But  when  the  question  arises  as  to  the  possibility  of  this  equation  as  applied 
to  our  present  problem  having  repeated  roots,  the  several  cases  must  be  dis- 
criminated. It  is  to  be  understood  that  the  body  itself  is  to  be  of  a  general  type 
without  having  e,g,  two  of  the  principal  radii  of  gyration  equal.  The  investigation 
relates  to  the  possibility  of  a  system  of  constraints  which,  while  the  body  is  still  of 
the  most  general  type,  shall  permit  indeterminateness  in  the  number  of  principal 
Screws  of  Inertia. 

Of  course  if  n  =  1  the  equation  is  linear  and  has  but  a  single  root. 

n  =  2.     The  equation  under  certain  conditions  may  have  two  equal  roots. 

n  =  3.     The  equation  under  certain  conditions  may  have  two  or  three  equal 
roots. 

n  =  4.     The  equation  under  certain  conditions  may  have  two  equal  roots  or 
three  equal  roots  or  four  equal  roots  or  two  pairs  of  equal  roots. 

n  =  5.     The  equation  can  never  have  a  repeated  root. 

n  =  6.     The  equation  can  never  have  a  repeated  root 

Here  comes  in  the  restriction  that  the  body  is  of  a  general  type,  for  of  course 
the  last  statement  could  not  be  true  if  two  of  the  radii  of  gyration  are  equal  or  if 
one  of  them  was  zero. 

The  curious  contrast  between  the  two  last  cases  and  those  for  the  smaller 
values  of  n  may  be  thus  accounted  for.     The  expression  for  T  will  contain  — ^-^ — 

terms  and  the  ratios  only  being  considered  T  will  contain 

n(n-t-l)  (n4-2)(n-l) 

2  2 

distinct  parameters.     As  a  rigid  body  is  specified  both  as  to  position  and  character 
by  9  co-ordinates,  it  follows  that  the  coefficients  of  T  are  not  unrestricted  if 

(n->-2)(n~    )  ^  gr^^p  ^Y^gj^  9      ^^^  this  quantity  is  greater  than  9  for  the  cases 

of  n  =  5  and  n  =  6. 

We  may  put  the  matter  in  another  way  which  will  perhaps  make  it  clearer. 
I  shall  take  the  two  cases  of  n  =  4  an4  n  =  5. 


\ 
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In  the  case  of  n  -  4  the  function  T  will  consist  of  10  terms  sncli  an 

If  any  arbitrary  values  be  assigned  to  il^,,  A^^  Ac.^  it  will  still  be  pijmi\^  u 
determine  a  rigid  body  such  that  this  function  shall  represent  n/  (to  a  <xiii»U£: 
factor),  because  we  have  9  co-ordinates  disposable  in  the  rigid  body.  Hmce  {<v 
n  =  i  and  a  fortiori  for  any  value  of  n  less  than  four  the  fanction  rrprvflenticx  f 
will  \ye  a  function  in  which  the  coefficients  are  perfectly  unrestrictMl.  H««rr 
n  =  or  <  4  the  determinantal  equation  is  in  our  theory  of  the  imiat  graerml  tjpr 
The  general  theory  while  afiinning  that  all  the  roots  are  real  does  nuc  pr*»h:'i: 
conditions  arising  under  which  roots  are  repeated.  Henoe  Roath's  imporua: 
theorem  becomes  of  significance  in  cases  n-2,  n  =  3,  n  =  4  for  in  these  ^oauocf 
the  roots  may  be  repeated. 

But  in  the  case  of  n  =  5  the  function  T  consists  of  15  terma.      If  arbitrmr? 

m 

values  could  be  assigned  to  the  coefficients  then  of  course  the  general  theonr  v^jcW 
apply  and  cases  of  repeated  roots  might  arise.  But  in  our  inveatigmtioo  tKp  15 
coefficients  are  functions  of  the  co  ordinates  which  express  the  niof»t  general  1*^9 
of  a  rigid  body,  and  these  co-ordinates  are  not  more  than  nine.  If  these  nin^  ov 
ordinate^  were  eliminated  we  should  have  five  conditions  which  must  be  satuted 
by  the  coefficients  of  a  general  function  before  it  could  represent  the  T  <4  oor 
theory  even  to  within  a  factor.  The  necessity  that  the  coefficient  of  T  shall  sau^ 
these  equations  imports  certain  restrictions  into  the  general  theory  of  the  detrr 
niinantal  equation  based  on  7\  One  of  these  restrictions  is  that  T  shall  barr  ao 
repeated  roots.     The  same  conclusion  applies  a  fortiori  to  the  case  of  m  •   '}. 

The  subject  may  also  be  considered  as  follows. 

I^t  UR  first  take  the  general  theorem  that  when  reference  is  made  \»*  1 
principal  scrt^ws  of  inertia  of  an  w-system  the  co-ordinates  of  the  impulsive  wretdi 
corresponding  to  the  inHtantaniH>us  screw 

a,  ...  a,, 
are  (§  97) 

For  a  principal  screw  of  inertia  the  ratias  must  be  severally  equal  or 

P\  «i      Pt  ^  Pn  <^ 

Tlu'M*  e4|uati(»ns  can  g*?nenilly  U»  only  sati.nfieil  if  w  -  1  of  the  quantities 

«i  •••  «»» 
Ik»  zito,  i.t.  xhviv  ;ire  in  general  no  in(»n»  than  the  n  principal  screws  of  int-n:.! 
If  howrvrr 


then  thou^'h  wf  must  have 
a,  and  a.  n'ni.iin  arbitrary 


•I  'J 

;^     P: 


a.,      0      a,      U, 
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But  n  -  2  linear  equations  in  an  n-system  determine  a  cylindroid  and  hence  we 
see  that  all  the  screws  on  this  cylindroid  will  be  principal  Screws  of  Inertia. 

In  like  manner  if  there  be  k  repeated  roots,  i.e,  if 

Pi      P2  Pk' 

then  ai,  ,..at  are  arbitrary  but  a^^^^,  ..-0,1  must  be  each  zero.  We  have  thus  n  —  k 
linear  equations  in  the  co-ordinations.  They  must  also  satisfy  6  -  n  equations 
because  they  belong  to  the  n-system  and  therefore  they  satisfy  in  all 

6-n  +  n  —  A;=6— A;  equations, 

whence  we  deduce  that 

^  there  be  k  repecUed  roots  in  the  determinantal  equation  o/*  §  86  then  to  those 
roots  corresponds  a  k-system  of  screws  ectch  one  of  which  is  a  principal  screw  of 
inertia  and  there  are  besides  n-k  additional  principal  Screws  of  Inertia, 

So  far  as  the  cases  of  n  =  2  and  n  =  3  are  concerned  the  plane  representations 
of  Chaps.  XII.  and  XV.  render  a  complete  account  of  the  matter. 

Let  0  (Fig.  10)  be  the  pole  of  the  axis  of  pitch,  §  58,  then  0  may  lie  either 
inside  or  outside  the  circle  whose  points  represent  the  screws  on  the  cylindroid. 

Let  0'  (Fig.  22)  be  the  pole  of  the  axis  of  inertia,  §  140,  then  &  must  lie  inside 
the  circle,  for  otherwise  the  polar  of  0'  would  meet  the  circle,  i.e,  there  would 
be  one  or  two  real  screws  about  which  the  body  could  twist  with  a  finite  velocity 
but  with  zero  kinetic  energy. 

We  have  seen  that  the  two  Principal  Screws  of  Inertia  are  the  points  in  which 
the  chord  00'  cuts  the  circle.  If  0'  could  be  on  the  circle  or  outside  the 
circle  then  we  might  have  the  two  principal  Screws  of  Inertia  coalescing,  or  we 
might  have  them  both  imaginary.  As  however  0'  must  be  within  the  circle  it  is 
generally  necessary  that  the  two  principal  Screws  of  Inertia  shall  be  both  real  and 
distinct. 

But  the  points  0  and  0'  might  have  coincided.  In  this  case  every  chord  through 
0  would  have  principal  Screws  of  Inertia  at  its  extremities.  Thus  every  point  on 
the  circle  is  in  this  case  a  principal  Screw  of  Inertia. 

We  thus  see  that  with  Freedom  of  the  second  order  there  are  only  two  possible 
cases.  Either  every  screw  on  the  cylindroid  is  a  principal  Screw  of  Inertia  or 
there  are  neither  more  nor  fewer  than  two  such  screws,  and  both  real. 

If  a  and  fi  be  any  two  screws  on  the  cylindroid  then  the  conditions  that  all 
the  screws  are  Principal  Screws  of  Inertia  are 

With  any  rigid  body  in  any  position  we  can  arrange  any  number  of  cylindroids 


d 


\ 
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which  possess  the  required  property.     Choose  any  screw  a  and  then  take  onf  «rT« 
P  whose  co-ordinates  satisfy  these  two  conditions. 

We  shall  also  use  the  plane  representation  of  the  S-Sjrstem. 

Let  ^  =  0  be  the  pitch  conic. 

r  =  0  be  the  imaginary  ellipse  obtained  by  equating  to  zem  the  exprr»ujc  Im 
the  Kinetic  Energy. 

Then  the  vertices  of  a  common  conjugate  triangle  are  of  coone  the  priDcxfai 
Screws  of  Inertia  and  generally  there  is  only  one  such  triangle. 

It  may  however  happen  that  U  and  V  have  more  than  m  single  cooak* 
conjugate  triangle,  for  let  the  cartesian  coK>rdinates  of  the  four  inteniectiofi»  oi  C 
and  V  be  represented  by 

As  all  the  points  on  V  are  imaginary  at  least  one  co-ordinate  of  each  int«T«««t»L« 
is  imaginary.  Suppose  yi  to  be  imaginary  then  it  must  be  conjugate  to  y,.  If 
therefore  the  conic  U  touches  V  y,  and  y,  must  be  respectively  equal  to  y,  and  jr. 
Hence  we  have  only  two  values  of  y,  and  these  are  conjugate.  Subcititatinf  thmr 
in  U  and  V  we  see  that  there  can  only  be  two  values  of  or,  and  conaequentlj  tbr 
intersections  reduce  to  two  pairs  of  coincident  points. 

Hence  we  see  that  V  cannot  touch  U  unless  the  two  conies  have  doable  c«.iBtact 

In  this  case  the  chord  of  contact  possesses  the  property  that  each  point  uo  it  a 
a  principal  Screw  of  Inertia  while  the  pole  of  the  chord  with  respect  to  eitiwr 
conic  is  also  a  principal  Screw  of  Inertia. 

If  r  and  V  coincided  then  every  screw  of  the  3-system  would  be  a  pnncipa. 
Screw  of  Inertia. 

The  general  theory  on  the  subject  is  as  follows. 

Let  6^-  0  be  the  (luiMlratic  n^lation  among  the  co-ordinates  of  an  m-ht^u^ 
which  expresses  that  its  pitch  is  zero. 

l^*t  V  -0  \)e  the  quadratic  relation  among  the  co-ordinates  of  a  s^crev  if  a  \^\ 
twisting  alnrnt  that  screw  has  zero  kinetic  energy. 

The  discriminant  of  .V  r  [7^  ^  W  equat^xl  to  zero  gives  w  real  roots  fur  .V.  Th*^ 
nK>ts  substitut^nl  in  the  differiMitiail  coefficients  of  «V  equated  to  zer\>  giw  ibr 
c<)rreMj)ondin^  princi|wil  Scn*ws  of  Inertia.  If  however  there  !*•  two  e^mal  r>*<* 
for  X  then  ft>r  these  nw^tw  every  first  minor  of  the  discriminant  vanish«^  li.  rK.- 
CHM'  S  run  U'  rxj>ress«'<|  as  n  function  «)f  n  -  U  linear  quantitit*s.  IVrlia|«<»  \\u  u.-^'. 
explicit  inaiiiier  of  doin;;  this  is  as  follows. 

,  ,  1  d6  I  iLS 

aipl  l»-t  s.       ^    ,     ,  ...  ^M 
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If  all  the  first  minors  of  the  discriminant  of  S  vanish  we  must  have  the 
following  identity 


-S 


Ojj,     034  ...  03, 


a 


43) 


a^  ...  a 


411 


a 


Hi 


a,i4  ...  a. 


^>        *3»        *4   •••  *n 


8 


41 


a 


43) 


^44   •••  ^411 


A 


111 


^II3»        ^lU  •••  ^; 


nn 


by  which  we  have 


O  —  ilss«s    +  -«i|«4    +  2ilj4«3«4  . . .  +  Af^8^. 


Hence  ^  +  XF  =  -4ss«s*  +  -441*4'  +  2i<84«g«4  •  •  •  +  ^nn'^n* 

In  the  case  of  n  =  3  we  have 

which  proves  that  V  and  U  have  double  contact  as  we  already  proved  in  a  different 
manner. 

In  the  general  case  all  the  differential  coefficients  of  S  will  vanish  if  «,=0.  ..«||=0, 
but  these  latter  define  a  cylindroid  and  therefore  whenever  the  discriminant  of  8 
has  two  equal  roots,  every  screw  on  a  certain  cylindroid  is  a  principal  Screw  of 
Inertia. 

If  the  discriminant  had  three  equal  roots  then  S  could  be  expressed  in  terms  of 
«4, ...  An  and  in  this  case  every  screw  on  a  certain  3-system  would  be  a  principal 
Screw  of  Inertia. 

If  n  —  1  of  the  roots  of  the  discriminant  were  equal,  then  every  (n  —  2)nd 
minor  would  vanish,  S  would  become  the  perfect  square  8^  to  a  factor. 


And  we  have 


^  +  xr=i!«.«» 


nii*'ii 


In  this  case  every  screw  of  the  »  -  1  system  defined  by  «,» =  0  wiU  be  a  principal 
Screw  of  Inertia. 


NOTE  III. 


Twist  velocity  acquired  by  an  impulsive  wrench,  §  90. 

The  problem  solved  in  §  90  may  be  thus  stated. 

A  body  of  mass  M  only  free  to  twist  about  a  is  acted  upon  by  a  wrench  of 
intensity  rl"  on  a  screw  1;.     Find  the  twist  velocity  acquired. 

From  Lagrange's  equations  we  have,  §  86 

d(dT\     dT 
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But  as  the  wrench  is  very  great  the  initial  acceleration  in  grp*t  and  cucur 
quentlj  the  second  term  on  the  left-hand  side  is  negligible  compared  with  the  6r^ 

but  7'«Jfu.»a«(§89), 

whence  2MuJa=2w^ri''\ 

MuJ 


Whence 


or  «  =  l/TrV^ 


ttt 


The  kinetic  energy 


7'=A/u.«d'  =  1^7V''',    (§91). 


NOTE   IV. 
Professor  C.  J,  Jolys  theory  of  the  triple  contact  of  couic  and  cubic 

Professor  C.  J.  July  lias  pointed  out  to  me  that  the  conies  of  ,^  162  and  .:&  I<<^ 
which  have  triple  contact  with  the  nodal  cubic  are  but  particular  instaDcm  of  tlvr 
more  general  theory  which  he  investigates  as  follows. 

Let  t  be  the  parameter  necessar}'  to  define  a  particular  generator  on  a  ci^ra 
cylindroid ;  we  first  show  that  the  condition  that  a  line,  i.e,  a  screw  $  of  xert*  pttrh 
should  intersect  this  generator  may  Ite  expressed  in  the  form 

a/»  +  6<»  +  c<  +  rf  -  0, 

where  a,  b,  c,  d  are  linear  functions  of  the  co^nlinates  of  $  and,  of  coarHe,  functi«>Q.« 
also  of  the  constants  defining  the  cylindroid. 

For  if  a  and  fi  be  the  two  principal  screws  on  the  cylindn>id  then  th«*  i^^ 
ordinates  of  the  screw  c  on  the  cylindroid  making  an  angle  X  with  a  art* 

cos  Xa,  4  sin  \pi,  ...  cos  \a^  -*■  sin  X/9«, 

whence  «r,#  -  cos  X«r,.  +  sin  Xv«^, 

cos  (f^)  -  c(w  \  cos  (fa)  +  sin  X  cos  (f/3), 

p,  ■-  cos'  X/>.  +  2  cos  X  sin  Xv«^  +  .sin*  kp^. 

If  c  and  $  intersect  then 

2«r,#  =  co«(€^);»,, 

or  putting  /  -  tan  X, 

(c.>s(€/9);>^     2tir.^)(* 

■^  {viM  (ca)  pfi  -»-  2  cos  (tfi)  m^     2aj,.)  /* 

+  (ciw  (</J)  ;.,  +  2  cos  (<a)  w.^  -  2aJ,^)  t 

4(cos(€a);>.     2t!r..)     0, 
which  has  the  form  ju^t  givrn. 
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Conversely  if  we  are  given  a,  6,  c,  d  we  have  a  cubic  equation  in  t  which 
on  solution  determines  the  three  generators  of  the  cylindroid  which  a  given  line 
intersects. 

If  the  generators  are  connected  in  pairs  by  a  one-to-one  relation  of  the  type 

Ut'  +  w  (^  +  <')  +  n  =  0, 

we  may  for  convenience  speak  of  the  pairs  of  generators  as  being  in  "involution." 

Suppose  that  two  of  the  generators  met  by  an  arbitrary  line  are  in  "involution" 
we  have  two  roots  of  the  cubic 

connected  by  the  relation 

Itit^  +  m  (^  +  ^)  +  n  =  0, 

where  t^  and  t^  are  the  parameters  of  the  two  generators  and  of  course  roots  of 
the  cubic.     Let  the  third  root  be  ^3  and  form  the  product  P  of  the  three  factors 

It^ti  +  m  (^  +  ^)  +  n, 

It^  +  w  (<2  +  <,)  +  n, 

Itf^  +  m  (^,  +  ^)  +  n. 

If  we  replace  the  symmetric  functions  of  the  roots  by  their  values  we  find  that 
P  is  a  homogeneous  function  of  a,  b,  c,  d  in  the  second  degree. 

The  equation  P  =  0  represents  the  complex  of  transversals  intersecting  corre- 
sponding generators  of  the  involution.  This  complex  is  of  the  second  order 
and  the  transversals  in  a  plane  therefore  envelop  a  conic  and  those  through 
a  point  lie  on  a  quadric  cone. 

In  like  manner  the  discriminant  of  the  cubic  itself  when  equated  to  zero 
i*epresents  a  complex  Q  of  the  fourth  order  which  consists  of  all  the  tangents  to 
the  cylindroid.  The  lines  in  a  plane  envelop  a  curve  of  the  fourth  class  (the 
section  of  the  cylindroid)  and  the  lines  through  a  point  are  generators  of  the 
tangent  cone  of  the  fourth  order. 

Let  us  now  consider  the  lines  common  to  the  two  complexes  P  and  Q, 

If  we  suppose  two  roots  of  the  cubic  equal,  for  example 

then  P  =  [Uit^  +  w  (^  +  ^)  +  nf  [^'  +  2mt^  +  n]. 

The  common  lines  fall  into  two  groups  (1)  transversals  of  the  united  lines 
of  the  "  Involution "  where  the  parameters  of  these  united  lines  satisfy 
l^  -»-  2m/  •»-  n  =  0,  and  (2)  where  the  odd  point  on  the  transversal  coincides  with 
one  of  the  points  in  which  the  transversal  meets  the  conjugate  generators.  The 
occurrence  of  the  square  factor  shows  that  these  latter  lines  are  to  be  counted 
twice. 

In  any  plane  we  have  belonging  to  these  complexes  eight  common  lines  which 
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are  the  common  tangents  of  a  curve  of  the  fourth  and  a  car>'e  of  the  flecood  chum. 
Two  and  only  two  of  these  intersect  the  united  lines  of  the  involalMin.  Th» 
occurrence  of  the  square  factor  indicates  that  the  remaining  six  coincide  in  pain 
and  hence  we  have  tlie  general  result  that  the  conic  has  triple  contact  with  tl^ 
cubic. 


NOTE   V. 
Remarks  on  §  210. 

Professor  C.  J.  Joly  has  communicated  to  me  the  following  theorenui  with  rv>|pmi 
to  the  cubic  which  is  the  locus  of  the  points  corresponding  to  the  screws  ai  a 
S-system  which  intersect  a  given  screw  of  the  system  (§  210). 

Let  0  be  the  double  point  on  the  cubic  and  P,,  P,  the  two  points  cormpjori- 
ing  to  a  pair  of  screws  of  equal  pitch  which  intersect  O.  Then  all  the  chords  P.^P, 
for  different  pitches  are  concurrent 

For  the  cylindroid  defined  by  the  screws  corresponding  to  P,/\  mnitt  be  cut  hj 
the  screw  corresponding  to  0  in  a  third  point  which  lies  on  the  generator  (/  ul  the 
cylindroid  such  that  0  and  O*  are  at  right  angles  (§  22).  As  there  is  only  one  screw 
of  the  S-system  intersecting  0  at  right  angles  it  follows  that  all  the  chords  P,/*, 
will  be  concurrent.  The  point  corresponding  to  0'  is  that  whose  oo-ordinalcs  af^ 
given  on  p.  213,  viz. 

f'l-P*       Pi-Pt       Pt-Pi 

>  >  > 

Qi  a,  a, 

where  ai,  04,  a,  are  the  co-ordinates  of  0. 

There  is  also  to  be  noted  the  construction  for  the  tangents  at  the  double  point 
of  the  cubic.  They  are  the  lines  to  the  points  in  which  the  pitch-conic  thrvHixfa 
the  double  point  is  met  by  the  polar  of  the  double  point  with  respect  to  the  ci>qk> 
of  infinite  pitch. 

Let  Sp  =  0  be  the  conic  of  pitch  p.  Let  Pp-Ohe  the  polar  of  O  with  rei%ptf^t 
to  the  conic  of  pitch  p  and  let  ^sy  =  0  l)e  the  result  of  substituting  the  coordinate 
of  0  in  the  equation  of  the  conic  «Sip  =  0. 

Ah  all  the  conies  have  four  pointn  commim,  suppose 

where  k  and  /  are  certain  constants. 

Likewise  /',     kPp  +  IP^  ;    S\'  -  kS;  -h  IS^, 

whonw  after  a  few  nteps  (S  210)  we  have  the  new  fonii  for  the  cubic 

If  >',.     0  |»aHH«^  thnm^h  the  (loubh>  jwint  then  S^'     0  and  the  cuhio  i** 
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we  form  the  polar  conic  of  the  point  0  by  changing  separately  ^S  to  P  and  P  to  S' 
and  we  have  its  equation  as 


which  as  Sp  =0  becomes 


2s;s„  +  p,p^  -  s'^s,  =  0, 


PpP«  -  s-^s, = 0. 


Repeating  this  operation  we  have  for  the  equation  of  the  polar  of  0  or  the 
tangent  to  the  cubic  the  vanishing  expression 

PpS'^-S'^P.BO. 
This  proves  the  duplicity  of  the  point. 

Thei-efore  ^p^oo  —  «S'^*S^  =  0  represents  the  tangents  at  the  point  and  these 
accordingly  pass  through  the  intersection  of  <P^  =  0  and  Sp  =  0. 

I  may  also  add  that  the  principles  here  laid  down  will  enable  us  to  investigate 
the  various  relations  between  the  screws  of  a  3-system  which  intersect.  Let  us 
seek  for  example  the  number  of  screws  of  the  system  which  are  common  transversals 
to  two  screws  which  also  belong  to  the  system  and  which  are  represented  by  0  and 
(y.  If  we  draw  two  cubics  of  the  class  just  considered  from  0  and  0'  as  double 
points,  they  will  in  general  intersect  in  nine  distinct  points.  Of  these,  four  will  of 
course  be  the  points  common  to  all  these  cubics  on  the  conic  of  infinite  pitch.  We 
have  thus  five  remaining  intersections  each  of  which  corresponds  to  a  screw  of  the 
system,  whence  we  deduce  the  theorem  that  any  two  screws  of  a  3-system  will  in 
general  be  both  intersected  by  five  other  screws  of  the  S-system. 


NOTE  VI. 

Remarks  on  §  224  by  Professor  C.  J.  Joly. 

If  there  is  no  speciality  the  nodal  curve  of  the  sex  tic  ruled  surface  of  the 
quadratic  2-system  is  of  the  tenth  degree  with  four  triple  points  on  the  surface. 
Of  course  every  generator  of  the  surface  meets  four  other  generators ;  this  follows 
from  the  plane  representation.  An  arbitrary  section  is  a  unicursal  sextic  having 
therefore  ^  (6  -  1 )  (6  -  2)  =  10  double  points.  A  section  through  a  generator  is  the 
generator  plus  a  unicursal  quintic,  and  a  section  through  two  generators  consists 
of  the  generators  and  a  trinodal  quartic.  When  the  director  cone  of  the  surface 
breaks  into  a  pair  of  planes,  the  nodal  curve  rises  to  the  eleventh  degree  and 
consists  of  the  two  double  lines,  the  common  generator  and  the  remaining  curve 
of  intersection  of  the  two  cylindroids  into  which  the  surface  degrades.  The  four 
triple  points  are  those  in  which  the  double  lines  of  one  cylindroid  meets  the  other 
— not  on  the  common  generator.  We  should  expect  to  find  four  triads  of  con- 
current axes  belonging  to  the  quadratic  system. 

The  locus  of  the  feet  of  perpendiculars  from  an  arbitrary  origin  is  a  twisted 
quartic.     The  quartic  is  not  the  intersection  of  two  quadrics.     Only  one  quadric 
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can  be  drawn  through  it.  This  is  borne  out  in  the  case  of  the  two  cylindrokla.  T%r 
two  conies  have  but  one  point  common,  and  the  only  quadric  through  both  oooawu 
of  their  planes.  The  line  of  intersection  of  the  planet  intersects  the  conies  in  thrve 
distinct  points,  and  hence  another  quadric  cannot  be  drawn  through  the  conicaL 

As  regards  the  ruled  surfaces  generated  by  the  axes  of  a  three^ystMn  which 
are  parallel  to  the  edges  of  a  cone  of  degree  m,  the  degree  of  the  siirfacr  ii 
evidently  3m.  For  the  axes  of  the  enclosing  system  which  meet  any  assmiMd  hin^ 
are  parallel  to  the  edges  of  a  cubic  cone,  and  there  are  3m  directions  c«>auDnfi  to 
this  cone  and  the  director  cone.  Again  the  locus  of  the  feet  of  perpend icularn  <m 
the  generators  from  any  point  is  a  curve  of  degree  2m  which  viewed  frum  the 
point  appears  to  have  three  multiple  points  of  order  m  situated  on  the  axes  cl  thr 
reciprocal  three-system  passing  through  the  point.  For  if  we  take  any  plane  ami 
consider  its  intersections  with  the  curve,  we  find  easily  that  the  axes  of  ihr 
enclosing  system  whose  feet  of  perpendiculars  from  the  point  lie  in  the*  plane  an* 
parallel  to  the  edges  of  a  quadric  cone.  The  theorem  about  the  apparvot 
multiple  points  follows  from  consideration  of  the  cylindroids  of  the  enclosing  syuciB 
whose  double  lines  pass  through  the  assumed  point. 

We  also  note  this  construction  for  Art.  180.  Assume  a  radius  of  the  pitch 
quadric,  draw  the  tangent  plane  and  let  fall  the  central  perpendicular  on  the 
plane.  Measure  off  on  the  radius  and  on  the  perpendicular  the  reciprocals  ol  their 
lengths,  thus  determining  a  triangle.  Through  the  centre  draw  a  normal  t4>  the 
plane  of  the  triangle  equal  in  length  to  double  the  area  of  the  triangle  multiplied 
by  the  product  of  the  three  principal  pitches.  This  is  the  perpendicular  to  the 
required  axis  if  we  consider  rotation  round  the  line  from  the  perpendicular  to  the 
radius  as  positive. 

One  more  point  may  be  mentioned.  If  we  take  the  cone  reciprocal  to  the 
director  cone,  that  is  the  cone  whose  edges  are  perpendicular  to  the  tangent  planes< 
and  if  we  use  this  new  cone  for  selecting  the  generators  of  a  ruled  surface  from 
the  reciprocal  three-system,  the  two  ruled  surfaces  have  a  common  line  of  strictioffi 
and  they  touch  one  another  along  this  line.  This  is  the  extension  of  the  theiiren 
that  the  reciprocal  screw  at  right  angles  to  the  generators  of  a  cylindroid  coincidev 
with  the  axis. 


NOTE   VII. 
Note  on  homographic  traM/ormation,  §  240. 

That  thrrt*  muHt  \h*  in  gent^ral  linear  relatitms  between  the  c<M>rdinat4*«  «>f  thf 
Hcn'WM  of  an  install tiiiieou.s  syst^Mn,  and  the  coonlinates  of  the  ci»rrt^«{¥>n(iin|; 
inipulhive  Hcn»w8  in  pruve<l  a*i  follows. 

Iii*t  u  \io  an  impulsive  Mcn>w  and  let  /}  be  the  corn^Mponding  instantaneotu  ^crr'm 
with  reHjM»ct  to  a  fn»<»  InKly. 

l>*t  .1,  Ii,  C\  Df  A',  F  U»  Mix  inde|H'n(lent  screwft  which  we  shall  take  as  Krevt 
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of  reference.     Let  a^, ...  a^  and  Pi, ...  Ps  ^  ^b®  co-ordinates  of  a  and  fi  with 
respect  to  A,  B,  G,  &c. 

Let  ill, ...  J g  be  ^^^  co-ordinates  of  A  with  respect  to  the  six  principal  Screws 
of  Inertia  and  similarly  let  ^i, ...  ^e  be  the  co-ordinates  of  B  and  in  like  manner 
for  C,  A  ^,  <fec. 

An  impulsive  wrench  on  a  of  intensity  a"  will  have  for  components  a "c^  on 
A  ...  and  a"\  on  F,  These  components  on  A,  ...  F  may  each  be  resolved  into  six 
component  wrenches  on  the  principal  screws  of  inertia,  viz. 

a'^ajil,  +  a"a^Bi  ...  +  a'"aj/^i, 
a'"ai  Aq-^-  a!"aL2B^  . . .  +  a'^o^/jji 


a"aiA^  +  a^'oLqB^  ...  +  a"a^F^. 

But  these  impulsive  wrenches  give  rise  to  an  instantaneous  twist  velocity 
about  a  whence  by  §  80,  we  have,  if  A  be  a  common  factor,  and  a,  6,  c  the  principal 
radii  of  gyration 

+  haPi  =  OiAi  +  a^B^  +  OjCj  +  a^Di  +  aj^,  +  a^^i, 
—  Aa/3,  =  ttj  ilj  +  Oj^a  +  OjCj  +  a4/>2  +  Oj^^j  +  ^^^-^si 
+  AftjSj  =  OiA^  +  02^5  +  OgC,  +  a4Z>j  +  ttg^a  +  a^F^, 

—  A6)94  =  ai^4  +  02-^4  +  ^3^4  "*"  ^4-^4  +  "8'^4  +  *^-^4» 

+  hcPs  =  ttiilg  +  Oj^g  +  OjCg  +  a^D^  +  aa^g  +  Oe/'s, 
Thus  the  linear  relations  are  established. 

NOTE  VIII. 

Remarks  on  §  268. 

It  ought  to  have  been  mentioned  that  the  relation  between  four  points  on  a 
sphere  used  in  this  article  is  a  well  known  theorem,  see  Salmon,  Geometry  of  Three 
Dimensions,  §  56  and  Casey's  Spherical  Trigonometry,  §  111. 

It  is  also  worth  while  to  add  that  jBm  is  the  function  which  on  other  grounds 
has  been  called  the  sine  of  the  solid  angle  formed  by  the  straight  lines  1,  2,  3 
(Casey,  Spherical  Trigonometry,  §  28).  The  three  formule  of  this  article  have  been 
proved  as  they  stand  for  sets  of  six  co-reciprocal  screws.  Mr  J.  H.  Grace  has 
however  kindly  pointed  out  to  me  (1898)  that  the  second  of  the  formulae  would  be 
also  true  for  any  set  of  five  co-reciprocal  screws,  and  the  third  would  be  true  for 
any  set  of  four  co-reciprocal  screws.     We  thus  have  for  a  set  of  four  co-reciprocals 

j9i  sin«  (234) -H  ;?a  sin«  (34 1 )  +  ;>,  sin*  (4 1 2)  + /?4  sin*  ( 1 23)  =  0, 

where  sin*  (234)  is  the  square  of  the  sine  of  the  solid  angle  contained  by  the  straight 
lines  2,  3,  4. 
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ADDRESS  TO  THE   MATHEMATICAL  AND   PHYSICAL  SECTION 

OF  THE   BRITISH   ASSOCIATION. 

MANCHESTER,    1887. 

A   DynamxccU  ParabU, 

The  subject  I  have  chosen  for  my  address  to  jou  Uxlay  has  been  to  me  a 
favourite  topic  of  meditation  for  many  years.     It   is  that   part  of   the 
of  theoretical  mechanics  which  is  usually  known  as  the  *' Theory  of  Screwa.** 

A  good  deal  has  been  already  written  on  this  theory,  but  I  may  say  with 
confidence  that  the  aspect  in  which  I  shall  invite  you  now  to  look  at  it  U  a  Dt>v«l 
one.  I  propose  to  give  an  account  of  the  proceedings  of  a  committee  appuinttfvi  u» 
undertake  some  experiments  upon  certain  dynamical  phenomena.  It  may  appear 
to  you  that  the  experiments  I  shall  describe  have  not  as  yet  been  made,  that  ervn 
the  committee  itself  has  not  as  yet  been  called  together.  I  have  aocordinfiy 
ventured  to  call  this  address  '*A  Dynamical  Parable." 

There  was  once  a  rigid  body  which  lay  peacefully  at  rest.  A  committee  <4 
natural  philosophers  was  appointed  to  make  an  experimental  and  rational  InqiiirT 
into  the  dynamics  of  that  Ixxiy.  The  connnittee  i-eceived  special  instmctiuiUL 
They  were  to  find  out  why  the  body  n^mained  at  rest,  notwithstanding  that 
certain  forces  were  in  action.  They  were  to  apply  impulsive  forces  and  ohsprre 
how  the   Ixxiy  would   lx*gin  to  move.     They  were  also  to  investigate  the  ^mall 

oscillations.     These*  lx»ing  setthnl,  they  were  then  to But  here  the  chainnan 

inteqxwed  ;  he  considerixi  that  for  the  prest»nt,  at  least,  there  was  sufficient  wi*k 
in  pros)»ect.  He  pointe<l  out  how  the  questions  already  proposed  just  completed  a 
natural  group.  **  Let  it  sutiioe  for  us,'*  he  said,  "to  experiment  upon  the  dynamic» 
of  this  Ixxiy  so  long  as  it  riMiiains  in  or  near  to  the  position  it  now  occupm. 
\V(*  may  leave  to  some  more  ambitious  committee  the  task  of  following  the  body  ia 
all  c<»nc«*ivalile  gj'rations  through  the  universe." 

The  ioiiiiuittt^f  wiiM  judiciously  chos4*u.  Mr  Anhamutnic  umlert«Hik  thr 
geometry.  Ii«*  wii^  found  to  U>  of  the  utmost  value  in  the  more  delicate'  |«m^»  «4 
th«*  work,  though  his  i-oUcu^ut^  thought  him  nitlurr  pnisy  at  times.  He  ma^  muvh 
ai<hHl  by  his  twti  friends,  Mr  One-t4>-()ne,  who  IumI  charge  of  the  h«»mof(raphK 
de{>artiiifnt,  aini  Mr  llflix,  whose  liiliouni  will  U*  H<vn  to  Ix*  of  much  impi»rtam^ 
Ah  a  iiiont  n*s(MvtJil>l(%  if  nithcr  old  fii.shi(»n«*<i  niemlx^r,  Mr  CArt4.*»iati  wa»  atkir«i  t«> 
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the  committee,  but  his  antiquated  tactics  were  quite  out-manoeuvred  by  those  of 
Helix  and  One-to-One.  I  need  only  mention  two  more  names.  Mr  Commonsense 
was,  of  course,  present  as  an  ex-officio  member,  and  valuable  service  was  rendered 
even  by  Mr  Querulous,  who  objected  at  first  to  serve  on  the  committee  at  all. 
He  said  that  the  inquiry  was  all  nonsense,  because  everybody  knew  as  much  as 
they  wished  to  know  about  the  dynamics  of  a  rigid  body.  The  subject  was  as  old 
as  the  hills,  and  had  all  been  settled  long  ago.  He  was  persuaded,  however,  to 
look  in  occasionally.  It  will  appear  that  a  remarkable  result  of  the  labours  of  the 
committee  was  the  conversion  of  Mr  Querulous  himself. 

The  committee  assembled  in  the  presence  of  the  rigid  body  to  commence  their 
memorable  labours.  There  was  the  body  at  rest,  a  huge  amorphous  mass,  with  no 
regularity  in  its  shape — no  uniformity  in  its  texture.  But  what  chiefly  alarmed 
the  committee  was  the  bewildering  nature  of  the  constraints  by  which  the  move- 
ments of  the  body  were  hampered.  They  had  been  accustomed  to  nice  mechanical 
problems,  in  which  a  smooth  body  lay  on  a  smooth  table,  or  a  wheel  rotated  on  an 
axle,  or  a  body  rotated  around  a  point.  In  all  these  cases  the  constraints  were  of  a 
simple  character,  and  the  possible  movements  of  the  body  were  obvious.  But  the 
constraints  in  the  present  case  were  of  puzzling  complexity.  There  were  cords  and 
links,  moving  axes,  surfaces  with  which  the  body  lay  in  contact,  and  many  other 
geometrical  constraints.  Elxperience  of  ordinary  problems  in  mechanics  would  be 
of  little  avail.  In  fact,  the  chairman  truly  appreciated  the  situation  when  he 
said,  that  the  constraints  were  of  a  perfectly  general  type. 

In  the  dismay  with  which  this  announcement  was  received  Mr  Commonsense 
advanced  to  the  body  and  tried  whether  it  could  move  at  all.  Yes,  it  was  obvious 
that  in  some  ways  the  body  could  be  moved.  Then  said  Commonsense,  *  Ought 
we  not  first  to  study  carefully  the  nature  of  the  freedom  which  the  body  possesses  ? 
Ought  we  not  to  make  an  inventory  of  every  distinct  movement  of  which  the 
body  is  capable?  Until  this  has  l^een  obtained  I  do  not  see  how  we  can  make  any 
progress  in  the  dynamical  part  of  our  business.' 

Mr  Querulous  ridiculed  this  proposal.  '  How  could  you,'  he  said,  '  make  any 
geometrical  theory  of  the  mobility  of  a  body  without  knowing  all  about  the 
constraints?  And  yet  you  are  attempting  to  do  so  with  perfectly  general  con- 
straints of  which  you  know  nothing.  It  must  be  all  waste  of  time,  for  though  I 
have  read  many  books  on  mechanics,  I  never  saw  anything  like  it.' 

Here  the  gentle  voice  of  Mr  Anharmonic  was  heard.  *Let  us  try,  let  us 
simply  experiment  on  the  mobility  of  the  body,  and  let  us  faithfully  record  what 
we  find.'  In  justification  of  this  advice  Mr  Anharmonic  made  a  remark  which 
was  new  to  most  members  of  the  committee  :  he  asserted  that,  though  the  con- 
straints may  be  of  endless  variety  and  complexity,  there  can  be  only  a  very  limited 
variety  in  the  types  of  possible  mobility. 

It  was  therefore  resolved  to  make  a  series  of  experiments  with  the  simple 
object  of  seeing  how  the  body  could  be  moved.  Mr  Cartesian,  having  a  repu- 
tation for  such  work,  was  requested  to  undertake  the  inquiry  and  to  report  to  the 
committee.  Cartesian  commenced  operations  in  accordance  with  the  well-known 
traditions  of  his  craft.  He  erected  a  cumbrous  apparatus  which  he  called  his  three 
B.  32 
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rectAngular  axes.  He  then  attempted  to  push  the  Ixidy  parallel  to  one  ci  iKiw 
axes,  but  it  would  not  stir.  He  tried  to  move  the  body  parallel  to  each  al 
the  other  axes,  but  was  again  unsuccessful.  He  then  attached  the  body  to  ooe  <jI 
the  Axes  and  tried  to  effect  a  rotation  around  that  axis.  Again  he  failed,  f<>r  tb^ 
constraints  were  of  too  elaborate  a  type  to  accommodate  themaelvea  to  Mr  Carte- 
sian's  crude  notions. 

We  shall  subsequently  find  that  the  movements  of  the  body  are 
of  an  exquisitely  simple  type,  yet  such  was  the  clumdneM  and  the 
character  of  Mr  Cartesian's  machinery  that  he  failed  to  perceive  the  nniplictty 
To  him  it  appeared  that  the  body  could  only  move  in  a  highly  complex  tttanorr . 
he  saw  that  it  could  accept  a  composite  movement  consisting  of  rotatioiu  abuQt 
two  or  three  of  his  axes  and  simultaneous  translations  alao  parallel  to  two  <ir 
three  axes.  Cartesian  was  a  very  skilful  calculator,  and  by  a  series  ol  experiinefiU 
even  with  his  unsympathetic  apparatus  he  obtained  some  knowledge  otf  tlie 
subject,  sufficient  for  purposes  in  which  a  vivid  comprehension  of  the  whole  wai 
not  required.  The  ina<lequacy  of  Cartesian's  geometry  was  painfully  evident  whm 
he  reported  to  the  committee  on  the  mobility  of  the  rigid  body.  *!  6nd,*  he  mid^ 
'that  the  body  is  unable  to  move  parallel  to  x,  or  to  y,  or  to  s  ;  neither  can  I  maie 
it  rotate  around  r,  or  y,  or  z;  but  I  could  push  it  an  inch  parallel  to  x,  pn>- 
vided  that  at  the  same  time  I  pushed  it  a  foot  parallel  to  y  and  a  yard  backwards 
parallel  to  z,  and  that  it  was  also  turned  a  degree  around  x,  half  a  degree  ttie  other 
w^ay  around  y,  and  twenty-three  minutes  and  nineteen  seconds  around  s.* 

'Is  that  all?'  asks  the  chairman.  *0h,  no,'  replied  Mr  Cartesian,  'therr  mir 
other  proportions  in  which  the  ingredients  may  be  combined  so  as  to  prodocr 
a  possible  movement,'  and  he  was  pnx^ecding  to  state  them  when  Mr  Cominonsrttfe 
interposed.  *  Stop !  stop ! '  said  he,  *  I  can  make  nothing  of  all  these  figures.  This 
jargon  aUmt  .r,  y,  and  z  may  suffice  for  your  calculations,  but  it  fails  to  convey  u* 
my  mind  any  clear  or  concise  notion  of  tlie  movements  which  the  ln)dy  is  frpe  to 
make.' 

Many  of  the  committee  sympathised  with  this  view  of  Commonaenae,  and  they 
came  to  the  conclusion  that  there  was  nothing  to  be  extracted  from  pimw  M 
Cartesian  and  his  axi^.  They  felt  that  there  must  \ie  some  better  metbod.  and 
their  hopes  of  discovering  it  were  raised  when  they  saw  Mr  Helix  volunteer  hi* 
services  and  mlvance  to  the  rigid  body.  Helix  brought  with  him  no  cumbriKu 
rectangular  axes,  but  commenced  to  try  the  mobility  of  the  body  in  the  iiiii|>le»t 
manner.  He  found  it  lying  at  n»«t  in  a  fxisition  we  may  call  A.  Perceiving  that 
it  was  in  S4ime  ways  mobile,  he  gave  it  a  slight  displacement  to  a  neighbuuniiK 
position  Ji.  Contrast  the  pn)cedure  of  Cartesian  with  the  procedure  trf  Helix. 
Cartesian  ir'u^l  to  fora»  tht»  \nt(\y  to  move  along  certain  routen  which  he  h^ii 
arbiirarilv  rh<*s<Ti,  hut  which  th«*  IkkIv  IumI  not  chosc*n;  in  fact  the  Uidv  m»>uW  o*^ 
Uk«*  any  one  of  his  routes  st^jMirately,  though  it  would  take  all  of  them  tiierthrr  id 
a  most  eiiilMirniHsiii^r  nmniuT.  Hut  Helix  hml  no  prt»conceivt»d  hchetue  ai^  t»»  th' 
natun*  of  thf  iin»v«MiH»nts  to  \h*  i*x\H\'U^\.  He  simply  found  the  Imdy  in  a  ivrtaic 
|)ohitinri  J,  iiiid  ihfii  hr  ri»ax«'<l  the  ImmIv  to  iiiovf,  not  in  this  particular  uav  **t  ir 
that  jmrtiiular  way,  but  any  >*ay  th«*  Unly  like<l  to  any  new  |Kiaition  li. 
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Let  the  constraints  be  what  they  may — let  the  position  B  lie  anywhere  in  the 
close  neighbourhood  of  A — Helix  found  that  he  could  move  the  body  from  A  to 
B  by  an  extremely  simple  operation.  With  the  aid  of  a  skilful  mechanic  he 
prepared  a  screw  with  a  suitable  pitch,  and  adjusted  this  screw  in  a  definite 
position.  The  rigid  body  was  then  attached  by  rigid  bonds  to  a  nut  on  this  screw, 
and  it  was  found  that  the  movement  of  the  body  from  A  X^  B  could  be  effected 
by  simply  turning  the  nut  on  the  screw.  A.  j)erfectly  definite  fact  about  the 
mobility  of  the  body  had  thus  been  ascertained.  It  was  able  to  twist  to  and  fro 
on  a  certain  screw. 

Mr  Querulous  could  not  see  that  there  was  any  simplicity  or  geometrical 
clearness  in  the  notion  of  a  screwing  movement ;  in  fact  he  thought  it  was  the 
reverse  of  simple.  Did  not  the  screwing  movement  mean  a  translation  parallel  to 
an  axis  and  a  rotation  around  that  axis?  Was  it  not  better  to  think  of  the 
rotation  and  the  translation  separately  than  to  jumble  together  two  things  so 
totally  distinct  into  a  composite  notion  ? 

But  Querulous  was  instantly  answered  by  Oue-to-One.  *  Lamentable,  indeed,' 
said  he,  *  would  be  a  divorce  between  the  rotation  and  the  translation.  Together 
they  form  the  unit  of  rigid  movement.  Nature  herself  has  wedded  them,  and  the 
fruits  of  their  union  are  both  abundant  and  beautiful.* 

The  success  of  Helix  encouraged  him  to  proceed  with  the  experiments,  and 
speedily  he  found  a  second  screw  about  which  the  body  could  also  twist.  He  was 
about  to  continue  when  he  was  interrupted  by  Mr  Anharmonic,  who  said,  *  Tarry 
a  moment,  for  geometry  declares  that  a  body  free  to  twist  about  two  screws  is  free 
to  twist  about  a  myriad  of  screws.  These  form  the  generators  of  a  graceful  ruled 
surface  known  as  the  cylindroid.  There  may  be  infinite  variety  in  the  conceivable 
constraints,  but  there  can  be  no  corresponding  variety  in  the  character  of  this 
surface.  Cylindroids  differ  in  size,  they  have  no  difference  in  shape.  Let  us  then 
make  a  cylindroid  of  the  right  size,  and  so  place  it  that  two  of  its  screws  coincide 
with  those  you  have  discovered ;  then  I  promise  you  that  the  body  can  be  twisted 
about  every  screw  on  the  surface.  In  other  words,  if  a  body  has  two  degrees  of 
freedom  the  cylindroid  is  the  natural  and  the  perfectly  general  method  for  giving 
an  exact  specification  of  its  mobility.' 

A  single  step  remained  to  complete  the  examination  of  the  freedom  of  the  body. 
Mr  Helix  continued  his  experiments  and  presently  detected  a  third  screw,  about 
which  the  body  can  also  twist  in  addition  to  those  on  the  cylindroid.  A  flood  of 
geometrical  light  then  burst  forth  and  illuminated  the  whole  theory.  It  appeared 
that  the  body  was  free  to  twist  about  ranks  upon  ranks  of  screws  all  beautifully 
arranged  by  their  pitches  on  a  system  of  hyperboloids.  After  a  brief  conference 
with  Anharmonic  ^d  One-to-One,  Helix  announced  that  sufficient  experiments  of 
this  kind  had  now  been  made.  By  the  single  screw,  the  cylindroid,  and  the  family 
of  hyperboloids,  every  conceivable  information  about  the  mobility  of  the  rigid 
body  can  be  adequately  conveyed.  Let  the  body  have  any  constraints,  how- 
soever elaborate,  yet  the  definite  geometrical  conceptions  just  stated  will  be 
sufficient. 

With  perfect  lucidity  Mr  Helix  expounded  the  matter  to  the  committee.     He 
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exhibited  to  them  an  elegant  fabric  of  screwH,  each  with  ita  appmpriate  piu^h,  aini 
then  he  summarised  his  lal)oura  by  saying,  'About  every  one  of  thene  ncrrw*  jm 
can  displace  the  Ixxly  by  twisting,  and,  what  is  of  no  less  importance,  it  will  iii< 
admit  of  any  movement  which  is  not  such  a  twist.'  The  committee  exprrawd  tiirtf 
satisfaction  with  this  information.  It  was  both  clear  and  complete.  ImWiL  U» 
chairman  remarked  with  considerable  force  that  a  more  thorough  n^etkod  o/*  tff€}iy- 
ing  the  Jref'dofn  of  the  body  iixut  iiico^iceivable. 

The  discovery  of  the  mobility  of  the  body  completed  the  ftmt  stage  id  \ht 
labours  of  the  committee,  and  they  were  ready  to  commence  the  an>io« 
dynamical  work.  Force  was  now  to  be  used,  with  the  view  of  experimenttng  10 
the  l>ehaviour  of  the  body  under  its  influence.  Elated  by  their  previoaa 
the  committee  declared  that  they  would  not  rest  satisfied  until  they  hiMl 
obtained  the  most  perfect  solution  of  the  most  general  problem. 

'But  what  is  force  T  said  one  of  the  committee.  'Send  for  Mr  CarteAUMi,*  mad 
the  chaimmn,  'we  will  give  him  another  trial.'  Mr  Cartetuan  was  according? 
requested  to  devise  an  engine  of  the  most  ferocious  description  wherewith  to  attadt 
the  rigid  Ixxly.  He  was  promptly  really  with  a  scheme,  the  weapons  l^ein^  draw  a 
from  his  trusty  but  old-fashioned  armoury.  He  would  erect  three  rectangular  axei» 
he  would  administer  a  tremendous  blow  parallel  to  each  of  these  axes,  and  ihes  he 
would  simultaneously  apply  to  the  Ixxiy  a  forcible  couple  around  each  ol  tbem. 
this  was  the  utmost  he  could  do. 

'No  doubt,'  said  the  chairman,  'what  you  propose  would  be  highly  eflecti^ip^ 
but,  Mr  Cartesian,  do  you  not  think  that  while  you  still  retained  the  perfK-t 
generality  of  your  attack,  you  might  simplify  your  specification  of  it  t  I 
that  these  three  blows  all  given  at  once  at  right  angles  to  each  other,  and 
three  couples  which  you  pn)pose  to  impart  at  the  same  time,  rather  oonhtaie 
There  seems  a  want  of  unity  somehow.  In  short,  Mr  Cartesian,  your 
does  not  create  a  distinct  geometrical  image  in  my  mind.  We  gladly  acknovled^ 
its  suitability  for  numerical  calculation,  and  we  remember  ita  famous  achierementA, 
but  it  is  utterly  inadequate  to  the  aspirations  of  this  committee.  We  mnai  Wmk 
elsewhere.' 

Again  Mr  Helix  steppcxl  forward.  He  reminded  the  committee  of  the  lahuom 
of  Mathematician  Poinsot,  and  then  he  approached  the  rigid  liody.  Helix  a.«B 
menceil  by  clearing  away  Carthusian's  arbitrar}'  scaffolding  of  rectangular  axe«. 
He  showed  liow  an  attack  of  the  most  perfect  generality  ooald  be  d^i%*efed  in  a 
form  that  a<lmitti>d  of  cimcise  and  elegant  description.  'I  shall,*  he  said,  *adiiiB- 
isti^r  a  blow  upon  the  rigid  Ixxly  from  some  unexpected  direction,  and  at  the  cam^ 
instant  I  shall  apply  a  vigorous  couple  in  a  plane  perpendicular  to  the  line  ol  the 
blow.' 

A  Imppy  inspiration  here  K<>ize<l  uj)on  Mr  Aniiarmonic.  He  kn«*w,  of  ci»ar*r» 
that  the  etlici«'ii(  V  of  a  couple  is  iiieasunHl  by  its  moment-  that  is,  by  tlir  pnaio^t 
of  t\  fi>rce  and  a  linear  magnitude.  He  pro|>(iKe<l,  then'fi>re,  to  mvUl  I\in«'C» 
force  and  coii|il«*  into  the  singlo  cone«*ption  of  a  tcrrnch  on  a  scrvm-.  Th**  Kci-r 
would  \m'  dinvt<*<i  aUui^  tlie  scn*w  whih*  the  moment  of  the  oiuple  mtKiki  r*\wu, 
the  pn^hict  i»f  the  force  and  the  pitch  of   the  Hcn»w.      *A  iicn»w/  he  aakl,  •  i*  U»  t* 
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regarded  merely  as  a  directed  straight  line  with  an  associated  linear  magnitude 
called  the  pitch.  The  screw  has  for  us  a  dual  aspect  of  much  significance.  No 
small  movement  of  the  body  is  conceivable  which  does  not  consist  of  a  twist 
about  a  screw.  No  set  of  forces  could  be  applied  to  the  body  whicli  were  not 
equivalent  to  a  wrench  upon  a  screw.  Everyone  remembers  the  two  celebrated 
rules  that  forces  are  compounded  like  rotations  and  that  couples  are  compounded 
like  translations.  These  may  now  be  replaced  by  the  single  but  far  more  com- 
pendious rule  which  asserts  that  wrenches  and  twists  are  to  be  compounded  by 
identical  laws.  Would  you  unite  geometry  with  generality  in  your  dynamics? 
It  is  by  screws  that  you  are  enabled  to  do  so.' 

These  ideas  were  rather  too  abstract  for  Cartesian,  who  remarked  that,  as 
D'Alembert's  principle  provided  for  everything  in  dynamics,  screws  could  not  be 
needed.  Mr  Querulous  sought  to  confirm  him  by  saying  that  he  did  not  see  how 
screws  helped  the  study  either  of  Foucault*s  Pendulum  or  of  the  Precession  of  the 
Equinoxes. 

Such  absurd  observations  kindled  the  intellectual  wrath  of  One-to-One,  who 
rose  and  said,  '  In  the  development  of  the  natural  philosopher  two  epochs  may  be 
noted.  At  the  first  he  becomes  aware  that  problems  exist.  At  the  second  he 
discovers  their  solution.  Querulous  has  not  yet  reached  the  first  epoch  ;  he  cannot 
even  conceive  those  problems  which  the  "Theory  of  Screws"  proposes  to  solve. 
I  may,  however,  inform  him  that  the  "Theory  of  Screws"  is  not  a  general  dynami- 
cal calculus.  It  is  the  discussion  of  a  particular  class  of  dynamical  problems 
which  do  not  admit  of  any  other  enunciation  except  that  which  the  theory  itself 
provides.  Let  us  hope  that  ere  our  labours  have  ended  Mr  Querulous  may  obtain 
some  glimmering  of  the  subject'  The  chairman  happily  assuaged  matters.  *  We 
must  pardon,'  he  said,  '  the  vigorous  language  of  our  friend  Mr  One-to-One.  His 
faith  in  geometry  is  boundless — in  fact  he  is  said  to  believe  that  the  only  real 
existence  in  the  universe  is  anharmonic  ratio.' 

It  was  thus  obvious  that  screws  were  indispensable  alike  for  the  application 
of  the  forces  and  for  the  observation  of  the  movements.  Special  measuring 
instruments  were  devised  by  which  the  positions  and  pitches  of  the  various 
screws  could  be  carefully  ascertained.  All  being  ready  the  first  experiment  was 
commenced. 

A  screw  was  chosen  quite  at  random,  and  a  great  impulsive  wrench  was  ad- 
ministered thereon.  In  the  infinite  majority  of  cases  this  would  start  the  body 
into  activity,  and  it  would  commence  to  move  in  the  only  manner  possible — i,e,  it 
would  begin  to  twist  about  some  screw.  It  happened,  however,  that  this  first 
experiment  was  unsuccessful ;  the  impulsive  wrench  failed  to  operate,  or  at  all 
events  the  body  did  not  stir.  *  I  told  you  it  would  not  do,'  shouted  Querulous, 
though  he  instantly  subsided  when  One-to-One  glanced  at  him. 

Much  may  often  be  learned  from  an  experiment  which  fails,  and  the  chairman 
sagaciously  accounted  for  the  failure,  and  in  doing  so  directed  the  attention 
of  the  committee  to  an  important  branch  of  the  subject.  The  mishap  was 
due,  he  thought,  to  some  reaction  of  the  constraints  which  had  neutralised  the 
effect  of  the  wrench.     He  believed  it  would  save  time  in  their  future  investi- 
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gations  if  these  reactions  could  be  first  studied  and  their  number  and  positMm 
ascertained. 

To  this  suggestion  Mr  Cartesian  demurred.  He  urged  that  it  woold  inToh^ 
an  endless  task.  ^  Look,'  he  said,  '  at  the  coniplexity  of  the  constminU :  K«i«  tli^ 
body  rests  on  these  surfaces  here ;  how  it  is  fastened  by  links  to  th<Me  pNnU  thrrr. 
how  there  are  a  thousand -and-one  ways  in  which  reactions  might  originate,'  Mr 
Commonsense  and  other  memliers  of  the  committee  were  not  so  eaiiilT  detrrrrti, 

m 

and  they  determined  to  work  out  the  subject  thoroughly.  At  fimt  they  did  out  irr 
their  way  clearly,  and  much  time  was  spent  in  misdirected  attempts.  Al  kmrUi 
they  were  rewarded  by  a  curious  and  unexpected  discovery,  which  aocidrfilj 
rendered  the  obscure  reactions  perfectly  transparent. 

A  trial  was  being  made  upon  a  Inxly  which  had  only  one  degree  of  freedoo : 
was,  in  fact,  only  able  to  twist  al)out  a  single  screw,  X,  Another  screw,  F,  vaa 
speedily  found,  such  that  a  wrench  thereon  failed  to  disturb  the  body.  li  now 
occurred  to  the  committee  to  try  the  effect  of  interchanging  the  relation  ni  tbe»r 
screws.  Tliey  accordingly  arranged  that  the  body  should  be  left  only  free  to  twwt 
about  y,  while  a  wrench  was  applied  on  X  Again  the  body  did  not  stir.  The 
importance  of  this  fact  immediately  arrested  the  attention  of  the  more  intelliieefit 
observers,  for  it  established  the  following  general  law :  If  a  wrench  on  JT  faib  to 
move  a  body  only  free  to  twist  al)out  F,  then  a  wrench  on  Y  must  be  unable  to 
move  a  Ixxiy  only  free  to  twist  about  A".  It  was  determined  to  speak  of  two  tctrwi 
when  related  in  this  manner  as  reciprocal. 

Some  members  of  the  committee  did  not  at  first  realise  the  significance  of  th» 
discovery.  Their  difficulty  arose  from  the  restricted  character  of  the  experimentu 
by  which  the  law  of  reciprocal  screws  had  been  suggested.  They  said,  '  Yuq  have 
shown  us  tliat  this  law  is  observed  in  the  case  of  a  body  only  free  to  twist  aUmt 
one  screw  at  a  time ;  but  how  does  this  teach  anything  of  the  general  ca«r  in 
which  the  Ixxly  is  free  to  twist  alxiut  whole  shoals  of  screws!'  Mr  ComoMMurase 
immediately  showed  that  the  discovery  could  be  enunciated  in  a  qnite  an- 
objectioiiable  form.  *The  law  of  reciprocal  screws,'  he  said,  *doe«  not  <leprod 
upon  the  constraints  or  the  limitatitms  of  the  freedom.  It  may  be  exprmwd  in 
this  way:--7'iro  acrews  are  reciprocal  wh^i  a  small  heist  about  either  can  tU*  mt* 
work  ayaitutt  a  wrench  on  the  other.* 

This  important  step  at  once  brouglit  into  view  the  whole  geometry  of  the 
reactions.  I^*t  us  suppoKe  that  the  freedom  of  the  body  was  such  that  it  coaki 
twist  iilM>ut  all  tlie  scn^ws  of  a  system  which  we  shall  call  C  Let  all  the  puMthle 
n^actions  form  wn*nches  on  the  scrt^ws  of  another  system,  V.  It  then  apfwarrd 
that  every  screw  u[K>n  6'  is  recipnical  to  every  screw  upon  V.  A  body  mi^t 
then*fon»  U*  fn»e  t4)  twist  al>out  fvery  »i*n»w  of  V  and  still  remain  in  e«)uililH-iQiD, 
notwitlistaiidin^  tlie  presence  of  h  wi-eneli  tm  every  screw  of  ('.  A  body  (rw  u* 
twist  iilMiut  all  tht»  sen*ws  of  I'  can  then»fon»  1m»  «>nly  jiartially  free.  Henct*  y 
must  \n*  one  of  tlioH«*  f««w  tviH's  of  si*n»w  svstem  aln*adv  dij»cu«ii*ed.  It  ii** 
a4XH>nliii;;ly  found  that  tli<*  sin^lt*  S4*n*w,  th«'  cylindroid,  and  the  u*t  vi  hsyrt 
boloids  i»oiiii»l««t4'lv  <lrMTil*e<l  everv  coneeivuble  n*a^*tion  fnmi  the  ctmHtrmint»  »o*i 
as  th<*y  di^scrilKHl  every  ix^nceivuble  kind  of  freedom.     The  committee  (leri^«l  mock 
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encouragement  from  these  discoveries ;  they  felt  that  they  must  be  following  the 
right  path,  and  that  the  bounty  of  Nature  had  already  bestowed  on  them  some 
earnest  of  the  rewards  they  were  ultimately  to  receive. 

It  was  with  eager  anticipation  that  they  now  approached  the  great  dynamical 
question.  They  were  to  see  what  would  happen  if  the  impulsive  wrench  were  not 
neutralised  by  the  reactions  of  the  constraints.  The  body  would  then  commence 
to  move — that  is,  to  twist  about  some  screw  which  it  would  be  natural  to  call  the 
instantaneous  screw.  To  trace  the  connection  between  the  impulsive  screw  and 
the  corresponding  instantaneous  screw  was  the  question  of  the  hour.  Before 
the  experiments  were  commenced,  some  shrewd  member  remarked  that  the  issue 
had  not  yet  been  presented  with  the  necessary  precision.  *I  understand,'  he 
said,  *that  when  you  apply  a  certain  impulsive  wrench,  the  body  will  receive  a 
definite  twist  velocity  about  a  definite  screw;  but  the  converse  problem  is 
ambiguous.  Unless  the  body  be  quite  free,  there  are  myriads  of  impulsive  screws 
corresponding  to  but  one  instantaneous  screw.'  The  chairman  perceived  the 
difficulty,  and  not  in  vain  did  he  appeal  to  the  geometrical  instinct  of  Mr  One-to- 
One,  who  at  once  explained  the  philosophy  of  the  matter,  dissipated  the  fog,  and 
disclosed  a  fresh  beauty  in  the  theory. 

*It  is  quite  true,'  said  Mr  One-to-One,  *that  there  are  myriads  of  impulsive 
screws,  any  one  of  which  may  be  regarded  as  the  correspondent  to  a  given  instan- 
taneous screw,  but  it  fortunately  happens  that  among  these  myriads  there  is  always 
one  screw  so  specially  circumstanced  that  we  may  select  it  as  the  correspondent, 
and  then  the  ambiguity  will  have  vanished.' 

As  several  inembers  were  not  endowed  with  the  geometrical  insight  possessed 
by  One-to-One,  they  called  on  him  to  explain  how  this  special  screw  was  to  be 
identified ;  accordingly  he  proceeded  : — *  We  have  already  ascertained  that  the 
constraints  permit  the  body  to  be  twisted  about  any  screw  of  the  system,  U,  Out 
of  the  myriads  of  impulsive  screws,  corresponding  to  a  single  instantaneous  screw, 
it  almost  always  happens  that  one,  but  never  more  than  one,  lies  on  l^.  This  is  the 
special  screw.  No  matter  where  the  impulsive  wrench  may  lie  throughout  all  the 
realms  of  space,  it  may  be  exchanged  for  a  precisely  equivalent  wrench  lying  on  U, 
Without  the  sacrifice  of  a  particle  of  generality,  we  have  neatly  circumscribed 
the  problem.  For  one  impulsive  there  is  one  instantaneous  screw,  and  for  one 
instantaneous  screw  there  is  one  impulsive  screw.' 

The  experiments  were  accordingly  resumed.  An  impulsive  screw  was  chosen, 
and  its  position  and  its  pitch  were  both  noted.  An  impulsive  wrench  was 
administered,  the  body  commenced  to  twist,  and  tlie  instantaneous  screw  was 
ascertained  by  the  motion  of  marked  points.  The  body  was  brought  to  rest.  A 
new  impulsive  screw  was  then  taken.  The  experiment  was  again  and  again 
repeated.  The  results  were  tabulated,  so  that  for  each  impulsive  screw  the 
corresponding  instantaneous  screw  was  shown. 

Although  these  investigations  were  restricted  to  screws  belonging  to  the  system 
which  expressed  the  freedom  of  the  body,  yet  the  committee  became  uneasy 
when  they  reflected  that  the  screws  of  that  system  were  still  infinite  in  number, 
and  that  consequently  they  had  undertaken  a  task  of  infinite  extent.     Unless  some 
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compendious  law  should  be  discovered,  which  connected  the  impabdTe 
with  the  instantaneous  screw,  their  experiments  would  indeed  be  endless.  Was  it 
likely  that  such  a  law  could  be  found-  was  it  even  likely  that  such  a  law  exuud  t 
Mr  Querulous  decidedly  thought  not.  He  pointed  out  how  the  body  ••• 
of  the  most  hopelessly  irregular  shape  and  mass,  and  how  the  constraints  w«t 
notoriously  of  the  most  embarrassing  description.  It  was,  therefore,  be  tboQ|(lit» 
idle  to  search  for  any  geometrical  law  connecting  the  impulsive  screv  and  vht 
instantaneous  screw.  He  moved  that  the  whole  inquiry  be  abandoned.  Tbear 
sentiments  seemed  to  be  shared  by  other  members  of  the  committee.  Rven  the 
resolution  of  the  chairiuan  began  to  quail  before  a  task  of  infinite  magnitude.  A 
crisis  was  imminent — when  Mr  Anharmonic  rose. 

*  Mr  Chairman,'  he  said,  'Geometry  is  ever  ready  to  help  even  the 
humble  inquirer  into  the  laws  of  Nature,  but  CJeometry  reserves  her  most 
gifts  for  those  who  interrogate  Nature  in  the  noblest  and  most  comprehensire  spirit. 
That  spirit  has  been  ours  during  this  research,  and  accordingly  CJeometry  in  this 
our  emergency  places  her  choicest  treasures  at  our  disposal.  Foremost  among  tliese 
is  the  powerful  theory  of  homogi-aphic  systems.  By  a  few  bold  extensions  ve 
create  a  comprehensive  theory  of  liomographic  screws.  All  the  impalsive  screws 
form  one  system,  and  all  the  instantaneous  screws  form  another  system,  and 
these  two  systems  are  homographic.  Once  you  have  realised  this,  yoa  will  find 
your  present  difficulty  cleared  away.  Y^ou  will  only  have  to  determine  a  few  pairs 
of  impulsive  and  insUintaneous  screws  by  experiment.  The  number  of  sacb  pairs 
need  never  be  more  than  seven.  When  these  have  l)een  found,  the  bomogrmphT  is 
completely  known.  The  instantaneous  screw  corresponding  to  i?very  impoliivr 
screw  will  then  be  completely  determined  by  geometry  both  pure  and  beaatifaL* 
To  the  delight  and  ainazeinent  of  the  committee,  Mr  Anharmonic  deuioiistrat4«d 
the  truth  of  his  theory  by  the  supreme  test  of  fultilled  prediction.  When  the 
observations  had  provided  hiu)  with  a  numlx^r  of  |)airs  of  screws,  one  more  than 
the  numl>er  of  degrees  of  fret»dom  of  the  Ixniy,  he  was  able  to  preilict  with  in- 
fallible accuracy  tlie  instantaneous  screw  corn»Hp<inding  to  any  impulsive  screw. 
Cliaos  had  gone.     8weet  order  had  come. 

A  few  days  later  the  chairman  summoned  a  special  meeting  in  order  U»  bcmr 
from  Mr  Anharmonic  an  account  of  a  discovery  he  had  just  nuule,  which  be 
lielieviHl  to  )h*  of  signal  iiii|M»rtance,  and  which  he  was  anxious  to  denumstrmte  \tx 
actual  expvriment.  Accordingly  the  committee  assembled,  and  the  gt^^metrr  pro- 
cee<ltHl  iiH  follows  :-- 

*  You  an»  awart*  that  two  lumiographic  ranges  on  the  same  ray  possess  two 
double  |M)ints,  when»of  each  eoinciiles  witli  its  corre>»|K»ndent ;  more  generally  when 
each  [M>int  in  N{wioe,  reganhni  ils  lM'lon<ring  to  one  homographic  s\-stem,  has  its 
corn».s|Mm(l«*iit  l»<'l«»iii;iiig  t<»  another  system,  then  there  an*  f<iur  caM«s  in  ifthivb  s 
|MMnt  coineideH  \%itli  its  (-orres)M>n<ient.  TheM*  an*  known  as  tht*  four  double*  |H»ints 
and  they  |M»sse.ss  niueh  gt-^nnetrieiil  intenvst.  Let  us  now  en*ate  iH>nifpli«»iiH  «i^  an 
analogous  «'l»araeter  suital>ly  enlarges!  for  our  pn»M»nl  purpus**.  We  \uk\f  du 
e<ivert^l  that  tlit-  impulsive  serev^s  and  the  corn'H|H»nding  instantaniHius  scn*wi  form 
two  homographic  sy!ltem^.     There  vmII  be  a  cert4iin   limitetl    number  (never  murr 
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than  six)  of  double  screws  common  to  these  two  systems.  As  the  double  points  in 
the  homography  of  point  systems  are  fruitful  in  geometry,  so  the  double  screws  in 
the  homography  of  screw  systems  are  fruitful  in  Dynamics.' 

A  question  for  experimental  inquiry  could  now  be  distinctly  stated.  Does  a 
double  screw  possess  the  property  that  an  impulsive  wrench  delivered  thereon  will 
make  the  body  commence  to  move  by  twisting  about  the  same  screw  1  This  was 
immediately  tested.  Mr  Anharmonic,  guided  by  the  indications  of  homography, 
soon  pointed  out  the  few  double  screws.  One  of  these  was  chosen,  a  vigorous 
impulsive  wrench  was  imparted  thereon.  The  observations  were  conducted  as 
before,  the  anticipated  result  was  triumphantly  verified,  for  the  body  commenced 
to  twist  about  the  identical  screw  on  which  the  wrench  was  imparted.  The  other 
double  screws  were  similarly  tried,  and  with  a  like  result.  In  each  case  the 
instantaneous  screw  was  identical  both  in  pitch  and  in  position  with  the  impulsive 
screw. 

*But  surely,*  said  Mr  Querulous,  *  there  is  nothing  wonderful  in  this.  Who 
is  surprised  to  learn  that  the  body  twists  about  the  same  screw  as  that  on  which 
the  wrench  was  administered  1  I  am  sure  I  could  find  many  such  screws.  Indeed, 
the  real  wonder  is  not  that  the  impulsive  screw  and  the  instantaneous  screw  are 
ever  the  same,  but  that  they  should  ever  be  different.' 

And  Mr  Querulous  proceeded  to  illustrate  his  views  by  experiments  on  the 
rigid  body.  He  gave  the  body  all  sorts  of  impulses,  but  in  spite  of  all  his 
endeavours  the  body  invariably  commenced  to  twist  about  some  screw  which  was 
not  the  impulsive  screw.  *  You  may  try  till  Doomsday,'  said  Mr  Anharmonic,  *you 
will  never  find  any  besides  the  few  I  have  indicated.' 

It  was  thought  convenient  to  assign  a  name  to  these  remarkable  screws,  and 
they  were  accordingly  designated  the  principal  screws  of  inertia.  There  are  for 
example  six  principal  screws  of  inertia  when  the  body  is  perfectly  free,  and  two 
when  the  body  is  free  to  twist  about  the  screws  of  a  cylindroid.  The  committee 
regarded  the  discovery  of  the  principal  screws  of  inertia  as  the  most  remarkable 
result  they  had  yet  obtained. 

Mr  Cartesian  was  very  unhappy.  The  generality  of  the  subject  was  too 
great  for  his  comprehension.  He  had  an  invincible  attachment  to  the  x,  y,  z, 
which  he  regarded  as  the  ne  plus  ultra  of  d}Tiamic8.  *  Why  will  you  burden  the 
science,'  he  sighs,  'with  all  these  additional  names?  Can  you  not  express  what  you 
want  without  talking  about  cylindroids,  and  twists,  and  wrenches,  and  impulsive 
screws,  and  instantaneous  screws,  and  all  the  rest  of  \tV  *No,'  said  Mr  One-to- 
One,  '  there  can  be  no  simpler  way  of  stating  the  results  than  that  natural  method 
we  have  followed.  You  would  not  object  to  the  language  if  your  ideas  of  natural 
phenomena  had  been  sufficiently  capacious.  We  are  dealing  with  questions  of 
perfect  generality,  and  it  would  involve  a  sacrifice  of  generality  were  we  to  speak 
of  the  movement  of  a  body  except  as  a  twist,  or  of  a  system  of  forces  except  as 
a  wrench.' 

*  But,'  said  Mr  Commonsense,  *  can  you  not  as  a  concession  to  our  ignorance  tell 
us  something  in  ordinary  language  which  will  give  an  idea  of  what  you  mean  when 
you  talk  of  your  "principal  screws  of   inertia"?     Pray  for  once  sacrifice  this 
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generality  you  prize  so  much  and  put  the  theory  into  aome  familiar  nhApe  tii*t 
ordinary  mortals  can  understand/ 

Mr  Anharmonic  would  not  condescend  to  comply  with  thiit  rei|urmt»  »o  tbr 
chairman  called  upon  Mr  One-to-One,  who  somewhat  ungraciounly  c«»njH*ou*ii 
'  I  feel/  said  he,  *  the  request  to  be  an  irritating  one.  Extreme  cAt«es  frK»)ti^titU 
make  l>ad  illustrations  of  a  general  theory.  That  zero  multiplied  by  infinity  ma? 
be  anything  is  not  surely  a  felicitous  exhibition  of  the  perfectionji  of  thr  mal 
tiplication  table.  It  is  with  reluctance  that  I  divest  the  theory  of  itii  floviiix 
geometrical  habit,  and  present  it  oidy  as  a  stiff  conventional  guy  from  which  imr 
grace  has  departed. 

'  Let  us  suppose  that  the  rigid  Ixxly,  instead  of  l)eing  conntnuned  ms  henK^'licp 
in  a  perfectly  general  manner,  is  subjected  merely  to  a  special  type  of  constnufit. 
Let  it  in  fact  be  only  free  to  rotate  around  a  tixed  point.  The  beautifal  fabric  ot 
screws,  which  so  elegantly  expresse<l  the  latitude  permitted  to  the  Ijody  brium 
has  now  degenerated  into  a  mere  horde  of  lines  all  stuck  through  the  poioL 
Those  varieties  in  the  pitches  of  the  screws  which  gave  colour  and  richneas  to  the 
fabric  have  also  vanished,  and  the  pencil  of  degenerate  screws  have  a  muiKiCooiiat 
zero  of  pitch.  Our  general  conceptions  of  mobility  have  thus  been  bomUj 
mutilated  and  disfigured  l)efore  they  can  Ix^  adapted  to  the  old  and  respectabir 
problem  of  the  rot^ition  of  a  rigid  body  aliout  a  fixed  point.  For  the  dynamics 
of  this  problem  the  wrenches  assume  an  extreme  and  even  monstrutu  irpr- 
Wrenches  they  still  are,  as  wrenches  they  ever  must  be,  but  they  are  wrenchrs  oo 
screws  of  infinite  pitch;  they  have  even  ceased  to  possess  definite  screws  as  buiiir« 
of  their  own.     We  often  call  them  couples. 

*Yet  so  c(miprt»hensive  is  the  doctrine  of  the  principal  screws  of  inertia  that 
even  to  this  extrt»me  problem  the  tht»or\'  may  \ye  applied.  Tl»e  principal  iicrr«« 
of  inertia  nnluce  in  this  K{M'cial  case  to  the  three  principal  axes  drawn  Ihrcmfh 
the  point.  In  fact  we  net*  that  the  famous  pn>|»erty  of  the  principal  axen  uf  m 
rigid  IkhIv  is  inert*ly  a  very  s|M»cial  application  of  the  general  thei»ry  oi  lb* 
princijMil  screws  of  inert iii.  Every  one  who  has  a  particle  of  mathematical  ta»te 
lingers  with  fomlness  over  the  tht»ory  of  the  principal  axes.  I^eam  therrl«icr, 
says  One-to-One  in  conclusion,  *how  great  must  l>i»  the  Ijeauty  of  a  doctrine  wbu-h 
conipn'hends  th«»  llH»ory  of  principal  axes  a.s  the  merest  outlying  detail.' 

Another  definite  stage  in  the  hilx)urs  of  the  committet*  ha*]  now  been  reacbrd, 
and  accordingly  the  chairman  summarised  the  n^sults.  He  said  that  a  {ipeoiDrtrKal 
solution  had  IxH'n  obtaint^il  (»f  every  conceivable  problem  as  to  the  etfrct  ol 
impulse*  on  a  rigid  ImmIv.  The  impulsive  screws  and  the  a>rrespi>nding  tD<»tan 
tanc*ouH  Hcreus  formed  two  h<»m<»gni[)hic  systems.  Each  screw  in  one  •ytteai 
dett>rniiiie(l  its  corn'siMitHlin^  scn*w  in  the  other  .system,  just  as  in  two  atiharti»«<ctK 
niii^es  earli  |M»iiit  ill  one  ciettMiiiiiirs  its  corn*h|K»n(Ient  in  the  other.  The  douUtr 
HiTewH  of  the  two  lioinn^niphie  Nyst<*iiis  aire  the  princi|wil  screws  of  int^rtix  H^ 
n*iiiark«Ml  in  roiu-Iiision  th.it  the  •^tMinietriral  tlu-ory  of  honio;;raiphy  aiul  ihr  pn-^ml 

dyiiainiral  tlie«uv  inutually  illiistnit«*<l  hihI  interpret^Hl  em-h  other. 

•  •  •  • 

Then*  u.is  still  one  more  problrni  wliirh  Inul  Ut  Ik»  brought  into  !dka|«r  tj 
giHinietry  and  hubniittcil  to  the  test  of  ex|H'riment, 
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The  body  is  lying  at  rest  though  gravity  and  many  other  forces  are  acting 
upon  it.  These  forces  constitute  a  wrench  which  must  lie  upon  a  screw  of  the 
reciprocal  system,  inasmuch  as  it  is  neutralised  by  the  reaction  of  the  constraints. 
Let  the  body  be  displaced  from  its  initial  position  by  a  small  twist.  The  wrench 
will  no  longer  be  neutralised  by  the  reaction  of  the  constraints ;  accordingly  when 
the  body  is  released  it  will  commence  to  move.  So  far  as  the  present  investiga- 
tions are  concerned  these  movements  are  small  oscillations.  Attention  was  there- 
fore directed  to  these  small  oscillations.  The  usual  observations  were  made,  and 
Helix  reported  them  to  be  of  a  very  perplexing  kind.  *  Surely/  said  the  chairman, 
*you  find  the  body  twisting  about  some  screw,  do  you  not?*  *  Undoubt-edly,* 
said  Helix;  *the  body  can  only  move  by  twisting  about  some  screw;  but,  un- 
fortunately, this  screw  is  not  fixed,  it  is  indeed  moving  about  in  such  an  embarrass- 
ing manner  that  I  can  give  no  intelligible  account  of  the  matter.'  The  chairman 
appealed  to  the  committee  not  to  leave  the  interesting  subject  of  small  oscillations 
in  such  an  unsatisfactory  state.  Success  had  hitherto  guided  their  efforts.  Let 
them  not  separate  without  throwing  the  light  of  geometry  on  this  obscure  subject. 

Mr  Querulous  here  said  he  must  be  heard.  He  protested  against  any  further 
waste  of  time ;  it  was  absurd.  Everybody  knew  how  to  investigate  small  oscil- 
lations ;  the  equations  were  given  in  every  book  on  mechanics.  You  had  only  to 
write  down  these  equations,  solve  these  equations  again  for  the  thousandth  time 
and  the  thing  was  dona  But  the  more  intelligent  members  of  the  committee  took 
the  same  view  as  the  chairman.  They  did  not  question  the  truth  of  the  formuhe 
which  to  Querulous  seemed  all  sufficient,  but  they  wished  to  see  whether  geometr}' 
could  not  illuminate  the  subject.  Fortunately  this  view  prevailed,  and  new  ex- 
periments were  commenced  under  the  direction  of  Mr  Anharmonic,  who  first 
quelled  the  elaborate  oscillations  which  had  so  puzzled  the  committee,  reduced  the 
body  to  rest,  and  then  introduced  the  discussion  as  follows : — 

'  The  body  now  lies  at  rest.  I  displace  it  a  little,  and  hold  it  in  its  new 
position.  The  wrench,  which  is  the  resultant  of  all  the  varied  forces  acting  on  the 
body,  is  no  longer  completely  neutralised  by  the  reactions  of  the  constraints. 
Indeed,  I  can  feel  it  in  action.  Our  apparatus  will  enable  us  to  measure  the 
intensity  of  this  wrench,  and  to  determine  the  screw  on  which  it  acts.' 

A  series  of  experiments  was  then  made,  in  which  the  body  was  displaced  by  a 
twist  about  a  screw,  which  was  duly  noted,  while  the  corresponding  evoked  wrench 
was  determined.  The  pairs  of  screws  so  related  were  carefully  tabulated.  When 
we  remember  the  infinite  complexity  of  the  forces,  of  the  constraints  and  of  the 
constitution  of  the  body,  it  might  seem  an  endless  task  to  determine  the  connection 
between  the  two  systems  of  screws.  Mr  Anharmonic  pointed  out  how  modern 
geometry  supplied  the  wants  of  Dynamics.  As  in  the  previous  case  the  two  screw 
systems  were  homographic,  and  when  a  number  of  pairs,  one  more  than  the 
degrees  of  freedom  of  the  body,  had  been  found  all  was  determined.  This  state- 
ment was  put  to  the  test  Again  and  again  the  body  was  displaced  in  some  new 
fashion,  but  again  and  again  did  Mr  Anharmonic  predict  the  precise  wrench 
which  would  be  required  to  maintain  the  body  in  its  new  position. 

*  But,'  said  the  chairman,  '  are  not  these  purely  statical  results  ?     How  do  they 
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throw  light  on  those  elaborate  oscillations  which  seem  at  present  so  inexpHcabtrt 
'This  I  shall  explain/  said  Anharmonic  ;  'but  I  beg  of  you  to  give  nie  jtNir  brst 
attention,  for  I  think  the  theory  of  small  oscillations  will  lie  found  worthy  of  it, 

*  Let  us  think  of  any  screw  a  belonging  to  the  system  U^  which  expri'iwp*  tbr 
freedom  of  the  body.  If  a  be  an  instantaneous  screw,  there  will  of  cuorve  hr  a 
corresponding  impulsive  screw  $  also  on  U.  If  the  body  be  displaced  from  a  paaitujci 
of  equilibrium  by  a  small  twist  about  a,  then  the  uncompensated  forcen  prtidocr  a 
wrench  ^,  which,  without  loss  of  generality,  may  also  be  supposed  to  lie  on  {'. 
According  as  the  screw  a  moves  over  U  so  will  the  two  corresponding  sctpwi 
0  and  4>  also  move  over  (J,  The  system  represented  by  a  is  homograph ic  with  buUi 
the  systems  of  $  and  of  ^  respectively.  But  two  systems  homogrmphic  with  tb«» 
same  system  are  homographic  with  each  other.  Accordingly,  the  6  system  and  th^ 
^  system  are  homographic.  There  will  therefore  be  a  certain  num(>er  of  dooSlr 
screws  (not  more  than  six)  common  to  the  systems  $  and  ^.  Each  of  thene  duo>4^ 
screws  will  of  course  have  its  correH|)ondent  in  the  a  system,  and  we  may  call  tbnn 
Qp  Oj,  <&c.,  their  number  being  equal  to  the  degrees  of  freedom  of  the  body.  Tbeae 
screws  are  most  curiously  related  to  the  small  oscillations.  We  shall  first  deiuoe 
strate  by  experiment  the  remarkable  property  they  possess.' 

The  body  was  first  brought  to  rest  in  its  position  of  equilibrium.  One  ol  tb^ 
special  screws  a  having  been  carefully  determined  both  in  position  and  in  pturb, 
the  body  was  displaced  by  a  twist  about  this  screw  and  was  then  n^lt^ai^-d.  As 
the  forces  were  uncompensated,  the  body  of  course  commenced  to  move,  but  tKe 
oscillations  were  of  unparalleled  simplicity.  With  the  regularity  of  a  pendulum 
the  body  twisted  to  and  fro  on  this  screw,  just  as  if  it  were  actually  constrained  to 
this  motion  alone.  The  committee  were  delighted  to  witness  a  vibration  !mj  gracrful, 
and,  rememl>ering  the  complex  nature  of  the  onlinary  oscillations,  they  app«*Aled  to 
Mr  Anharmonic  for  an  explanation.  This  he  gladly  gave,  not  by  memna  of  o«h 
plex  f(»rmuhe,  but  by  a  line  of  reasoning  that  was  highly  ct>mmendeil  by  Mr 
C'ommonsense,  and  to  which  even  Mr  Querulous  urgi^l  no  objection. 

*  This  pretty  movement,'  said  Mr  Anliarmonio,  'is  due  to  the  nature  of  the 

screw  a,.     Ha<l  1  chosen  any  screw  at  random,  the  oscillations  wuuld,  as  we  have 

seen,  U»  uf  a  very  complex  tyjn» ;  for  the  displacement  will  evoke  an  unconi(ien.Hat«d 

wrench,  in  consequence  of  which   the  Ixxly  will  commence  t**   move   by  twUtioj* 

about  the  inMUinUin<H)UM  screw  correspoiuling  t^)  that   wrench  ;  and  of  ciHir>c*  thi* 

insUmtaneouK  screw  will  usually  Ix*  <|uite  diHen»nt  from  the  screw  abi»ut  mhich  the 

displacement  was  made.      Hut  you  will  ol>s(Tve  that  a,  has  bet^n  chc^ten  asi  a  M-rr« 

in  the  instantaneous  system,  c4»rres|)onding  to  one  of  the  d<»uble  screws  in  the  $  and 

^  systems.      When  the  Inxiy  is  twii^tinl  aUmt  a,  a  wrench  is  e%oked  im  tlie  douhle 

siTew,  but   as  a^   is  its«»lf  the  instantaneous  siTew,   iH*rn»s|¥>ndin^   to    th.-it   doui*;*- 

M**rew,    the  only  «*rt*«'ct   of   the  w  n»nch    will    Im»   to   make   the   lnnlv   twi^i   jiU>ut   « 

Thus  we  Ki*«*  that   th«*  ImhIv  will   twist   to  iind  fro  <»n   a,  ft»r  vwr.      Fitiallv    «»•  ka:. 

hIkiw    that    th(*    most    elailMiratr   (»s<illati(»ns    tlu*   ImnIv   can    iMiNsiblv    lui\t*    iit.«\    \w 

•  •  •  • 

pnHlur«'<|  !»y  «'oni|MHin<lin;j  the  sinipN*  \  iliiations  on  thes«»  wn'Ws  a  ,  a.,  Jtc." 

<in*a!     «-nlii;htennM*nt     wius    thus    tiitTuscd    o\er    the    cHininiitt«««\    and    iiom    Mr 
Querulous    U'giin     to    think     then*    must    U*    something    in    it.       Cordial    ui^r.i 
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mity  prevailed  among  the  members,  and  it  was  appropriately  suggested  that 
the  screws  of  simple  vibration  should  be  called  harmonic  screws.  This  view  was 
adopted  by  the  chairman,  who  said  he  thought  he  had  seen  the  word  harmonic 
used  in  *  Thomson  and  Tait.* 

The  final  meeting  showed  that  real  dynamical  enthusiasm  had  been  kindled 
in  the  committee.  Vistas  of  great  mathematical  theories  were  opened  out  in  many 
directions.  One  member  showed  how  the  theory  of  screws  could  be  applied  not 
merely  to  a  single  rigid  body  but  to  any  mechanical  system  whatever.  He  sketched 
a  geometrical  conception  of  what  he  was  pleased  to  call  a  screw-chahi,  by  which  he 
said  he  could  so  bind  even  the  most  elaborate  system  of  rigid  bodies  that  they 
would  be  compelled  to  conform  to  the  theory  of  screws.  Nay,  soaring  still  further 
into  the  empyrean,  he  showed  that  all  the  instantaneous  motions  of  every  molecule 
in  the  universe  were  only  a  twist  about  one  screw-chain  while  all  the  forces  of  the 
universe  were  but  a  wrench  upon  another. 

Mr  One-to-One  expounded  the  *Ausdehnung8lehre'  and  showed  that  the  theory 
of  screws  was  closely  related  to  parts  of  Grassmann's  great  work ;  while  Mr 
Anharmonic  told  how  Sir  W.  11.  Hamilton,  in  his  celebrated  *'  Theory  of  systems 
of  rays  ^^  had  by  his  discovery  of  the  cylindroid  helped  to  lay  the  foundations  of 
the  Theory  of  Screws. 

The  climax  of  mathematical  eloquence  was  attained  in  the  speech  of  Mr 
Querulous,  who,  with  newborn  enthusi;ism,  launched  into  appalling  speculations. 
He  had  evidently  been  reading  his  *  Cayley '  and  had  become  conscious  of  the 
poverty  of  geometrical  conception  arising  from  our  unfortunate  residence  in  a 
space  of  an  arbitrary  and  unsymmetrical  description. 

*  Three  dimensions/  he  said,  *may  perhaps  be  enough  for  an  intelligent  geometer. 
He  may  get  on  fairly  well  without  a  four  dimensioned  space,  but  he  does  most 
heartily  remonstrate  against  a  flat  infinity.  Think  of  infinity,'  he  cries,  'as  it  should 
be,  perhaps  even  as  it  is.  Talk  not  of  your  scanty  straight  line  at  infinity  and  your 
miserable  pair  of  circular  points.  Boldly  assert  that  infinity  is  an  ample  quadric, 
and  not  the  mere  ghost  of  one ;  and  then  geometry  will  become  what  geometry 
ought  to  be.  Then  will  every  twist  resolve  into  a  right  vector  and  a  left  vector, 
as  the  genius  of  Clifford  proved.  Then  will  the  theory  of  screws  shed  away 
some  few  adhering  incongruities  and  fully  develop  its  shapely  proportions.     Then 

will '     But  here  the  chairman  said  he  feared  the  discussion  was  beginning 

to  wax  somewhat  transcendental  For  his  part  he  was  content  with  the  results  of 
the  expeiiments  even  though  they  had  been  conducted  in  the  vapid  old  space  of 
Euclid.  He  reminded  them  that  their  functions  had  now  concluded,  for  they 
had  ascertained  everything  relating  to  the  rigid  body  which  had  been  com- 
mitted to  them.  He  hoped  they  would  agree  with  him  that  the  enquiry  had 
been  an  instructive  one.  They  had  been  engaged  in  the  study  of  Nature,  they  had 
approached  the  problems  in  the  true  philosophical  spirit,  and  the  rewards  they  had 
obtained  proved  that 

*  Nature  never  did  betray 
The  heart  that  truly  loved  her.* 
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I  HERE  briefly  refer  to  the  principal  works  known  to  me  which  bear 
on  the  subject  of  the  present  vohime. 


PoiNSOT  (L. ) — Sur  la  cotnpositioii  d^s  moments  et  la  camfHmiion  des  nirrs  <  1 804 } 
Journal  de  I'^cole  Polyteclinique ;  vol.  vi.  (13  cah.),  pp.  182-:K>5  (1H^6). 

In  this  |)aper  the  author  of  the  conception  of  the  couple,  and  of  the  lav^  of 
composition  of  couples,  has  deinonstratt<l  the  important  theorem  that  any  t^rm 
of  f {frets  ap})lied  to  a  rigid  Ixnly  ctni  be  reduced  to  a  single  forcty  and  a  couple  im  a 
plane  perj)endicular  to  the  force, 

GllASLiSS  (M.) — Xote  sur  les  jn*o}trietes  generates  du  systeme  de  deux  corps  smMM^ 
entreux  et  places  (fune  maniere  quelanique  dans  Fe^ipace  ;  et  sur  U  deplmr^ 
iiynt  Jini  on  infnimeut  p^tit  (run  rorffs  solide  libre,  Fenumac,  Ball<*Un  cir* 
Scienct»s  Math^iiiatiques,  Vol.  xiv.,  pp.  321-326  (1830). 

Tlie  author  shows  that  there  always  exists  one  straight  line,  about  which  it  is 
only  necessary  to  rotate*  one  of  the  iHKlies  to  place  it  similarly  to  the  other.  Wheoce 
(p.  324)  he  is  le<l  to  the  following  fundamental  theorem  :  — 

IjOU  jh'Ht  tottjours  tratiM^Hprter  un  corps  solide  lihre  iVune  jHutition  dans  um^ 
autre  jHntition  qnflconqn*',  detenninee  fxtr  le  mouvement  continu  (fune  vis  d  laqu^l^ 
ce  corjts  serait  jixe  invtiriaUfment, 

Tliree  or  four  years  later  than  the  paper  we  have  citM,  Poinsot  publisibtHi  bu 
celebnite<l  Theorie  y<nirrllc  de  la  Hotatum  d*-s  Corps  (Paris,  1834).  In  thisi  he 
enunciat4\s  tlie  siime  tluH>n»m  without  rt»fereiice  to  Chaslfs,  but  that  it  is  reallv  du*» 

m 

to  Ohasles  then*  can  l)e  little  <hmbt.      He  explicitly  claims  it  in  note  34  to  the 
Apen^u  liintitrique.      Hruxelles  Mem.  Omnmn.  XI ,  1837. 

Hamilton  (\V.  U.)  Firitt  supph'mt'ut  to  an  fsstty  on  the  Thn>ry  ifSysUm^  **f  R^tyt. 
Tnuisiioti<ms  of  the  Uoyal  Irish  Aca<lemy,  Vol.  xvL,  pp.  4—62  (|830) 

That  colloidal  cubic  surface  iiaiiie<l  the  cylindroid  which  plays  S4>  fumlametilAl 
a  |Mirt  in  the  Th«H»ry  of  Scrc»ws  was  first  diHCovered  by  Sir  WillUuii  Ii4»«aii 
Hamilton. 

In  his  o*l«'brate<i  riieinoir  cm  tlu*  TlM*ory  of  SvKtems  of  liays  he  denMm^tr»t«^ 
the  nMiuirkal»h»  |>ro|>r»sition  whii-!i  nmy  1m»  tlius  enunciattnl  : 

Th*'  liiifH  ttf  tifmrt^nt  ihstitiir*  hrttrfrii  any  my  if  the  syntrm  and  tk^  fih^r 
continuttuH  rai/s  nt'  th*-  tn/tffin  hnv^  n  Mnr/<irf  /♦//*  th*  ir  Ittrns^  and  that  snrhw*  %»  « 
rylindmitl 

\V»*  r.iii  ilhistnit*'  this  as  follows  }»v  tin*  !iirt)i<Mis  of  the  pn»s«»i»l  \i»luiii«». 

Thf   llamiltoiiiuii  s\st4'iii  of  mys  hfre  coiisidcretl  form  a  omgrueiicy.      If  •e 
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except  all  rays  save  those  contiguous  to  any  one  ray  then  the  congruency  may  be 
regarded  as  linear.  Hence  any  property  of  a  linear  congruency  must  apply  to 
the  Hamiltonian  system  as  restricted  in  the  proposition  before  us. 

A  linear  congruency  is  constituted  by  those  screws  of  zero  pitch  whose 
coordinates  satisfy  two  linear  equations.  They  are  the  screws  which  belong  to 
a  4-system  and  which  each  have  zero  pitch  (§  76).  But  we  know  that  each  such 
screw  must  intersect  both  of  the  screws  of  zero  pitch  on  the  cylindroid  reciprocal 
to  the  4-8ystem  (§  212).  It  has  also  been  shown  that  any  transversal  meeting  two 
screws  of  equal  pitch  on  a  cylindroid  must  intersect  at  right  angles  a  third  screw 
on  that  surface  (§  22).  Hence  the  shortest  distance  from  any  ray  of  the  congruency 
to  the  axis  of  the  cylindroid  must  lie  on  a  generator  of  the  cylindroid.  This  is 
however  only  true  for  one  particular  ray. 

Hamilton's  most  instructive  theorem  shows,  more  generally,  that  the  shortest 
distances  between  any  specified  ray  R  of  the  congruency  and  all  the  other  contiguous 
rays  have  a  conoidal  cubic  as  their  locus,  such  as  might  be  represented  by  the 
equation 

s  (a:»  +  y*)  =  i4x»  +  2Bxy  +  Cy*. 

There  are  two  disposable  quantities  in  the  selection  of  the  origin  and  the  axis  of  x. 
If  these  quantities  be  so  taken  as  to  render  ^  =  0 ;  C  =  0,  then  the  equation  is  at 
once  shown  to  represent  a  cylindroid  of  which  Ji  is  the  axis.  Of  course  all  rays 
of  this  congruency  intersect  two  fixed  rays,  and  the  axis  of  the  cylindroid  must 
also  intersect  both  of  these  rays. 

MoBius  (A.  F.) — Lehrhuch  der  Staiik  (Leipzig,  1837). 

This  book  is,  we  learn  from  the  preface,  one  of  the  numerous  productions  to 
which  the  labours  of  Poinsot  gave  rise.  The  first  part,  pp.  1—355,  discusses  the 
laws  of  equilibrium  of  forces,  which  act  upon  a  single  rigid  body.  The  second 
part,  pp  1-313,  discusses  the  equilibrium  of  forces  acting  upon  several  rigid 
bodies  connected  together.  The  characteristic  feature  of  the  book  is  its  great 
generality.     I  here  enunciate  some  of  the  principal  theorems. 

If  a  number  of  forces  acting  upon  a  free  rigid  Ixxiy  be  in  equilibrium,  and  if 
a  straight  line  of  arbitrary  length  and  position  be  assumed,  then  the  algebraic  sum 
of  the  tetrahedra,  of  which  the  straight  line  and  each  of  the  forces  in  succession 
are  pairs  of  opposite  edges,  is  equal  to  zero  (p.  94). 

If  four  forces  are  in  equilibrium  they  must  be  generators  of  the  same  hyper- 
boloid(p.  177). 

If  five  forces  be  in  equilibrium  they  must  intersect  two  common  straight  lines 
(p.  179). 

If  the  lines  of  action  of  five  forces  be  given,  then  a  certain  plane  S  through 
any  point  P  is  determined.  If  the  five  forces  can  be  equilibrated  by  one  force 
through  P,  then  this  one  force  must  lie  in  *S'  (p.  180). 

To  adopt  the  notation  of  Professor  Cay  ley,  we  denote  by  12  the  perpendicular 
distance  between  two  lines  1,  2,  multiplied  into  the  sine  of  the  angle  between  them 
(Comptes  Rendus,  Vol.  Ixi.,  pp.  829-830  (1865)).  Mobius  shows  (p.  189)  that  if 
forces  along  four  lines  1,  2,  3,  4  equilibrate,  the  intensities  of  these  forces  are 
proportional  to 

^23^4  734,     J 137 1 4.34,     7^2.14.  24,     Jl2  .  13.23. 

It  is  also  shown  that  the  product  of  the  forces  on  1  and  2,  multiplied  by  12, 
is  equal  to  the  product  of  the  forces  on  3  and  4  multiplied  by  34.  He  hence 
deduces  Chasles'  theorem  (Liouville's  Journal,  Ist  Ser.,  Vol.  xii.,  p.  222  (1847)), 
that  the  volume  of  the  tetrahedron  formed  by  two  of  the  forces  is  equal  to  that 
formed  by  the  remaining  two. 
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MoBlUS  (A.  F.)—  Ud>er  die  Ztisammensetzuiyj  utietidlUh  Idfiner  Drekufig^n.  OrfJr'i 
Journal;  Vol.  xviii.,  pp.  189-212  (1838). 

This  memoir  contains  many  very  interesting  theorems,  of  which  the  fuHuvinx 
are  the  principal : — Any  given  small  displacement  of  a  rigid  body  can  l>e  rflcctrd 
by  two  small  rotations.  Two  equal  parallel  and  opposite  rotations  cumpuoiid  into 
a  translation.  Small  rotations  alx>ut  intersecting  axes  are  compounded  like  furcm. 
If  a  numl)er  of  forces  acting  upon  a  free  body  make  equilibrium,  then  the  final 
effect  of  a  number  of  rotations  (proportional  to  the  forces)  on  the  same  ajif»  «dl 
be  zero.  If  a  Ixxiy  can  undergo  small  rotations  al>out  six  independent  axea,  it 
can  have  any  small  movement  whatever.  He  illustrates  this  by  the  case  of  a 
series  of  bodies  of  which  each  one  is  hinged  to  those  on  either  side  of  it.  If  the 
first  of  the  series  be  fixed  then  in  general  the  seventh  of  the  series  will  lie  perfectij 
free  for  small  movements  (see  Hittersliaus,  p.  524). 

RODRIOUES  (O.) — Des  lots  geonietriques  qui  regisserU  Um  deptacemetUs  cTuit  #|p« 
soiide   dans   Vespace   H  de  la   varuUion   des  coordonnees  prorenami  dt 
df placements  coiufidh'es  indrpetidamnient  des  causes  qui  peuremi  Us  prvduirr. 
Liouville's  Journal  Math.  ;  Vol.  v.,  pp.  380—440  (5th  Dec.,  1840). 

This  paper  consists  mainly  of  elalx)rate  formulae  relating  to  diAplacementii  of 
finite  magnitude.     It  \\n&  been  already  cited  for  an  important  remark  (§  9). 

Chaslbs  (^l.y—PropriHes  yeonietriqaes  relatives  au  monv^tneni  in/litiMiewl  pfiit 
dans  tin  corps  soliile  libre  dans  Vespace.  Paris,  Comptes  Hendus ;  Vol,  xvi, 
pp.  1420-1432  (1843). 

A  pair  of  ''droites  conjuguees'^  are  two  lines  by  rotations  about  which  a  giren 
displacement  can  be  communicated  to  a  rigid  body.  Two  pairs  of  *'  droitea  oon- 
juguees"  are  always  generators  of  the  same  hyperboloid. 

Hamilton  (Sir  \V.  R.) — On  some  additional  applications  of  the  Theory  of  AU^hrait 
Quatf*rniotis.  Hoyal  Irish  Aca<lemy  Proceedings;  VoL  iii.  (1 845-1 847 >. 
Apj)endix  No.  5,  pp.  H.- Ix.     (Communicated  Dec.  8,  1S45  ) 

On  p.  Ivii.  he  states  "the  laws  of  equilibrium  of  several  forces  applied  to  van«>ai 
points  of  a  solid  Ixxiy,  are  thus  include<l  in  the  two  equations, 

2)3-0;    2  (a/3 -/3a)- 0; 

the  vect4>r  of  the  |K>int  of  application  l»ein^  a,  and  the  vector  representing  thr 
force  applitnl  at  that  |)oint  lM»ing  /3."     On  the  same  page  he  writ<»?i, 

"Instea<l  of  the  two  e<|Uations  of  e<|uilibrium,  we  may  employ  the  nnglf* 
formula 

2.a/3  =  -r, 

c  hen»  deiiotinj^  a  scalar  (or  n-al)  <{uantity,  which  is  independent  of  the  orison  *4 
vect4»rs,  and  neeins  to  have  some  title  to  ite  called  the  total  tettsitm  of  the  KV^traL" 

Hamilton   (Sir   \V.    U.)      Som**  oppUcntionH  of  QtiatTniuns  to  qurtttiotiM  rtntnt^rt^i 

trif/i  ih*    Jinftifion    <»/*  <i   .S'(//i7   lUnhf.      Hoyal    Irish    Acaileniy     Pni^-t-^^iin;:* 
Vol.  iv.  (1S47    1850)  pp.  38   :ii\.     *(('onun'uiiifat<Hl  Jan.  10,  \^\s^ 

III  this  |»ji|MT  with  i\\v  sjiiiH'  notation  as  In'fon*,  li«'  lakt's  the  p»n«Tal  ca.%*-  ..f  « 
Ki^^id  |io<ly  att«*<|  on  by  forrt's  ;in«l  ronsidt'rs  thi'  yual«Tni<»n 
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"The  number  w?"  which  he  sees  does  not  depend  on  the  choice  of  origin  "will 
denote  the  (real)  quotient  obtained  by  dividing  the  moment  of  the  principal 
resultant  couple  hy  the  intensity  of  the  resultant  force ;  with  the  known  direction 
of  which  force  the  axis  of  this  principal  (and  known)  couple  coincides,  being  the 
line  which  is  known  by  the  name  of  the  central  axis  of  the  system."  The  vector 
part  of  the  quaternion  is  the  vector  "perpendicular  let  fall  from  the  assumed 
origin  on  the  central  axis  of  the  system"  (p.  40).  It  is  interesting  to  note  that 
the  scalar  w  is  what  we  would  terui  the  pitch  of  the  Screw  on  which  the  wrench 
acts. 


PoiNSOT  (L.) — Theorie  nouvelle  de  la  rotation  des  corps,    Liouville's  Journal  Math.; 
Vol.  xvi.,  pp.  9-129,  289—336  (March,  1851). 

This  is  Poinsot's  classical  memoir,  which  contains  his  beautiful  geometrical 
theory  of  the  rotation  of  a  rigid  body  about  a  fixed  point.  In  a  less  developed 
form  the  Theory  had  been  previously  published  in  Paris  in  1834,  as  already 
mentioned. 


ScHONBMANN  (T.) — Ueber  die  Co7istruction  von  Normalen  und  Normdlebenen  ge- 
wisser  krummer  Fldchen  und  Linien.  Monatsberichte  der  koniglichen 
preussischen  Akademie  der  Wissenchaften  fiir  das  Jahr  1855,  pp.  255-260. 

Believing  that  this  paper  was  but  little  known  Herr  Geiser  reprinted  it  in 
Crelle's  Journal,  Vol.  xc,  pp.  44-48  (1881).  Schonemann  there  gave  the  im- 
portant theorem  which  has  since  been  independently  discovered  by  others,  namely 
that  whenever  a  rigid  body  is  so  displaced  that  four  of  its  points.  A,  B,  C,  D  move 
on  fixed  surfaces  the  normals  to  the  surfaces  which  &re  the  trajectories  of  all  its 
points  intersect  two  fixed  rays.  Herr  Geiser  gives  an  analytical  proof  (Crelle, 
Vol.  xc,  pp.  39-43,  1881).  In  our  language  the  two  rays  are  the  two  screws 
of  zero  pitch  on  the  cylindroid  reciprocal  to  the  freedom  of  the  body,  and  the 
cylindroid  is  itself  determined  by  being  reciprocal  to  four  screws  of  zero  pitch  on 
the  normals  at  A,  B,  C,  D  respectively  to  the  four  fixed  surfaces.  Another  proof 
is  given  by  Ribaucour,  Comptes  rendus.  Vol.  Ixxvl,  p.  1347  (2  June,  1873).  See 
also  Mannheim  (A.),  Liouville's  Journal  de  Math^matiques,  2*  S4r.,  Vol.  xl.,  1866. 


Wbibkstrass  (C).  Ueber  ein  die  homogenen  Functionen  zweiten  grades  betreffendes. 
Theorem  nebst  Anwendung  desselben  auf  die  Tlveorie  der  kleinen  Schwin- 
gungen.  Monatsberichte  der  k.  preussischen  Akademie  der  Wissenschaften, 
1858,  pp.  207-220;  and  Mathematische  Werke,  Vol.  i.  pp.  233-246. 

Let  ^,  i/r  be  two  homogeneous  quadratic  functions  of  n  variables  x^^  ,,,  x^  and 
\etf(s)  be  the  discriminant  of  «<^  -  i/r. 

If  the  discriminant  of  one  of  the  functions,  say  <^,  does  not  vanish,  and  if 
further  ^  is  essentially  one-signed  vanishing  only  when  all  the  variables  vanish,  it 
can  be  shown  that  «,,  «j,  ...  «„  the  roots  oif(s)  =  0  (assumed  distinct)  are  all  real 
and  <^,  if/  can  then  be  reduced  to  the  forms 

«/»  =  €(yi'+  •••  +yn) 

where  y, . . .  y*  are  all  real  linear  functions  of  Xi  . . .  aj»  and  c  is  +  1  according  as  <^  is 
positive  or  negative.     See  §  86  and  p.  484. 

B.  33 
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Cayley  (A.) — On  a  ti^w  analytieal  r^prf^miaium  of  curres  in  spac^,  QoJurt#r<f 
Mathematical  Journal;  Vol.  iii.,  pp.  225-236  (I860).  Vol.  v.,  pp.  81-M 
(1862).     Coll.  Math.  Papers,  Vol.  iv.  pp.  446-455,  490-494. 

In  thia  paper  the  conception  of  the  six  co-crdifiaUs  of  a  line  ifl  introdocrd  \<n 
the  first  time.  This  is  of  importance  in  connection  with  our  present  mbj^nrt 
because  the  six  coordinates  of  a  screw  may  be  regarded  as  the  general ixatioo  ol 
the  six  coordinates  of  a  straight  line. 

If  tti,...  a«  be  the  six  coordinates  of  a  screw  then  when  we  exprem  that  iii 
pitch  is  zero  by  the  condition 

/),a,«+  ...  +p,a,*=0 

we  obtain  the  coordinates  of  a  straight  line.  This  is  perhaps  the  most  sjrmiiiHncml 
form  of  the  quadratic  condition  which  must  subsist  between  six  quantitim  odc»U 
tuting  the  coordinates  of  a  line.  In  Cay  ley's  system  it  is  given  by  equating  tbr 
sum  of  three  products  to  zero. 

Sylvester  (J.  J.) — Sur  V involution  des  lignes  droites  ckins  Vetpaee^  considkri^m 
comme  des  axes  de  rotation,  Paris,  Comptes  Rendus;  vol.  liL,  pp.  741-746 
(April,  1861). 

Any  small  displacement  of  a  rigid  body  can  generally  be  represent^  by  nAM 
tions  al)out  six  axes  (Mobius).  But  this  is  not  the  case  if  forces  can  be  fuood 
which  equilibrate  when  acting  along  the  six  axes  on  a  rigid  liody.  The  six  axes  ia 
this  case  are  in  invofution.  The  paper  discusses  the  geometrical  features  ol  sudi 
a  system,  and  shows,  when  five  axes  are  given,  how  the  locus  of  the  sixth  b  to  U» 
found.  M()bius  had  shown  that  through  any  point  a  plane  of  lines  can  be  drawn 
in  involution  with  five  given  lines.  The  present  paper  shows  how  the  plane  can 
be  ccmstruetod.  All  the  transversals  intersecting  a  pair  of  conjugtsU  ojtrs  are  ia 
involution  with  five  given  lines.  Any  two  pairs  of  conjugate  axes  lie  on  the  same 
hyperlxiloid.  Two  forces  can  l)e  found  on  any  pair  of  conjugate  axes,  which  arp 
statically  equivalent  to  two  given  forces  on  any  other  given  pair  of  conjugate  axfs. 
In  presenting  this  |>aper  M.  Chasles  remarks  that  Mr  Sylvester's  results  lead  to  the 
following  construction  : — Conceive  that  a  rigid  body  receiires  any  small  dispUcr- 
meat,  then  lino^  drawn  through  any  six  points  of  the  body  perpendicular  to  their 
trajectories  are  in  involution.  M.  Chasles  also  takes  occasion  to  mention  mjtoe 
other  pn)pertieH  of  the  conjugate  axes. 

Sylvester  (J.  J.) — Xitt^  s^ir  P involution  de  six  lignes  dans  tespace,  Paris,  Cumptei 
Uendus;  vol.  Hi.,  pp.  815-817  (April,  1861). 

Tlie   six  lines   are  1,  2,  3,  4,  5,   6.     Let  the  line  t  be  represented   Xty  the 

equations 

atx  -»•  6,y  +  CiZ  -♦-  diU  =  0, 
a<x  + /9<y  +  y<«  +  S^ti  -0, 

and  let  i,  j  rfprfwut  the  determinant 

f^»   ^i   fi  dt 
^  Pi  y<  K 

ilj     hj     Cj    dj 

aj   pj   yj  lij. 
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Form  now  the  determinant  A^ — 


1,  2 

1,  3 

1,  4 

1,  5 

1,  6 

2,  1 

2,  3 

2,  4 

2,  5 

2,  6 

3,  1 

3,  2 

3,  4 

3,  5 

3,  6 

4,  1 

4,  2 

4,  3 

4,  5 

4,  6 

5,  1 

5,  2 

5,  3 

5,  4 

6,  6 

6,  1 

6,  2 

6,  3 

6,  4 

6,  5 

If  A«  =  0,  the  lines  are  in  involution.  Ck)nsidering  only  the  figures  1,  2,  3,  4,  5, 
the  determinant  Aj  can  be  formed.  If  A«  =  0  and  Ag  =  0,  the  five  lines  1,  2,  3,  4,  5 
are  in  involution.  If  all  the  other  minors  are  zero,  the  six  lines  will  intersect  a 
single  transversal.  If  Ag  =  0,  without  any  other  condition,  the  five  lines  1,  2,  3,  4,  5 
intersect  a  single  transversal.  If  A4  =  0,  without  any  other  condition,  the  lines 
1,  2,  3,  4  have  but  one  common  transversal  (Cayley).  A  determinant  can  be  found 
which  is  equal  to  the  square  root  of  A«. 

Grajbsmann  (H.) — Die  Aitsdehnungslehre.     Berlin  (1862). 

This  remarkable  work,  a  development  of  an  earlier  volume  (1844),  by  the  same 
author,  contains  much  that  is  of  instruction  and  interest  in  connection  with  the 
present  theory. 

A  system  of  n,  numerically  equal,  "  Grussen  erster  Stufe,"  of  which  each  pair 
are  "normal,"  is  discussed  on  p.  113.  A  set  of  co-reciprocal  screws  is  a  particular 
case  of  this  very  general  conception. 

The  "  inneres  Produkt "  of  two  "  Grossen  "  divided  by  the  product  of  their 
numerical  values,  is  the  cosine  of  the  angle  between  the  two  "Grossen."  If 
a,  b,  Cf  ...  be  normal,  and  if  A;,  Z  be  any  two  other  "Grossen,"  then 

cos  zkl  =  cos  zak  cos  zal  +  cos  zbk  .  cos  z6^,  +  <fec.  (p.  139). 

Here  we  have  a  very  general  theory,  which  includes  screw  co-ordinates  as  a 
particular  case. 

In  a  note  on  p.  222  the  author  states  that  the  displacement  of  a  body  in  space, 
or  a  general  system  of  forces,  form  an  "allgemeine  raumliche  Grosse  zweiter  Stufe." 

The  "kombinatorisches  Produkt"  (p.  41)  of  n  screws  will  contain  as  a  factor 
that  single  function  whose  evanescence  would  express  that  the  n  screws  belonged 
to  a  screw  system  of  the  (n  -  1  )th  order. 

Pluck  BR  (J.) — On  a  new  geometry  of  apcice,     Phil.  Trans.,  Vol.  civ.,  pp.  725 — 791. 
1865. 

In  this  paper  the  linear  complex  is  defined  (p.  733).  Some  applications  to  optics 
are  made  (p.  760);  the  six  co-ordinates  of  a  line  are  considered  (p.  774);  and  the 
applications  to  the  geometry  of  forces  (p.  786). 

This  is  of  importance  for  our  purpose  because  the  linear  complex  may  be  also 
defined  with  perfect  generality  as  the  axes  of  all  the  screws  of  any  stated  pitch 
which  belong  to  a  5-system.  The  relation  of  the  linear  geometry  to  Dynamics  is 
developed  in  the  Theory  of  Screws. 

Hamilton  (Sir  W.  R.) — Elements  0/ QtuUemions,     Dublin,  1866. ' 

In  Art.  416  the  equation  2  T  (a  —  y)  ^  =  0,  is  regarded  as  the  single  equation  of 
equilibrium  when  it  is  satisfied  for  all  values  of  y,  the  vector  to  an  arbitrary 
point  C  in  space.  In  general  if  y  is  not  supposed  to  vary  in  this  arbitrary 
manner,  the  equation  is  that  of  the  central  axis. 

33—2 
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He  then  considers  the  quaternion  q=    ^^-  >  already  mentioned  (p.  512),  aad 

introduces  the  new  quaternion  Q  ^  sR^^  "^  y'     '^®  scalar  c  (the  pitch)  is  iodt- 

pendent  of  the  assumed  origin,  and  the  vector  y  is  the  vector  to  a  definite  point  C 
on  the  central  axis.  This  point  does  not  vary  with  the  position  of  the  mamuoM 
origin,  and  is  called  the  **  Centre  of  the  System  of  Forces.  When  the  forces  air 
all  parallel  C  coincides  with  the  centre  of  the  parallel  forces.     In  general 

Tiap  =  jic'  +  7y)  np, 

or  the  tensor  of  the  total  moment  is  constant  for  all  points  0  situated  om  a  sphrrv 
whose  centre  is  C,  and  becomes  a  minimum  when  0  coincides  with  C. 

In  Art.  396  Hamilton  says  *'  the  passa^  of  a  right  line  from  any  onf  gir«i> 
position  in  space  to  any  other  may  be  conceived  to  be  accomplished  by  a  sort  of  armt 
motion"  and  on  these  kinematical  lines  he  worked  out  his  theory  of  the  **Sortaceol 
Emanants,"  generated  by  a  line  moving  according  to  some  given  law  and  constaotlj 
intersecting  a  given  curve  in  space. 

Plucker  (J.) — FumUimeiUal  vietcs  regarding  mechanics.     PhiL  Trana.  (1866);  Vol 
clvi.,  pp.  361—380. 

The  object  of  this  paper  is  to  '*  connect,  in  mechanics,  translatory  and  ruiatorr 
movements  with  each  other  by  a  principle  in  geometry  analogous  to  that  td  rr^ 
ciprocity."  One  of  the  principal  theorems  is  thus  enunciated: — **Any  norober  ol 
rotatory  forces  acting  simultaneously,  the  co-ordinates  of  the  resulting  rutatunr 
force,  if  there  is  such  a  force,  if  there  is  not,  the  coordinates  of  the  resaltinc 
rotatory  dyname,  ai*e  obtained  by  adding  the  co-ordinates  of  the  given  nAmtorw 
forces.     In  the  case  of  equilibrium  the  six  sums  obtained  are  equal  to  lenx* 

Spottiswoode    (W.) — Xote    tnir    VequUibre    des  forces    dans   Pespac^^      CooipCM 
Remlus;  Vol.   Ixvi.,  pp.  97-103  (January,   1868). 

If  pQ...  P^^i  be  n  forces  in  eijuilibrium,  and  if  (0,  1)  denote  the  moment  erf 
7*^,  /*,,  then  the  author  proves*  that 

A(0,  1)  +  P,(0,  2)+...^0, 

/\(1.0)+  +/',(l,2)-i-...  =0, 

/'.(2,  0)  +  y,(2,  1)+  +...=0. 

As  we  have  thus  ?i  equations  to  determine  only  the  relative  values  of  m  qoantitM^ 
the  rt»<lundancy  is  taken  advantage  of  to  prove  that 

[0.0]    [1,1]   *'=•• 

where  [0,  0],  [1,  1],  kc,  are  the  wiefRcienU  of  (0,  0),  (I,  IX  Ac.,  in  the  detcnniiMiit 

(0,  0),  (0,  1)    .. 
(1,  0).  (1,  1)... 


*  We  may  remark  that  Hinci>  the  moment  of  two  line*  !•  the  virtual  oocfficieut  of  two  »cn«t 
of  z«To  pitch,  thi'he  ciiuatiotiM  arv  given  at  once  hy  virtual  velocitiea,  if  w«  rotat«  the  UkIt  rx«ai 
t*arh  t)f  ihi"  forcvi*  in  Huccexition. 
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When  the  forces  are  fewer  than  seven,  the  formulae  admit  of  a  special  trans- 
formation, which  expresses  certain  further  conditions  which  must  be  fulfilled. 

This  very  elegant  result  may  receive  an  extended  interpretation.  If  /^o,  Pi, 
P^j  (fee,  denote  the  intensities  of  wrenches  on  the  screws  0,  1,  2,  <kc. ;  and  if  (12) 
denote  the  virtual  coefficient  of  1  and  2,  then,  when  the  formulae  of  Mr  Spottis- 
woode  are  satisfied,  the  n  wrenches  equilibrate,  provided  that  the  screws  belong  to 
a  screw  complex  of  the  (n  -  l)th  order  and  first  degree. 

PlOckbr  (J.) — Neue  Geometrie  dea  Raumea  geyrundet  auf  die  Betrachtung  der 
geraden  Linie  als  Raumelement.  Leipzig  (B.  G.  Teiibner,  1868-69),  pp. 
1-374. 

This  work  is  of  course  the  principal  authority  on  the  theory  of  the  linear 
complex.  The  subject  here  treated  is  essentially  geometrical  rather  than  dynami- 
cal, but  there  are  a  few  remarks  which  are  specially  significant  in  our  present 
subject;  thus  the  author,  on  p.  24,  introduces  the  word  "Dyname": — "Durch 
den  Ausdruck  *  Dyname,'  habe  ich  die  Ursache  einer  beliebigen  Bewegung  eines 
starren  Systems,  oder,  da  sich  die  Natur  dieser  Ursache,  wie  die  Natur  einer 
Kraft  (iberhaupt,  unserem  Erkennungsvermogeu  entzieht,  die  Bewegung  selbst, 
statt  der  Ursache  die  Wirkung,  l)ezeichnet."  Although  it  is  not  very  easy  to  see 
the  precise  meaning  of  this  passage,  yet  it  appears  that  a  *  Dyname '  may  be  either 
a  twist  or  a  wrench  (to  use  the  language  of  the  Theory  of  Screws). 

On  p.  25  we  read: — "Dann  entschwindet  das  specifisch  Mechanische,  und,  um 
mich  auf  eine  kurze  Andeutung  zu  beschranken :  es  treten  geometrische  Gebilde 
auf,  welche  zu  Dynamen  in  derseU)en  Beziehung  stehen,  wie  gerade  Linien  zu 
Kraften  und  Rotationen."  There  can  be  little  doubt  that  the  "  geonietrische 
Gebilde,"  to  which  Pliicker  refei*s,  are  what  we  have  called  screws. 

As  we  have  already  stated  (§  13),  we  find  in  this  book  the  discussion  of  the 
surface  which  we  call  the  cylindroid,  to  which,  as  pointed  out  on  p.  510,  Sir  W.  R. 
Hamilton  had  been  previously  conducted. 

Through  any  point  a  cone  of  the  second  degree  can  be  drawn,  the  generators  of 
which  are  lines  belonging  to  a  linear  complex  of  the  second  degree.  If  the  point 
be  limited  to  a  certain  surface  the  cone  breaks  up  into  two  planes.  This  surface  is 
of  the  fourth  class  and  fourth  degree,  and  is  known  as  Rummer's  surface.  See 
papers  by  Kummer  in  the  Monatsberichte  of  the  Berlin  Academy,  1864,  pp.  246- 
260,  and  495-499.  It  has  since  been  extensively  studied  from  various  points  of 
view  by  many  mathematicians.  This  theory  is  of  interest  for  our  purpose,  because 
the  locus  of  screws  reciprocal  to  a  cylindroid  is  a  very  special  linear  complex 
of  the  second  degree,  of  which  the  cylindroid  itself  is  the  surface  of  singularities. 
Kummer's  surface  has  in  this  case  broken  up  into  a  plane  and  a  cylindroid. 

Klein  (F.) — Zur  Theorie  der  Linien-Camplexe  des  ersten  und  zweiten  Grades, 
Math.  Ann.;  Vol.  ii.,  pp.  198-226  (14th  June,  1869). 

The  "simultaneous  invariant"  of  two  linear  complexes  is  discussed.  In  our 
language  this  function  is  the  virtual  coefficient  of  the  two  screws  reciprocal  to  the 
complexes.  The  six  fundamental  complexes  are  considered  at  length,  and  many 
remarkable  geometrical  properties  proved.  It  is  a  matter  of  no  little  interest  that 
these  purely  geometrical  researches  have  a  physical  significance  attached  to  them 
by  the  Theory  of  Screws. 

This  paper  also  contains  the  following  proposition: — If  ic,,  ...,  .r^  be  the  co-ordi- 
nates of  a  line,  and  yfcj,  ...  A;«,  be  constants,  then  the  family  of  linear  complexes 
denoted  by 

=  0 


•*'!  .  .         ^ 


ACj  ^  A  K^  —  A 


■'^ 


.1  >.. 
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have  a  common  !$arface  ni  singtiUrities  where  A  is  a  variaUe  parameter.  If  tb# 
roots  A),  kc.  Ije  known,  we  have  a  set  of  quasi  elliptic  co^urdinates  for  the  Ime  r, 
(Compare  )S  234.) 

It  iH  in  this  memoir  that  we  find  the  enunciation  of  the  remarkable  ptamt0^rvmi 
principle  which,  when  transformed  into  the  lau|nui^^  '^od  conceptions  of  the  TWorr 
of  Screws,  asserts  the  existence  of  one  screw  reciprucal  to  five  given  iierewv    (J  t'^  » 

Klei.x     (F.)  —  Di^     aJlg^mr%9t^    Hn^nre     TmMt/iprmniioH    der    Linien    Coord%n^Ut%. 
Math.   Ann.;  Vol.  ii.,  pp.  366-371  (August  4.   1869). 

Let  ^/,,  ...  6*4  denote  six  lim^ar  ciimplexes.  The  momenta  of  a  straight  liar, 
with  its  conjugate  polars  with  respect  to  l\,  ...  V^,  are,  when  multiplied  hj  certaia 
oTinstants,  the  homogeneous  co-ordinates  of  the  straight  line,  and  are  denoted  bj 
X,,  ...  r^.  Arbitrary  valuest  of  jT),  ^c.,  do  not  denote  a  straight  line,  unless  a 
homogeneous  function  of  the  second  degree  %'anishes^.  If  this  oooditkm  he  auc 
satiiffied,  then  a  linear  complex  is  defined  by  the  co  ordinate*,  and  the  fanciiofi  ii 
called  the  injytriant  id  the  linear  complex.  The  wimuiian^ms  imvarinni  ci  two 
linear  complexes  is  a  function  of  the  co-ordinates,  and  is  equal  to 

A  sin  ^  -  (AT -^  A")  cos  ^ 

where  A'  and  A"  are  the  parameters  of  the  linear  complexes,  A  the  perpendicniar 
distance,  and  ^  the  angle  Ijetween  their  principal  axea 

The  co-ordinates  of  a  linear  complex  are  the  simultaneoua  in%'arianta  of  the 
linear  complex  with  each  of  six  given  linear  complexes  multiplied  by  certaa 
constants.  The  six  linear  complexes  can  be  chosen  so  that  each  one  is  in  involutiaci 
with  the  remaining  five.  The  reader  will  easily  perceive  the  equi%*aleQt  theureoM 
in  the  Theory  of  Screws.  K  and  A"  are  the  pitches,  and  the  simultaneous  invaiiaai 
is  merely  double  the  virtual  coefficient  with  its  sign  changed. 


Zeutiien    (H.    G.)  —XoUm  snr   un  nytteme   de  coorJonnees  lineairtM  dams 
Math.  Ann. ;  Vol.  i.,  pp.  432-454  (1869). 

Tlie  co-onli nates  of  a  line  are  the  components  of  a  unit  force  on  the  line  deonD- 
posf^l  along  the  six  edges  of  a  tetn4he<ln.»n.  The^e  co-ordinates  must  satisfy  ocnp 
con<lition,  which  express4*s  that  six  forces  along  the  e<lgi^  of  a  tetrahedron  have  a 
single  H'suitant  force.  The  author  makes  applications  to  the  thet>ry  of  the  linear 
complex. 

Keganling  the  six  cnlges  as  screws  of  zero  pitch,  they  are  not  co- recipnicaL  It 
may,  however,  lie  of  inten*st  to  show  how  these  co-ordinates  may  be  uswl  f<»r  a 
purj»oH#»  (linert'iit  fn*ni  that  for  which  the  author  now  quoted  has  used  them.  Lrt 
th«*  virtual  c«»erticients  <»f  the  oppt^^ite  pairs  of  edges  l>e  L,  M,  *V.  If  the  «>► 
onlinates  of  a  screw  with  res[H*ct  t4»  this  syst^^m  Ije  ^,  ...  $^,  then  the  pitch  is 

and  the  virtual  c<K*fticient  of  the  two  screws  ^,  $  is 

Uattahusi  (ii.)     Sutif  Heri*'  dif  tnsfenti  di  Jurz^.     Napoli   Hendiconto,  viii.,  1*^69. 
PI»    H7    'J\,      (;inrnalc(li  .Mat«inat,  x.,  1S72,  pp.   IXH    110. 

Thi.s  NKMiioir  drMTvrs  b{N-ciaI  notice  in  the  historv  of  the  subjei-t  inasmuch  a* 
alrcaiiy  niiiiirkcd  in  ;i  1  .'J  it  contains  the  earliest  announi'^nient  of  the  dynfimv^u 
Ki;;nitirah«  e  of  tin-  <>lin(inii«i  Ritiaulini  hen'  hhou.s  that  the  cyluHin>id  u  ti>r 
IcMMis  iif  ih«*  s«  rev%s  nil  N%hiih  lie  the  wrenche.s  pro(luci>«l  by  the  com|MM%itiun  of  t»o 
varialih*  f«»rt«***  on  tv\o  tixiMJ  directions.      St*  als4»  p.  .'>20. 

Thin  <  t|UMtiun  tiprt  •^>VH  that  ihv  pitch  of  the  hcri'w  drnutctl  by  Xkw  coordiustc*  is  tcfu. 


siaH-'i 


BIBLIOGRAPHICAL   NOTES.  519 

Battagmni  (G.) — Sulle  dinami  in  involvzimie.  Napoli  Atti  Accad.  Sci.,  iv.,  1869 
(No.  14).     Napoli  Rendiconto,  viii ,  1869,  pp.  166-167. 

The  co-ordinates  of  a  dyname  are  the  six  forces  which  acting  along  the  edges  of 
a  tetrahedron  are  equivalent  to  the  dyname.  This  memoir  investigates  the 
properties  of  dynames  of  which  the  co-ordinates  satisfy  one  or  more  linear  equa- 
tions. The  author  shows  analytically  the  existence  of  two  associated  systems  of 
dynames  such  that  all  the  dynames  of  the  first  order  are  correlated  to  all  the 
dynames  of  the  second.  These  correspond  to  what  we  call  two  reciprocal  screw 
complexes. 

Ball  (R.  S.)  — -4  Problem  in  MecJianics.  To  detenniiie  the  svicUl  oscillations  of  a 
particle  on  any  surface  acted  upo7i  by  any  forces  [1869].  Quart.  Journ. 
Math.,  1870,  pp.  220-228. 

With  reference  to  this  paper  I  may  mention  the  following  facts  connected 
with  the  history  of  the  present  volume. 

In  the  spring  of  1869  I  happened  to  attend  a  lecture  at  the  Royal  Dublin 
Society,  given  by  my  friend  Dr  G.  Johnstone  Stoney,  F.R.S. 

For  one  illustration  he  used  a  conical  pendulum :  he  exhibited  and  explained 
the  progression  of  the  apse  in  the  ellipse  described  by  a  heavy  ball  suspended  from 
a  long  wire. 

I  was  much  interested  by  his  exposition,  and  immediately  began  to  work  at  the 
mathematical  theory  of  the  subject  I  was  thus  led  to  investigate  some  general 
problems  relating  to  the  small  oscillations  of  a  particle  on  a  surfaca  Certain 
results,  at  which  I  arrived,  seemed  to  me  interesting  and  novel.  They  appeared 
in  the  paper  now  referred  to.  This  paper  was  soon  followed  by  another  of  a  more 
general  character  and  the  subject  presently  began  to  develop  into  what  was  soon 
after  called  the  "Theory  of  Screws." 

Battaglini  (G.) — Std  movimento  yeometrico  infiniteshno  di  un  sistema  rigido. 
Napoli  Rendiconto,  ix.,  1870,  pp.  89-100.  Giornale  di  Matemat.,  x.,  1872, 
pp.  207-216. 

In  this  paper  tetrahedral  co-ordinates  are  employed  in  the  analytical  develop- 
ment of  the  statics  of  a  rigid  body,  as  well  as  the  theory  of  small  displacements. 
Besides  the  papers  by  this  author  to  which  I  have  specially  referred  there  are 
several  others  (generally  short)  in  Napoli  Rendiconto,  v.-x.,  both  inclusive,  which 
are  of  interest  in  connection  with  the  fundamental  notions  involved  in  the  theory 
of  screws. 

Mannheim  (A.) — Etude  sur  le  deplacement  d^une  figure  de  forme  invariable. 
Nouvelle  methode  des  nornuUes ;  applications  diverses.  Paris,  Acad.  Sci. 
Compt.  Rend.,  Ixvi.,  1868,  pp.  591-598.  Paris,  Ecole  Polytechn.  Journ., 
cap.  43  (1870),  pp.  57-121  ;  Paris,  M^m.  Savants  Etrang.,  xx.,  1872, 
pp.  1-74. 

This  paper  discusses  the  trajectories  of  the  different  points  of  a  body  when  its 
movement  takes  place  under  prescribed  conditions.  It  has  been  already  cited 
(§  121)  for  a  theorem  about  the  screws  of  zero  pitch  on  a  cylindroid.  Another 
theorem  of  the  same  class  is  given  by  M.  Mannheim.  When  a  rigid  body  has 
freedom  of  the  third  order,  then  for  any  point  on  the  surface  of  a  certain  quadric* 
the  possible  displacements  are  limited  to  a  plane. 

*  The  reader  will  easily  see  that  this  is  the  pitch  quadric. 
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Ball  (R.  S.) — On  the  tttimli  asctllutions  of  a  Hu/vi  Body  abimi  a  Jix*fd  ptAni 

tJui  action  of  any  forces^  and,  more  partictdarty,  when  yraviiy  is  tkt  Wy 
force  acting.     Transactions  of   the  Royal  Irish  Academy;  VoL   xxir.,  pfi 

593-628  (January  24,  1870). 

Oertain  dynamical  problems  which  are  here  solved  for  the  rotation  of  a  bw<ly 
round  a  point  were  solved  in  subsequent  papers  for  a  Ijody  restrictad  in  any 
manner  whatever.     Some  of  the  chief  results  obtained  are  given  in  5  197. 

This  paper  has  its  geometrical  liasis  in  the  following  theorem,  due  apparriitlj  to 
D*Alembert.      Hecherches  sur  in  Precesinfyn  des  £qu%noxeSy  Paris,  1749,  p,  M. 

Any  small  displacement  of  a  rigid  \)ody  rotating  around  a  fixed  potnt  caa 
be  produced  by  the  rotation  around  an  axis  passing  through  the  point. 

In  1776  Euler  proved  that  the  same  law  was  true  for  displacementa  ul  finite 
magnitude.  Formulae  generates  jtro  transiatiofie  q^tacunque  cvrporutn  HigidsrmmL 
Novi  Ckimmentarii  Academiae  Petropolitanae ;  Vol.  xx.,  pp.  189-207. 

Klein    (F.) — Notiz   betreffend  den    Zusammenhang   der    Liniengtomeirie    wit   dtr 
Mechanxk  starrer  Korper.     Math.  Ann.;  Vol.  iv.,  pp.  403-415  (June,  IH71). 

Among  many  interesting  matters  this  paper  contains  the  germ  of  tbe  pkymtd 
conception  of  reciprocal  screws.  We  thus  read  on  p.  413: — *'£r  laast  sich  nun  in 
der  That  ein  physikalischer  Zusammenhang  zwischen  K raf tesystenien  and  onewi- 
lich  kleinen  Bewegungen  angeben,  welcher  es  orkUrt,  wie  so  die  beideo  IHaiC* 
mathematisch  co-ortlinirt  auftreten.  Diese  Beziehung  ist  nicht  von  der  Art, 
sie  jedem  Kraftesystem  eine  einzelne  unendlich  kleine  Bewegung  zuordnet^ 
sie  ist  von  anderer  Art,  sie  ist  eine  dua/utfiche. 

"Es  sei  ein  Kraftiisystem  mit  den  Coordinaten  E,  //,  Z,  A,  J^,  .V,  ond  eine 
unendlich  kleine  Bewegung  mit  den  Coordinaten  H',  7/',  Z\  A',  M\  X  geg«^ben, 
wobei  man  die  Co-ordinaten  in  der  im  .^  2  Ijesprochenen  Weise  aljuolut  be«limmt 
haben  mag.  Dann  rejrrdsentirt^  wie  hier  nicht  weiter  nachgewiesten  werden  toll, 
der  Ansdruck 

AH  ^  M'N  +  S'Z  +  HA  +  11' M  +  Z  S 

das  Quantum  von  Arlwit,  welches  das  gegeljene  Kraftesystem  bei  Eintritt  der 
gegel)enen  unendlich  kleinen  Bewegung  leistet.      Ist  insliesondere 

AH  +  M  II  +  y  Z  +  HA  +  II' M  ^  Z  S  =  0, 

so  leistet  das  gegebene  Kraftesystem  l^i  Eintritt  der  gegelienen  unendlich  kleinen 
Bewegung  keine  Arl)eit.  Diese  Gleichung  nun  roprasentirt  uns,  indem  wir  einmal 
E,  //,  Z^  A,  J/,  *V,  das  andere  H',  //',  Z\  A',  M',  M"  als  veranderlich  betrachten,  den 
Zusammenhang  zwischen  Kraftesystemen  und  unendlich  kleinen  Bewegungen." 


Ball    (K.    S.)  —  The    Theory    of  Scretcs — a    geometrical   tttudy    of  the    ki\ 

eqnUihrium^  and  nmall  o»cillnt\ons  of  a  liigid  Body.  First  memoir.  Tran5>- 
lictions  of  the  Royal  Irish  Academy,  Vol.  xxv.,  pp.  137-217  (Novemlier  13, 
1871). 

This  is  the  original  paper  on  the  Theory  of  Screws.  At  the  time  this  paper 
was  printe<l  (1871)  1  hail  no  suspicion  that  the  Cylindroid  hail  lje<»n  ever  ftodi<«i 
hv  anyone  Upsides  invs<*lf.  1  subsiMiuentlv  learned  that  the  same  iturfaA^"  haA 
UH*n  inv<»Ktipit«Hl  by  Plucker  two  or  thnn*  years  j»revic»usly  (1868-1*)  in  cnnnectHiCs 
witli  the  linear  eoniplex  (mm*  pp.  '20,  ^>\7).  It  also  apj>«»an»<l  that  almut  the  h^me 
iituv  {\H*VJ)  this  surface  pn'S4'nte<l  itsolf  in  the  H  est 'a  rein's  of  liattagHni.  Imiet^ 
t4»  this  inatlieniatieian  l>«'I»»nps,  I  U'Jieve,  the  distinetion  of  having  U^fn  the  tinit  l«> 
jK-reeivf  tluit  this  |wirtirular  <*<»noi(|  \uu\  a  sjHnial  <lynaniical  si^iiticano*  iw^ 
pp.  liU.  '»|.*^).      Plucker  and  Batta^'lini  wvre  certainly  independent  diMX»\errr»  of  the 
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cylindroid,  or  rather  rediscoverers,  for  neither  of  them  was  the  earliest  discoverer, 
for  as  shown  in  p.  510  the  cylindroid  was  first  introduced  into  science  by  Sir 
W.  R.  Hamilton  so  long  ago  as  1830.  It  is  worthy  of  note  that  three  investi- 
gators, and  if  I  may  add  my  own  name  a  fourth  also,  following  different  lines 
of  research,  have  each  been  independently  led  to  perceive  the  importance  of  this 
particular  surface  in  various  theories  of  systems  of  lines. 

In  the  paper  now  before  us  I  had  developed  the  doctrine  of  reciprocal  screws 
which  is  of  such  fundamental  importance  in  the  theory.  I  had  arrived  at  this 
doctrine  independently,  and  not  until  after  the  paper  was  printed  did  I  learn  that 
the  essential  conception  of  Reciprocal  Screws  had  been  announced  by  Professor 
Klein  a  few  months  before  my  paper  was  read  (pp.  17,  18,  520). 

These  facts  have  to  be  mentioned  in  explanation  of  the  circumstance  that  this 
first  paper  contains  no  references  to  the  names  of  either  Pliicker  and  Battaglini  or 
Hamilton  and  Klein. 

SoMOFF  (J.) — Sur  lea  vitesaea  virtuelles  (Tune  figure  invariahhy  aamjetties  h  des 
eqtuUions  de  conditions  qi^elconques  de  forme  lineaire.  St  P^tersb.  Acad.  Sci. 
Bull,  xviii.,  1873,  col.  162—184. 

This  paper  is  an  important  one  in  the  history  of  the  subject.  Its  scope  may 
be  realized  from  the  paragraph  here  quoted. 

"  Dans  le  m^moire  que  j'ai  I'honneur  de  presenter  k  I'Acad^mie  je  donne  un 
moyen  analytique  pour  determiner  les  vitesses  virtuelles  d'une  figure  invariable,  en 
supposant  que  ces  vitesses  doivent  satisfaire  k  des  Equations  de  condition  de  la 
forme  g^n^rale  que  je  vients  de  citer.  Je  prends  en  meme  temps  en  consideration 
les  propri^t^s  des  complexes  lineaires  de  Plttcker,  auxquel  les  vitesses  virtuelles 
d'une  figure  invariable  sont  intimeraent  liees." 

The  analytical  development  of  the  Theory  of  the  Constraints  which  follows  is 
founded  upon  the  conventions  proposed  by  M.  R^sal  in  his  "  Traite  de  Cinematique 
pure.*^ 

M.  Somoff  studies  conditions  of  constraint  which  he  has  generalized  from  M. 
Mannheim's  **  £tude  sur  le  deplacenient  d'uiie  figure  de  forme  invariable  ^^  (p.  519). 

It  is  instructive  to  read  M.  Somoff^s  paper  in  the  light  of  the  Theory  of  Screws. 
For  example  on  p.  179  he  gives  the  theorem  that  every  system  of  "virtual 
velocities"  which  satisfies  thi*ee  linear  equations  can  be  product  by  two  rotations 
around  two  rays  common  to  the  three  corresponding  linear  complexes.  In  our 
language  we  express  this  by  saying  that  any  displacement  of  a  body  with  three 
degrees  of  freedom  can  be  produced  by  rotation  around  two  screws  of  zero  pitch 
belonging  to  the  system.  This  is  easily  seen,  for  let  0  be  the  screw  about  which 
the  required  displacement  is  a  twist.  Let  </►  be  any  other  screw  of  the  three- 
system,  then  the  two  screws  of  zero  pitch  on  the  cylindroid  (d,  if>)  are  two  axes  of 
rotation  that  fulfil  the  required  condition. 

The  cases  of  four  and  five  degrees  of  freedom  are  also  briefly  discussed  by 
Somoff,  but  without  the  conception  of  screw  motion  which  he  does  not  employ  the 
results  are  somewhat  complicated. 

Reference  may  also  be  made  to  Somoff,  **  Theoretische  Mechanik"  translated 
from  the  Russian  by  A.  Ziwet,  Leipzig,  1878-9. 

Clifford  (W.  K.) — Preliminary  Sketch  of  Biquatemions.  Proceedings  of  the 
London  Mathematical  Society,  Nos.  64,  65,  Vol.  iv.,  pp.  381 — 395  (12th 
June,  1873). 

This  is  one  of  the  modem  developments  of  that  remarkable  branch  of  mathe- 
matics with  which  the  names  of  Lobachevsky  and  Bolyai  are  specially  associated. 
A  Biquaternion  is  defined  to  be  the  ratio   of  two  twists  or   two   wrenches  or 
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more  generally  of  two  Dynames  in  Pliicker's  Rense  or  of  two  **in4>U)rpi"  an  lliff'tH 
prefeni  to  call  them.  A  **  motor"  may  be  said  to  bear  the  name  relation  to  a  %cr^ 
which  a  vector  bears  to  a  ray.  The  calculus  of  Biquatemions  is  generaliml  frua 
that  of  quaternions  and  l)elongs  to  the  non- Euclidian  geometry.  St^  Klfnn« 
cc^lebrated  |>aper,  "Ueljer  die  sogenannte  nicht  Euclidische  (ie«mietrie/'  MatK 
Ann.,  Band  IV.,  pp.  573-625.  This  paper  of  Clifford  s  has  been  the  onmumkc^ 
ment  of  an  extensive  theory  at  which  many  mathematicians  have  sincr  workfdi 
Chap  xxvi.  discusser  some  of  Clifford's  theorems  and  in  the  course  of  tlirap 
bibliographical  notes  there  are  several  references  to  this  theory.  See  aiicler  thf 
names  of  Everett,  Padeletti,  Cox,  Heath,  Buchheim,  Cay  ley,  Bortiakle,  Joly. 
Kotelnikof,  and  M'Aulay. 

Ball  (R.  S.) — /ifg^arcJiPS  in  the  Dyiuimics  of  a  Rigid  Body  by  the  aiti  of  Ike  Theory 
of  Screws.  Second  Memoir  (June  19,  1873).  Philosophical  Traiuiactiuiii» 
pp.  15-40  (1874). 

The  chief  advance  in  this  paper  is  expressed  by  the  theorem  that  a  rigid  iHiihr 
has  just  so  many  principal  screws  of  inertia  as  it  has  degrees  of  freedom.  Thb 
theorem  is  a  generalization  for  all  cases  of  a  rigid  system,  no  matter  what  be  the 
nature  and  numl)er  of  its  constraints,  of  the  well-known  property  of  the  princifi^ 
axes  of  a  rigid  bo<ly  rotating  around  a  fixed  point. 

It  is  shown  that  if  the  screws  on  one  cylindroid  l>e  regarded  as  impohiiire 
screws,  the  system  of  corresponding  instantaneous  screws  lie  on  another  cjlindnjid. 
Any  four  screws  on  the  one  cylindroid,  and  their  four  correspondent*  on  thf  ocben 
are  equianhannonic.  This  theorem  leads  to  many  points  of  connexion  lieCweefi 
theoretical  dynamics  and  modern  geometry.  It  has  been  greatly  de%'eloped  ^ob- 
sequently. 

A  postscript  to  this  paper  gives  a  brief  historical  sketch  which  shows  the  rvia- 
tiim  of  the  theory  of  screws  to  the  researches  of  PlUcker  and  Klein  on  the  Theorj 
of  the  Linear  Complex. 

Skatow. — Ztutamiiienstellung  il**r  Sdtze  i\>h  tien  iibriybleihetuien  HentYgungen  ^iitrj 
Kdrj)ergf  der  in  einigen  Pnnkten  neiner  ober^drh^  durch  mfrmaU  Stuisen 
unteratiiizt  wird.  Schlomileh's  Zeitsclirift  fiir  Mathem.  u.  Pln>ik,  B.  x\iu., 
p.  224,  1873. 

Halphen  -»Vtir /*?  d^}Jar*'mt'nt  (Tune  soiide  invtiriaUe.  Bulletin  de  la  Sic.  Math., 
Vol.  ii.,  pp.  56   G2  (23  July,  1873). 


The  stu<iy  of  the  displacements  of  a  rigid  Ixidy  is  distribut<Hi  into  six 
acconling  to  tht»  numl>er  of  degrt^es  of  fnnMlom.  This  pH|>er  like  so  many  ocber^  cm 
the  present  subjtnrt  has  Ihmmi  KUggeste<l  by  the  writings  of  M.  Mannheim.  It 
gives  for  instance  a  pniof  of  Mannheim's  thtnirem  that  all  the  displacementji  uf  a 
solid  n*stniine<i  by  four  conditions  could  l)e  prtKiiictMl  by  two  rotations  aruuml  twu 
detenninate  lines.  Thes<»  an»  of  course  in  our  lunguag»*  the  two  screws  of 
pitch  on  th«*  cylindroiii  expn»ssiiij;  the  fre«»<lom.  Hnlphcn  ionsid«»rs  in  wmi«* 
conditions  inon*  ;{4*n<'nil  tliim  tli<»M*  of  MannlxMin  and  luMs  M»me  th«*«»reni<«  of  quit^ 
a  new  cliivs.  Thus  still  refrrrinj;  to  thr  cii.h«»  of  a  Uxly  n*stniine<l  by  f%»ur  o««n 
ditioiis,  1.^'.  uith  two  <lrj4rr«*s  of  frtMilmn,  \\v  shoves  how  th«'  ni«ivmi<*nt>  of  ••^t-nr 
iMiint  an*  liinit***!  to  a  Mirt.no,  Jin«l  thi'ii  iMllitii;  thf  two  s^r^•^^'*  of  /fni  pii**h  tXi*- 
**axrs"  v%r  \u\\v  i\s  follous.  **  I>*s  |»n»j«H'ti«»nH,  sur  uti  plan  donn<\  dt*^  elrtii«*ti:.* 
KUjMTfu'irls,  dt'frit  jwir  los  |M»ints  dii  i*or|»^,  ^*\\X  |»n»|M»rtiont*llf«i  au\  pnHiuit»  •i«'» 
N4*^ni«*ntH  int«'n'«*pt4'^,  sur  d(*s  srrantrs  {Mirant'lf^  issu<*s  de  c(*m  |M>intK,  |iar  un  l^ni 
Uiloidf  |MiH!%iint  |>ar  les  <leux  axes,  et  ayant  le  plan  donne  pour  plan  directeur."' 
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LiNDBMANN  (F.) — Ueher  unendlich  kleine  Bewegunyen  und  iiher  Krafts ysteme  hei 
allgemeiner  prcjectivischer  Massbestiinmung,  Math.  Ann.,  Vol.  vii.,  pp. 
56-143  (July,  1873). 

This  is  a  memoir  upon  the  statics  and  kinematics  of  a  rigid  body  in  elliptic  or 
hyperbolic  space.  Among  several  results  closely  related  to  the  Theory  of  Screws, 
we  find  that  the  cylindroid  is  only  the  degnuied  form  in  parabolic  or  common  space 
of  a  surface  of  the  fourth  order,  with  two  double  lines.  Lindemann  both  by  this 
memoir  and  by  that  entitled  "  Projectivische  Behandlung  der  Mechanik  starrer 
Korper"  in  the  same  volume  has  become  the  pioneer  of  an  immense  and  most 
attractive  field  of  exploration.  He  has  laid  down  the  principles  of  Dynamics  in 
Non-Euclidian  space.  One  small  part  of  this  subject  I  have  endeavoured  to 
develop  in  Chap.  xxvi. 

Weilbr  (A.) — Ueher  die  verschieclenen  Gattunyen  der  Complexe  ztueiten  Grades. 
Math.  Ann.,  Vol.  vii.,  pp.  145-207  (July,  1873). 

In  this  elaborate  memoir  the  author  enumerates  fifty-eight  different  species  of 
linear  complexes  of  the  second  order.  The  classification  is  based  upon  Rummer's 
surface,  which  defines  the  singularities  of  the  complex.  These  investigations  are  of 
importance  in  the  present  subject  because,  to  take  a  single  instance,  the  screws 
of  a  system  of  the  fourth  order  form  a  linear  complex  of  the  second  order.  This 
complex  is  of  a  special  type  included  among  the  58  species. 

Ball  (R.  S.) — Screw  Co-ordinates  and  their  applications  to  problems  in  the 
Dynamics  of  a  Rigid  Body.  Third  memoir.  Transactions  of  the  Royal 
Irish  Academy,  Vol.  xxv.,  pp.  259-327  (January  12,  1874). 

The  progress  of  the  present  theory  was  much  facilitated  by  the  introduction  of 
Bcrew  co-ordinates.  The  origin  and  the  use  of  such  co-ordinates  are  here  explained. 
It  is,  however,  to  be  understood  that  screw  co-oi-dinates,  though  no  doubt  arrived 
at  independently,  ought  properly  to  be  regarded  as  an  adaptation  for  dynamical 
purposes  of  Klein's  co-ordinates  of  a  linear  complex  referred  to  six  fundamental 
complexes,  of  which  each  pair  are  in  involution  or  reciprocal,  as  we  say  in  the 
terminology  of  this  volume. 

The  pitch  of  a  screw  a  as  expressed  in  terms  of  its  six  co-ordinates  Oj ,  ...  o^ 
is  Spitt,*  where  p^  ..•/>«,  <fec.  are  the  pitches  of  the  co-reciprocal  screws  of  reference. 
The  virtual  coefficient  of  two  screws  a  and  ^  is  ^p^a^^^.  In  the  dynamical  part 
of  the  subject  the  chief  result  of  this  paper  is  the  fundamental  theorem  that, 
when  the  six  screws  of  reference  are  the  six  principal  screws  of  inertia,  then 
Pi^9  P/hf  •••  P^  *^  ^^®  co-ordinates  of  the  impulsive  wrench  which  will  make 
tne  body  commence  to  move  by  twisting  about  the  screw  a,  ...  a,. 

This  was,  perhaps,  all  that  could  be  desired  in  the  way  of  a  simple  connexion 
between  an  impulsive  screw  and  the  corresponding  instantaneous  screw,  so  far  as 
their  co-ordinates  were  concerned.  Long  before  this  paper  was  published  I  had 
been  trying  to  find  a  geometrical  connexion  between  two  such  screws  which  would 
exhibit  their  relation  in  a  graphic  manner.  But  the  search  was  not  to  be  successful 
until  the  results  in  the  Twelfth  Memoir  were  arrived  at. 

EvEBETT  (J.  D.) — On  a  new  metJiod  in  Statics  and  Kinematics.  (Part  I.) 
Messenger  of  Mathematics.     New  Series.     No.  39  (1874),  45,  53  (1875). 

The  papers  contain  applications  of  quaternions.  The  operator  w  +  Va-  (  )  is  a 
"  motor,"  nr  and  cr  being  vectors,  the  former  denoting  a  translation  or  couple,  the 
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fff 
latter  a  rotation  or  force.     The  pitch  \»  S  --       The  equation  to  the  central  axi«  » 

p^  V      —  xa-.     The  work  done  in  a  small  motion  in  - «Vor,(r, -  •S'tr,<r,.      The ext«itroop 

of  k  equationn  of  the  iirst  degree  lietween  74  motorH  in  the  condition  «jf  tbrtr 
belon^sing  to  a  screw  syHtem  of  the  first  degi*ee,  and  of  onler  n-^k.  HrTfral  *i 
the  leading  theorems  in  screws  are  directly  deduced  from  motor  equations  hr  tlir 
methods  of  determinants. 

Sturm  (Rudolf). — Stdfeforze  in  equilibrio,     Darmstadt,  1875. 

This  is  an  interesting  geometrical  memoir  in  which  the  beaotifnl  methods  ol 
Muhius  in  his  Lehrbuch  der  Statik  have  been  followed  up. 

Ball  (R.  S.) — The  Theory  of  Screu^.     A  study  in  the  Dynamics  of  a  rigid  body. 
Dublin,  8vo.,  1876,  pp.  (1-194). 

The  suljstanct*  of  this  volume  (now  out  of  print)  has  been  incorporat«*fi  in  ibr 
present  one.  The  necessity  for  a  new  work  on  the  subject  will  be  apparrnt  fn« 
these  bibliographical  notes,  from  which  it  will  lie  seen  how  much  the  sal»irrt  hm 
grown  since  1876.     It  will  be  here  sufficient  to  give  an  extract  from  tlie  prrface 

"The  Tlieory  presented  in  the  following  pages  was  first  sketched  by  the  aathur 
in  a  Paper  communicated  to  the  Royal  Irish  Academy  on  the  13th  of  N4>vrml«-r. 
1871.  This  Paper  was  followed  by  others,  in  which  the  subject  was  niorp  full? 
developed.  The  entire  Tlietiry  has  l)een  n»-^riiten,  and  systematically  arranged,  m 
the  present  volume." 

"  References  are  ma<ie  in  the  foot-notes,  and  more  fully  in  the  Ap|Httidix. 
to  various  authors  whose  writings  are  connected  with  the  subject  diseutwrd  in  tbi> 
book.  I  must,  however,  mention  specially  the  name  of  my  friend  ProfeiMor  Frhi 
Klein,  of  Munich,  whose  private  letters  have  afforded  me  much  valuable  infunna^ 
tion,  in  addition  to  that  derived  from  his  instructive  memoire  in  the  page;*  ol  ihr 
Mathematische  Annalen." 

An  alwtract  dated  Nov.  187^'»  of  the  chief  theonnns  in  this  lM>»k  hA»  Ijrm 
given  in  Math.  Annalen,  Vol.  ix.,  pp.  541-553. 

FlEDLKK  (W.) — Geomftrie  und  Gftnnt^cfmnik.  Virrt^/jahrBrhri/t  drr  uaturfurm-ken^^n 
GeiteiUchiift  in  Zurich  (187G),  xxi.  186,  2J8. 

This  valuable  paper  should  be  studi(*ii  by  any  one  desinius  of  btviKoinir 
a(M|uaint4Hi  with  the  hihtory  of  the  subjt»ct.  Dr  Fie<ller  has  pri'sientcd  a  critical 
account  of  the  manner  in  which  the  ThtH)ry  of  Si^rews  has  grown  out  i*f  the  m%wk% 
of  the  earlier  mathematicians  who  ha^l  applied  the  highiT  giH>metr^'  to  Ihmaini^^ 
€»s|>ecially  Chasles,  Poinsot,  Mobius  and  Pliicker.  The  \)ti\n*r  contains  an  acttmnt 
of  tlie  chief  n*Mults  in  the  Thet)ry  so  far  as  they  were  known  in  1^76.  Many  «4 
the  inv«»Htigati<>ns  are  tri»at*Hi  with  much  «»leganct%  as  might  imleed  ha\e  bw^ 
ex|>ei't«Hi  inm\  a  mathematician  so  accomplished  as  the  German  translator  i/ 
Dr  Salmon's  great  works. 

UlTTKRSHArs  (T.) — />iV    KiufinatiMch*'    K'ff'\    ihr'*    Itfiv^tjlirhk^it    nmi  Zfrnn*jf*tHHj 
hit.      |)<T  Civilinp'nifur,    Vol.    .Wll.  (IS77). 

Tliis  is  i\\v  study  <»f  thr  kimMuiitiis  of  thnt*  ri^^id  Uxlit^H  wh«*n<i>f  tht»  fif>t  aii»i 
•MH:ond  an*  hiii>;«'<l  t<>p*tlifr,  a.s  nrv  also  ihi*  siv<»n<l  and  ihinl.  Tlu*  i*>lii)dn*ui  :• 
I'luphiyt-^l  t4»  olttaiti  uumy  th<*onMiis.  Of  coups*'  it  will  U»  und«*r«t«HHi  that  iKr 
**  Kin<Mi»aliH4h«'  K«*tt<*"  is  a  oniir«*ptinii  <|uit«*  <listinrt  fn»ni  that  «»f  thf  Si-n*^  vh^n 
dis^-.iss*-*!  in  th«'  pn»s«'nt  vohnnr  (Chap.  xxn.).  In  a  furth«*r  )ia)>«*r  (/<«-.  c%i.  xxn 
li<'!!<)  the  author  dcxelops  ca.sc>i  in  which  the  conditions  are  of  increased  gvneraiitjr 
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Clifford  (W.  K.) — Elements  of  Dynamics,     1878. 

In  this  work,  designed  no  doubt  to  be  elementary  but  perhaps  rather  illus- 
trating the  breadth  of  view  so  characteristic  of  its  gifted  author,  the  fundamental 
theorem  of  the  composition  of  twists  and  wrenches  by  the  cylindroid  is  assigned  an 
important  position  at  the  basis  of  mechanics. 

ScHELL  (W.). — Theorie  der  Bewegung  U7id  der  KrdfU.  2nd  edition.  Leipzig,  1879. 
Vol.  ii. 

This  is  a  comprehensive  and  valuable  treatise  on  Theoretical  Dynamics.  It 
merits  particular  mention  here  because  it  contains  an  excellent  exposition  in  the 
German  language  of  many  of  the  most  important  parts  of  the  Theory  of  Screws. 
Part  III.,  Chap,  x.,  pp.  211-235,  discusses  the  Cylindroid  and  reciprocal  Screws, 
and  includes  a  general  account  of  the  properties  of  the  different  screw-systems. 
Part  IV.,  Chap,  viii.,  gives  a  general  account  of  the  Dynamical  parts  of  the 
Theory,  including  the  principal  Screws  of  Inertia  and  Harmonic  Screws. 

Ball  (R.  S.) — Note  on  the  application  of  Lagrange  s  Equatiotis  of  Motio^i  to  Pro- 
blefns  in  the  Dynamics  of  a  Rigid  Body.  Proceedings  of  the  Royal  Irish 
Academy.     2nd  Ser.,  Vol.  iii.,  p.  213  (1879). 

In  this  paper  it  is  shown  from  Lagrange's  well-known  equations  of  motion  in 
generalized  co-ordinates  that  if  T  l)e  the  kinetic  energy  of  a  body  twisting  about  a 
screw  whose  n  screw  co-ordinates  referred  to  any  co-reciprocal  system  with  pitches 
Ply  "•  Pni  *re  ^1,  ...  $„j  then  the  impulsive  wrench  which  would  have  been  capable 
of  producing  from  rest  the  actual  motion  which  the  body  possesses  must  have  as  its 
coordinates  (§  86) 

PidO^-'f^de^' 

Ball  (R.  S.) — Extension  of  the  TJieory  of  Screws  to  the  Dynamics  of  any  Material 
System.  (Fourth  Memoir.)  Transactions  of  the  Royal  Irish  Academy,  Vol. 
xxviii.,  pp.  99-136(1881). 

The  conception  of  a  screw-chain  is  here  introduced.  The  screw-chain  is  a 
geometrical  entity  which  bears  to  an  entire  system,  no  matter  how  complex  its 
parts  or  their  connexions,  the  same  relation  which  a  screw  bears  to  a  single  rigid 
body.  One  screw -chain  can  always  be  found  which  is  reciprocal  to  6/ui  -  1  screw- 
chains  where  /m  is  the  number  of  material  parts  in  the  system. 

One  of  the  chief  results  obtained  shows  the  extension  of  the  notion  of  the 
principal  screws  of  inertia  of  a  single  rigid  body  to  a  system  of  rigid  bodies. 

Chap.  XX lY.  of  the  present  volume  contains  the  essential  parts  of  this  memoir. 

ScHELL  (W.) — Die  sechs  Grade  der  Beweglichkeit  eines  unverdnderlichen  Systems. 
Central  Zeitung  fiir  Optik  und  Mechanik,  1881. 

Here  is  an  interesting  geometrical  study  of  the  degrees  of  freedom  of  a  rigid 
body  under  the  several  conditions  that  1,  2,  3,  4  or  5  of  its  points  shall  be  con- 
strained to  lie  on  given  surfaces. 

If  a  force  be  applied  along  a  normal  to  the  surface  at  the  point  of  the  body 
which  is  constrained  to  lie  on  that  surface  then  that  force  will  be  counteracted  by 
the  constraints.  Every  motion  of  the  body  which  is  possible  must  be  a  twist 
about  a  screw  reciprocal  to  a  screw  of  zero  pitcli  on  that  normal. 


/ 
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Constraint  of  the  most  general  nature  cannot,  however,  be  90  prodaced.  It  ■ 
sufficient  to  mention  that  in  the  case  of  freedom  of  the  fifth  ord^r  the  irrrv 
reciprocal  to  the  system  must  have  zero  pitch,  if  the  constraint  is  of  tlie  oatarf 
supposed  by  Schell,  while  in  the  jB^neral  case  the  pitch  may  have  any  value. 

Ball  (R.  S.) — On  nomographic  Screw  SynteniM.  Proceedings  of  the  Royal  Ink 
Academy,  Ser.  2,  Vol.  iu.  p.  435  (1881). 

The  theory  of  Homogmphic  Screws  shows  the  connection  between  certaa 
geometrical  theories  of  an  abstract  nature  and  Dynamics.  The  intimate  alliaifcce 
between  geometry  and  the  higher  branches  of  Rigid  Dynamics  is  illustrated  in  tkii 
paper.  Invariant  functions  of  eight  screws  are  studied,  and  a  generalijBed  type  of 
homographic  ratio  involving  eight  screws  is  considered.     (See  Chap,  xix.) 

Ball  (R.  S.) — On  the  Elucidation  of  a  question  in  Kinematics  by  the  aid  of  AW 
Euclidian  Sjtace,     Report  of  British  Association,  York,  1881,  pL  bZ5. 

Certain  peculiarities  which  present^^l  themselves  in  the  geometrical  repreaeata- 
tion  of  the  screws  of  a  three-system  by  points  in  a  plane  are  here  shown  to  be  dot 
to  the  conventions  of  Euclidian  space.  The  screws  of  a  three-system  in  Dun- 
Euclidian  space  can  be  arranged  in  equal  pitch  hyperlx>loids,  which  have  ti^i 
common  points  and  eight  common  tangent  planes.  In  Euclidian  space  the  our- 
responding  quadrics  are  inscribed  in  a  common  tetrahedron  and  pass  thnm^ 
four  common  points  as  explained  in  Chap.  xv. 

Ball  (R.  S.) — Certain  Proftif*nis  in  the  Dynamics  of  a  Rigid  SytUm  marimg  ta 
Elliptic  Sjxice.  (Fifth  Memoir.)  Transactions  of  the  Hoy al  Irish  AcadenT, 
VoL  xxviii.,  pp.  159-184  (1881). 

The  chief  theorem  pn>ve<l  in  this  paper  is.  that  though  the  virtual  moment  ol 
two  lionionynioUH  vectors  is  zero  only  when  the  two  vectors  are  "  rectangular/  yet 
the  virtual  ntumciit  of  two  hetonmynious  vt^ctors  is  always  zero. 

I  may  here  mention  another  memoir  which  liears  on  the  same  subject.  The 
title  is,  On  the  Theory  of  the  Content. — Tniusiictions  of  the  Royal  Irish  Academv. 
Vol.  xxix.,  pp  123-1  Si  (1887). 

In  this  it  is  shown  that  the  ortler  in  which  two  heterr>nymous  vector*  in 
elliptic  space  an*  appli(*<i  to  a  rigid  systeiu  may  Ix?  inverttnl  witlH^ut  ad>H'tinc 
the  result,  which  is,  how«»ver,  not  a  vector  at  all  On  the  other  hami,  when  two 
homonymous  vectors  in  elliptic  Kjmce  art*  applitnl  to  a  rigid  system,  the  result  w» 
in  every  cas<%  a  homonymous  vt»ctor ;  but  then  the  onler  of  application  could  not 
be  inverts!  without  changing  the  result. 

Tliese  pa|K»rs  have  contribute<l  to  Chap.  xxvf.  of  the  pn^scnt  volume. 

PaDKLKTTI  (I>ino)  OMrrvaz'umi  eulla  ttutria  dt'tf^  dinami  (Thi-tny  tf  »^t-rr«fw'. 
Ken<lit*otito  ilella  It.  Accadeinia  di  »S<.ienze  Fis.  e  Nat.  di  Nap(»li.  Fa»ctci4<> 
1>''  Feb.  1M82. 

The  autlior  h<'re  j^ives  a  p'nernl  aceount  of  tin*  Th«^>ry  of  Si'rew«*  %■»  f^r  a*  :t 
hml  IxM'ii  (l«'Velo|H»<i  u|>  to  IS7»>.  The  iiietli<Ml  he  ha.s  (*ni]>loy(Hl  for  detlunn^  thr 
equations  of  the  evliiidroid  is  nov#»l  and  iiistruetive.  The  same  author  in  the  laiof 
journal  for  .May  1NS*J  has  a  jmijmt  entitlt**!,  Sh  un  (.Wc»»/<»  «W/«i  tri*r%4t  i*\U 
dinmni   amii»Hju  a   t^nffitt  dri  quatf-rnmni. 
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Cox  (Homersham) — On  the  application  of  Qvaternions  and  Grassmann^s  Aus- 
dehnungahhre  to  different  kinds  of  Uniform  Space.  Cambridge  Philosophical 
Transactions,  Vol.  xiii.,  Part  ii.,  pp.  69-143  (1882). 

So  far  as  the  Theory  of  Screws  is  concerned  the  chief  result  in  this  paper  is 
the  demonstration  that  tlie  homologue  of  the  cylindroid  in  non-Euclidian  space 
which  Lindemann  had  already  shown  to  be  of  the  fourth  degree  may  be  represented 
by  the  equation 

(/'a  -Pfi)  (t^  +  2*)  iCy  =  (1  -  PaP^)  {^  +  y*)  t^«. 

The  function  known  as  the  sexiant  (§  230)  is  here  generalized  into  the  corre- 
sponding function  of  six  screws  in  non-Euclidian  space.  It  is  of  course  a 
fundamental  theorem  that  a  ray  crossing  two  screws  of  equal  pitch  meets  the 
cylindroid  again  in  a  third  screw  which  it  cuts  perpendicularly  (§22).  This  is  here 
generalized  into  the  theorem  that  a  transversal  across  two  screws  of  equal  pitch  on 
the  cylindroid  in  elliptic  spsrce  intersects  that  surface  also  in  two  other  generators 
which  are  conjugate  polars  with  respect  to  the  absolute. 

I  may  take  this  opportunity  to  observe  that  the  function  ^p- — —  which  enters 

into  the  above  equation  of  the  surface  has  an  instructive  property.     If  pa  and  p^ 

be  transformed  into  /— and  -1-^ respectively,  where  m  is  different  from 

1  +  mp^  1  +  m/?/5 

unity,  then  the  above  function  is  unaltered.     Hence  it  follows  that  if  the  pitch  p 

of  every  screw  on  a  screw-system  of  the  nth  order  in  non-Euclidian  space  receive 

t)  4"  nif 

the  transformation  into  ~ then  the  screws  so  altered  will  still  constitute  an 

1  +  mp 

n-system.     Thus  we  generalize  that  well-known  feature  of  an  7A-systeni  of  screws 

in  ordinary  space  which  asset ts  that  if  the  pitches  of  the  screws  in  an  n-system  be 

augmented  by  a  constant  the   screws  so  altered  will  remain  an  n-system.     (See 

Proceedings  of  the  Royal  Irish  Academy,  2nd  Series,  Vol.  iv.,  p.  256  (1884).) 


Padkletti  (Dino) — StiUu  piu  semplice  foruia  deW  equazioni  di  equifibHo  di  un 
sivtetna  rigido  vincolato.  Rendiconto  della  R.  Accademia  Scienze  Fis.  e 
Mat.  di  l^apoli,  Fascicolo  1®,   1883. 

In  this  short  paper  the  author  discusses  separately  two  different  cases  of 
freedom  and  by  the  aid  of  the  reciprocal  screw-system  gives  in  each  case  the 
equations  of  equilibrium. 


Heath  (R.  S.) — On  ike  Dynamics  of  a  Rigid  Body  in  Elliptic  Space.     Phil.  Trans. 
Part  II.,  1884,  pp.  281-324. 

"The  special  features  of  the  method  employed  are  the  extensive  use  of  the 
symmetrical  and  homogeneous  system  of  coordinates  given  by  a  quadrantal  tetra- 
hedron, and  the  use  of  Professor  Cay  ley's  co-ordinates  in  preference  to  the  'Rotors' 
of  Professor  Clifford  to  represent  the  position  of  a  line  in  space."  The  Theory  of 
Screws  is  considered  and  the  nature  of  the  cylindroid  in  Elliptic  Space  discussed. 
The  general  equations  of  motion  referred  to  any  moving  axes  are  then  found,  and 
in  a  particular  case  they  reduce  to  a  form  corresponding  to  Euler's  equations. 
When  there  are  no  acting  forces  these  equations  are  solved  in  terms  of  the  theta- 
functions.     This  paper  has  been  already  cited  in  §§  412,  420. 


^ 
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BucHHEiM  (A.) — On  the  Theory  of  Screion  in  Klliptie  Sfiore,  ProcecdtngK  «jI  tkr 
London  Math.  Soc.,  Vol.  xiv.,  p.  83;  Vol.  xvi,  p.  15;  Vol.  xvii,  pi  ilO. 
Vol.  xviii.,  p.  88. 

In  these  papers  the  methods  of  the  Ausdehnungslehre  of  QnuMmann  h^ve  bev* 
applied  to  the  Biquatemions  of  Clifford.  Reference  should  also  be  made  to  aoutWr 
paper  by  the  same  author,  "J  Memoir  on  Biquatemionji,**  (Aniericmn  Journal  «l 
Mathematics,  Vol.  vii.,  No.  4,  p.  23,  1884.^  If  A,  B  be  two  biqaatenuou  tbtj 
determine  a  linear  singly  infinite  series  of  biquatemions  kA  -¥  fiB  when  X,  i^  wr 
scalars :  this  set  is  called  a  cylindroid,  so  that  if  C  is  any  biqaatemkm  ol  th^ 
cylindroid  J,  B  we  have  C  =  kA -^  fiB.  A  remarkable  investigaiioQ  of  tbt 
equation  to  this  surface  in  elliptic  space  is  given,  and  a  generalization  of  tlie  plaM 
representation  of  the  cylindroid  is  shown.  In  these  writings  it  is  the  meilKidi 
employed  that  are  chiefly  noticeable.  We  find  however  much  more  than  is  implied 
by  the  modest  disclaimer  of  the  lamented  writer,  who  in  the  last  letter  I  bad  fro« 
him  says,  "I  have  been  but  slaying  the  slain,  i.e.  discovering  over  again  resalu 
obtained  by  you  and  Clifford." 

Sbgrb  (0.) — «SW  une  expression  nouveUe  du  moment  tntUuel  de  deux 
tineaires,     Kronecker*8  Journal,  pp.  169-172  (1885). 

A  remarkable  form  for  the  expression  of  the  virtual  coefficient  of  two 
a  cylindroid  is  given  in  this  paper.     Translated  into  the  terminology  of  the 
volume  wo  can  investigate  Segre's  theorem  as  follows. 

liet  two  screws  on  the  cylindroid  make  angles  6^  ^  with  one  of  the  princijAl 
screws,  while  the  zero  pitch  screws  make  angles  +  a,  -  a.  Let  p  lie  the  anhaimoiiit 
ratio  of  the  pencil  parallel  to  these  four  screws  so  that 

_  sin  (0  -  a)     sin  (^  -f  a) 
sin  (^  +  a)  *  sin  («^  —  a)  * 


Then  as  usual 


whence 


whence 
Thus 


P§ '-  Pq  "^  "*  ^^^^  -^» 
0     p^  -r  m  COS  2a  ; 

/>!  -  2m  sin  (a  —  B)  sin  (a  +  ^), 
p^  -  2m  sin  (a  —  <^)  sin  (a  +  ^) ; 

4m*  sin'  {$  —  a)  sin*  (</►  +  a)  =  pp$p^. 


2m  sin  (0  -  a)  sin  (0  +  a)  -:  Jp  Jp$p^, 
2m  sin  {$  -h  a)  sin  (</►  -  a)  -  Jp'^  Jp$P^  \ 
adding,  we  easily  obtain 

If  therrfort'  we  make 

P  -  ^. 
w«»  have  na  th<»  n»Mult  S<»gn»'H  tlHH>n»in  thiit 

^H    Jp$r^  ^^^  *• 

I)"K\IILI()  (U).    -  ^'fi  aAnifitli  nrJln  statlm  t  wHa  rittfrnntici.      Xotn  ^u  hi  /*'i»ri«i  i|V»'.V 
dinunn.      Atti   di*l    UeuN*    Istituto    V«Mift4>  di   M*it'nzi%    (♦>)    iii.    Il3r»-1L'»4 

( 1  ss:>). 

Thi**  is  III!  ju-i*ouiit  of  tin*  fiitxiiinttMitnl  laws  of  th«*  ditr«*n*nt  K<'rt*w.»v*«t«*tu« 
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MiNCHiN  (G.  M.) — Treatise  on  Statics.     3rd  edition,  Vol.  ii.  (188C). 

In  pp.  17—43  of  this  standard  work  the  Theory  of  Screws  is  discussed.  An 
instructive  construction  for  the  cylindroid  is  given  on  p.  20.  We  may  also  note 
the  following  theorem  proved  on  p.  25,  "If  the  wrench  on  any  screw  of  the 
cylindroid  is  replaced  by  a  force  and  a  couple  at  the  centre  of  the  pitch-conic 
(centre  of  the  cylindroid)  the  axis  of  this  couple  will  lie  along  the  perpendicular 
to  the  diameter  of  the  pitch-conic  which  is  conjugate  to  the  direction  of  the  force — 
or  in  other  words,  the  plane  of  the  couple  will  be  that  of  the  axis  of  the  cylindroid 
and  this  conjugate  diameter/' 

ScHONFUES  (Arthur) — Geometrie  der  Bewegung  in  synthetisdier  DarateUuiig^  pp. 
1-194,  8vo.     Leipzig,  1886. 

The  third  chapter  of  this  work,  pp.  79-192,  is  devoted  to  the  geometrical  study 
of  the  movement  of  a  rigid  system.  The  author  uses  the  word  parameter  to  express 
what  we  have  designated  as  the  pitch.  As  an  illustration  of  the  theorems  given  I 
cite  the  following  from  p.  92,  "  Bewegt  sich  ein  unverdnderliches  S//stem  beliebig  im 
Maume,  und  ist  in  irgend  eine^n  Augenblick  eine  G erode  desselben  senkrexht  zur 
Tangente  der  BaJtn  eines  ihrer  Punkte,  so  ist  sie  es  zu  den  Bahntatigenten  alter 
Punkte." 

In  the  language  of  the  present  volume  in  which  the  dynamical  and  kinetical 
conceptions  are  so  closely  interwoven,  this  theorem  appears  as  follows.  Let  two 
screws  a  and  ^  be  reciprocal  and  let  the  pitch  of  a  be  zero.  A  twist  of  a  rigid 
body  about  ^  can  do  no  work  against  a  force  on  a.  But  a  may  be  considered  to 
act  on  the  rigid  body  at  any  point  in  its  line  of  application.  Hence  the  displace- 
ments of  every  such  point  must  be  perpendicular  to  a. 

The  following  suggestive  theorems  may  be  quoted  from  pp.  116,  117  : 

"  Die  sammtlichen  Punkte  des  Systems  deren  Bahnen  nach  einem  festen 
Punkte  D  des  Raumes  gerichtet  sind,  liegen  in  jedem  Augenblick  auf  einer  Raum- 
curve  dritter  Ordnung  C." 

"Die  Raumcurve  C  enthalt  die  unendlich  fernen  imaginaren  Kreispunkte 
der  zur  Axe  der  Schraubenbewegung  senkrechten  El^enen." 

This  work  contains  indeed  much  that  it  would  be  interesting  to  quote.  I  must 
however  content  myself  with  one  more  remark  from  p.  153,  which  I  shall  give  in 
our  own  terminology.  When  a  rigid  body  has  freedom  of  the  second  order  it  can 
of  course  be  twisted  about  any  screw  on  a  cylindroid.  Such  a  twist  can  always 
be  decomposed  into  two  rotations  around  the  two  screws  of  zero  pitch  P  and  Q. 
The  rotation  around  P  does  not  alter  P.  Hence  whatever  be  the  small  displace- 
ment of  the  system  the  movement  of  P  can  never  be  other  than  a  rotation 
around  Qy  and  the  movement  of  Q  can  never  be  other  than  a  rotation  around  P. 

Ball  (R.  S.) — Dynamics  and  Afodem  Geometry :  a  new  chapter  in  tJie  Theory  of 
Screws.  Sixth  Memoir.  Cunningham  Memoirs  of  the  Royal  Irish  Academy, 
No.  iv.,  pp.  1-44  (1886). 

We  represent  the  several  screws  on  the  cylindroid  by  points  on  the  circum- 
ference of  a  circle.  The  angle  between  two  screws  is  the  angle  which  their 
corresponding  points  subtend  at  the  circumference.  The  shortest  distance  of  any 
two  screws  is  the  projection  of  the  corresponding  chord  on  a  fixed  ray  in  the  plane 
of  the  circle.  Any  chord  passing  through  the  pole  of  this  ray  intersects  the  circle 
in  points  corresponding  to  reciprocal  screws.  The  pitch  of  any  screw  is  the 
distance  of  its  corresponding  point  from  this  ray.  A  system  of  points  representing 
instantaneous  screws  and  the  corresponding  system  representing  the  impulsive 
screws  are  homographic.  The  double  points  of  the  homography  correspond  to  the 
B.  34 
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two  principal  screws  of  inertia.     This  paper  is  the  development  of  an  earlier 
See  Proceedings  of  the  Royal   Irish  Academy,  2nd  Series.  Vol.  iv.  p.  29.     TV 
substance  of  it  has  l>een  reproduced  in  Chaps  v.  and  xil.  of  the  pre*ient  voIowm^. 

Ball  (R.  H.)—On  Ow  Plane  Sectiom  of  the  Cylindroid,     Seventh  Merotrtr.     Trma^ 
of  the  Royal  Irish  Academy,  Vol.  xxix.,  pp.  1-32  (1887). 

This  is  a  geometrical  study  of  the  cylindroid  regarded  as  a  conoidal  cnhic  wiik 
one  nod;il  line  and  three  right  lines  in  the  plane  at  infinity.  Plane  sections  frf  ih^ 
cylindn)id  are  shown  in  plates  drawn  to  illustrate  calculated  casen.  It  in  *h«»«ft 
that  the  chord  joining  the  jHiints  in  which  two  reciprocal  screws  interHect  a  fiinl 
plane  envelops  a  hyperbola  which  has  triple  contact  with  the  cubic  curve  in  wbirli 
the  lix(»d  plane  cuts  the  cylindroid.     See  Chap.  xili.  of  the  present  volume. 

I  may  take  this  opportunity  of  mentioning  in  addition  to  what  has  \w^n  nuii 
on  the  subject  of  mmlels  of  the  cylindroid  in  Chap.  XI 1 1,  that  very  siiiiplr  aod 
effective  models  of  this  surface  can  now  lie  obtained  from  Martin  Schillini;.  Hallr  a 
Saale.     See  his  catalogue  for  Feb.  1900. 

Roberts  (R.  A.)  -EdHcational  Times,  xlvi.  32-33  (1887). 

In  this  it  is  shown  that  under  the  circumstances  descril^e*!  the  ahaiiow  «if  thr 
cylindi-oid  =(j^  ^  y")  -  2mxy  -  0  on  the  plane  z  0  exhibits  the  hyp«H.*ycloMl  mith 
three  cusps. 

B.\LL  (R.  S.)  -A  Difuamical  Parable,  being  an  AddreSM  to  the  MaikeMiUieal  mnA 
Physical  Section  of  the  Jiritiufi  AtMociation.      Manchester,  1887. 

Tliis  has  IxM^n  given  in  Appendix  ii.  p.  496.  It  may  lie  adde<l  here  that  it  hat 
be<*n  translat4Hl  into  Hungarian  by  Dr  A.  Seydler,  and  into  Italian  bj  G.  Viranti 

Tarlkton  (F.  a.) — On  a  new  met/tod  of  obtaining  the  comlitioHS  fuiJUUd 
the  Harmonic  Determinant  lias  eqtuU  rttot^t.  Proceedings  of  the  Hojal 
Aciidemy,  3r<l  Series,  Vo].  i.  No.  1,  p.  10  (1887). 

ThiM  discuss<*s  tlie  case  of  equal  roots  in  the  harmonic  determinant  so  importaat 
in  the  Theory  of  Screws  as  in  other  part.s  of  Dynamics  It  shouhi  be  studied  in 
connection  with  S  85  of  the  presi»nt  volume ;  also  Note  li.  p.  484.  See  al«> 
Zanchevsky,  p.  531. 

B.\LL  (R.  S.) — I/ow  Plane  Geometry  illuMrates  general  prol>lenis  in  the  l^ynatmirs  tf 
a  Rigid  Jimly  with  Three  degrees  of  Freedom,  Eighth  Memoir.  Traaikactkicti 
of  the  Royal  Irish  Academy,  Vol.  xxix.,  pp.  247-284  (1888). 

The  system  of  the  thirtl  order  is  of  such  s|M>cial  inten*st  that  it  i«i  clr«ira)»le 
to  have  a  concise  method  of  representing  the  screws  which  omstitute  it.  Wr  brrp 
show  that  the  S4*rews  of  such  a  .system  corn»sjKmd  to  the  points  in  a  plamv  Thu 
is  the  devi'Iopmciit  of  an  i^arlier  |Mi|H*r  communicat4Hl  to  the  Royal  Irinh  Acadenf 
in  18?<1.     Procetnlings,  2nd  Serii»s,  Vol.  iii.,  pp.  428-434. 

In  tliis  methtMi  of  n»pn'M'ntation  the  screws  on  a  cylindroid  U»longing  to  tiv 
system  are  reprcHt-nliHl  by  tin*  |>oints  on  a  straight  line.  Tlie  s«'rewH  of  «nv  m*** 
pitch  will  havi'  uh  their  corresfxjndenls  the  |K)intH  on  a  tvrt^iin  conic.  A  ftair  li 
{Miinth  conjugate  to  th«*  conic  of  wro  pitch  will  oirreH|K)nd  ton  |mir  of  rrn  i|»n«:al 
scrrwH.  Th«*  conic  which  n'presents  the  scn'ws  of  zero  pitch,  and  the  i*omc  rnhnh 
ifprfvnts  tiic  screws  of  infinite  pitch,  will  have  a  common  conjugate  truui|:W. 
The  \crticc»»  of  tiiul  triaiigli*  corn*sfiond  t4»  th««  princi|Mil  S4'n'w»  of  the  !»v»teni.  It 
is  pro\c*I  tiiat  the  pitch  (juadrii^  of  a  thret»  sy.stem  an»  all  inscrilied  in  a  commud 
t4*tralK'<lron  and  ha\t*  four  connuon  |M)iikti»  on  the  plane  at  infinity. 
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The  points  which  represent  a  series  of  impulsive  soi'ows  ami  tho  pointn  wliioh 
epresent  the  series  of  corresponding  instantaneous  screws  aro  hoiuo^raphio.  Tlit^ 
hree  doable  points  of  the  homography  represent  the  thi*eo  prinoipil  sorewH  of 
nertia. 

The  three  harmonic  screws  about  any  one  of  which  the  body  would  oMoillatt^  for 
tver  in  the  vicinity  of  a  position  of  stable  equilibrium  ixve  doUMMuintHl  an  thu 
'ertioes  of  the  oonmion  conjugate  triangle  of  two  conies. 

This  memoir  is  the  basis  of  Chap.  xv.  in  the  present  volume. 

Iydb  (K  W.)— 'Annals  of  Mat/tematics,  Vol.  iv.,  No.  5,  p.  137  (1888). 

The  author  writes:  "I  shall  define  a  screw  to  bo  the  sum  of  a  point-vc^^tor 
jad  a  plane-vector  perpendicular  to  it,  the  former  l)eing  a  (HivcUmI  and  pOHitiMl 
ine,  the  latter  the  product  of  two  vectors,  hence  a  directed  but  not  ponitt'd  plan<^" 
?rof.  Hyde  proves  by  his  calculus  many  of  the  fundamental  tlunireniM  in  the  preHr^iit 
heory  in  a  very  concise  manner. 

T^RAVBLius  (Harry) — Tlieoretiaclis  Mechnnik  starrer  Si/stemfi,  Au/  (iruiul  (br 
Methoden  und  Arheitea  unci  mil  einem  Voi*wort*'.  von  Sir  ItoUf/rt  S.  Hall. 
Berlin,  1889.     8vo.,  p.  619. 

The  purport  of  this  volume  is  expressed  in  the  first  paragraph  of  the  undtwA* : 
'Das  vorliegende  Werk  stellt  sich  die  Aufgalie,  KUHammenhtingend  und  aU  Jy^hr- 
mch  die  in  zahlreichen  Arbeiten  von  Sir  JiolMjrt  Ball  geschaHene  'J'Im'oHi^  iUtt 
dLechanik  starrer  Systeme  darzustellen.  Es  unifasHt  Hoinit  dein  JiihalUf  nii4:h 
ammtliche  Abhandlungen  des  Herrn  Ball."  'i'huH  the  work  iH  mainly  a  tratm 
ation  of  the  Theory  of  Screws  and  of  the  subwMjuent  lueiiioirM  up  la  the  dat4*  |H81i. 
ilerr  Gravelius  has  however  added  much,  and  his  original  contributiomi  tri  lUt* 
heory  are  specially  found  in  Chap.  xix.  "  Projective  i^e/iehung^^n  rauinlicher 
Jchraubengebilde.'*  I  feel  very  grateful  to  Herr  (iravi«liuM  for  Iuh  lalxiur  in  rtimU^r 
ng  an  account  of  the  subject  into  the  Oerman  lunguagif. 

Sanchevsky  (I.)  —  Theory  of  Screws  and  itn  AjtjtHat'uni  to  MttrhanviM^  pp.  i  xx., 
1—131.     Odessa,  1889. 

I  most  first  acknowledge  the  kindm^HH  with  which  my  frU*nt\  Sir  ^l.  r*hawn«'r, 
E^ellow  of  King's  College,  has  aiisisted  me  by  tranHlating  th<'  [inmXnu  in  whi<  li  (hi>« 
X)ok  is  written.     I  here  give  some  paHKag<**»  front  iU**.  mU'tAiwUnu. 

Zanchevsky  remarks  that  in  the  Theory  of  K<;ri?WH  I  omitu^il  Ut  gjv<*  a  urtnti  of 
;he  reality  of  all  the  roots  of  the  equation  of  th<f  nth  tit^yi^ri***  which  d«ftt^rin)iM'M  the 
Hrincipal  Screws  of  Inertia,  ar^J  tfM*n  he  giv<^  a  \irtHit  d**riviiij  from  a  iUi'^nvm 
}f  Kronecker.  *^  Zur  Tft/^/riA  d^sr  liiv^jir*i'H  uiul  tfUtulfiUUi'lwti  Fotmrn."  Moiiut^ 
)erichte  der  Acad,  der  Wissenschalten  /u  J^rljn,  J><<JH,  i;.  331^.  Th**  th<'^/i«*iji  i*^  tn- 
follows.  Let  (/and  V  be  two  hom<>g<'ne'/u»i  <|UM4Jrati4'  fonnn  wjih  //  variul/h'h.  if 
he  discriminaot  of  kU -^ ilV  whir'U  ^f^uathfi  Ut  X4'ro  gjv4'«  a  HUi\/i,U'  imaginmy  »<><>< 
;hen  no  member  of  the  system  Kr  ->  f^V  caf4  U'  i^xitit^H^^i  hm  1)m'  huiu  i/f  //  t^iuuK'^. 
We sboald,  however,  in  this  matter  refi-r  Uj  iAi**  »*tin'u^i'  |mj>«'I  *A  Wi'i«'i>( i u^,  p  ttHi 
From  this  theorem  Zanchevt^y  pn^veis  iIm^  lenMiy  *A  tJu*  r'>«/<*  *A  ilu*  iiiumtpuu' 
[>eterminaDt.  (Be*  §  ^•^-)  Tlieti  foJlowu  a  ditt^UMioii  tA  ilw  \nin*  ii^A  »S4nv^h  vf 
[nertia  for  a  oonstraijoed  system. 

Chap.  1.  contains  an  expfj^tiofi  of  PJu<-k<*i*'i6  K\u¥H'y  </f  Oi4*  jjiami  ix/mpLiA  'A 
he  Ist  order.  Here  will  be  found  Um'  <>i.^u<;*-|Aioii  *A  iSw  »y'i«*w,  \i*^  ijj  oidijiaU^f,  iJi** 
drtual  ooefficieot  <rf  two  screwb,  twid  tli*;  <»iiiM^'tioij  U'l  vndut  Um'  ^y^U'Jlifc  *A  v4V4rO>i> 
rhich  deiermixke  reciprocal  bciv>»;b.  11*;  r*'inj/J'kt  tiiai  iiat  iA^niuA'ik*Mt  mu^y  U- 
iirectly  derived  from  the  work«  gf  Ijim-hhM' 

31     'i 


532  THE   THEORY   OF  SCREWa 

Chap.  II.  is  devoted  to  groups  of  screws.  He  discusses  in  detail  groaps  con- 
taining three  nienil>ers,  investigating  some  special  cases  not  dwelt  on  Ijelorp.  H* 
tlien  gives  the  foriuulie  for  what  are  termed  "()hlique  Co-ordinateft.** 

In  Chap.  III.  the  ap|>lication  <if  the  Theory  of  Screws  t4)  meohanicjt  in  di^ca^ 
and  the  heading  part.s  of  the  Theory  of  Screws  in  relation  to  dynauiioU  pn»blrtti 
with  freedom  of  the  nth  order  are  set  forth,  and  he  adds,  "The  lack  of  hoolu  oo  ti» 
Th(H)ry  of  Screws  lx)th  in  Russia  and  abroad  makes  us  hope  that  our  work  will  W 
received  with  indulgence." 

Hall  (R.  S.)— 7%/»  Theory  of  Permanent  Srretos.     Ninth  Memoir.    Tnia«airti<jfi«  ^4 
the  Royal  Irish  Academy,  Vol.  xxix.,  pp.  613—652.     1890. 

Using  Screw-chain  co-onlinates  an  emanent  (see  Salmon *h  liujk^  J/y****, 
§  125,  or  Elliott's  Algebra  of  QuauticH)  is  here  shown  to  vanish.  This  invtjvr*  • 
general  property  of  the  function  T  which  expresses  the  kinetic  energy. 

dT  ^   dT_^ 

djr,  dx^ 


It  is  shown  that  for  the  permanent  screw-chains. 


d:r,     ^'"'dx^     "• 

The  special  cases  for  the  different  degrees  of  freedom  of  a  single  rigid  budy 
considered  in  detail.  If  the  rigid  IxKly  has  three  degrees  of  freed«mi  tht^  thtn 
are  thrw*  permanent  screws,  alx>ut  any  one  of  which  the  body  will  contiDoe  to 
twist  if  once  set  twisting. 

In  general,  if  the  lx>dy  be  set  twisting  about  a  screw  0^  a  restraining 
on  some  other  screw  i;  would  be  necessary  if  the  motion  were  to  continue  a«  a  t 
ulx>ut  0. 

To  find  rj  wo  employ  the  plane  representation.  We  construct  first  a  j(yit#m 
of  |>oints  homographic  with  the  jKiintjj  0.  The  double  points  of  the  honK^grmpby 
an*  rt*pn»s4»ntativ«*  of  the  thnM»  j>ermanent  screws.  If  we  draw  the  ray  c«knn«*ctinc 
0  with  its  o»ri-esjM»iident,  tht»n  ?;  is  the  j>ole  of  this  ray  with  n»s|xH:t  to  the  omic  o( 
74*nj  pitch,  while  the  poh*  of  the  siime  niy  with  res|»iH't  to  the  ctmic  of  inertia  irivw 
tht*  scH'w  al>out  which  the  acceleration  is  im|Mirteil  to  0. 

For  fn^fnlom  of  the  first  and  second  onlers  there  is  only  one  permanent  ^rrw . 
for  fnN'doni  of  the  third,  fourth,  and  fifth,  thert»  are  thret*  |ieniiai)ent  «<'rrwi. 
When  the  UkIv  is  quite  free  the  permanent  scn*ws  an*  triply  infinite.  Tin*  TIk»«ct 
of  Permanent  S4'rews  is  given  in  Chap.  XX v. 

Hknrkm  {O.)  -The  Theory  of  Screws,     Nature,  xlii.  127-132.     London,  1890. 

rn<ler  the  form  of  a  review  of  the  work  of  Gravelius  (see  p.  531 )  m*f»  have  bet* 
an  original  and  suggestive  discussion  of  the  entire  subject.  Pnifesaor  Henrici  hm 
|M»int«Hl  out  wvenil  promising  lines  along  which  new  departures  mii;ht  In*  taken  in 
the  further  development  of  the  pn'^S4*nt  thi»ory. 

Kri'l'Klt   (('. )   -Di*    Srhrantt*  hIh  tr*tpituf^   flas   ytilltfi/nt^m    and  dfr  fin'ttr^  (.\p'»i»'jr. 
.MMiiat.slnft4'  fur  MatiuiiiJitik  uini  IMiysik.      Vienna,  IMK),  pp.  I«a-lu4 

III  tiiis  till'  theory  t»f  tlie  linear  eoiiij>l«*x  has  Imh'U  de\elM|MHl  fn»ni  th«»  Tln^^rr  <4 
Sreus.  The  nlije«t  ap|M'ars  tt»  have  U^n  to  intnxluce  the  study  of  Um»  !»ubj«i 
into  th«'  ili;'ii  Sih«M)U  in  tierniiinv. 
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Cayley  (A.) — Non-Eiuilidian  Geometry.  Transactions  of  the  Cambridge  Philo- 
sophical Society,  Vol.  xv.,  pp.  37-61  (1894).  Read  Jan.  27,  1890.  See 
also  Collected  Papers,  Vol.  xiii.,  p.  480. 

This  is  perhaps  the  best  paper  in  the  English  language  from  which  to  obtain  a 
general  view  of  the  Non-Euclidian  (jleometry.  The  development  is  here  conducted 
mainly  along  geometrical  lines.  On  this  account  a  study  of  this  paper  is  specially 
recommended  in  connection  with  Chap.  xxvi.  of  the  present  volume. 

BuDDE  (E.) — AUgemeine  Mechanik  der  Puiikte  uiid  starren  Syateme.  2  vols.  8vo. 
Berlin,  1891. 

This  comprehensive  work  may  be  cited  in  illustration  of  progress  made  in  the 
use  of  the  Theory  of  Screws  in  advanced  text-books  of  Dynamics  in  Germany. 
There  is  an  excellent  account  of  the  theory  of  the  cylindroid  in  Vol.  ii.,  pp. 
596—603.  The  only  exception,  and  it  is  a  very  small  one,  which  I  feel  inclined  to 
take  to  this  part  of  Professor  Budde's  work  is  that  he  speaks  of  the  composition  of 
Screws.  It  seems  to  me  better  to  preserve  the  notion  of  a  screw  as  simply  a 
geometrical  entity  and  to  speak  of  the  composition  rather  of  twists  or  of  wrenches 
on  the  screws  than  of  composition  of  the  screws  themselves.  Vol.  ii.  pp.  639-644 
gives  an  account  of  the  fundamental  parts  of  the  theory  of  reciprocal  screw 
systems.  The  geometrical  construction  for  the  cone  of  sci'ews  which  can  be  drawn 
through  any  point  reciprocal  to  a  cylindroid  (§  22),  and  which  was  originally  given 
in  the  Tlieory  of  Screws^  1876,  p.  23,  has  been  here  reproduced.  A  good  account 
is  also  given.  Vol.  ii.,  pp.  905-908,  of  the  geometrical  theory  of  the  restraints  of 
the  most  general  type.  This  subject  is  developed  both  by  the  elegant  methods  of 
Mannheim  and  also  by  those  of  the  Theory  of  JScrews. 

RouTH  (E.  J.) — Treatise  on  Analytical  Staiics^  Vol.  L,  2nd  Edition,  1896. 

In  this  standard  work  several  of  the  fundamental  Theorems  of  the  Theory  of 
Screws  will  be  found.     See  pp.  202-208. 

Klein  (F.) — Nicht-Eiiclidische  Geometric:  Vorlesung.  1889-90.  Ausgearbeitet  von 
Fr.  Schilling.     Gottingen,  1893. 

This  is  a  lithographed  record  of  Klein's  lectures.  It  is  invaluable  to  any  one 
who  desires  to  become  acquainted  with  the  further  developments  of  that  remark- 
able Theory  which  is  of  such  great  importance  in  the  subject  of  this  volume  as  in 
so  many  other  departments  of  Mathematics.  The  bearing  of  the  Theory  of  Screws 
in  its  relation  to  the  Non-Euclidian  geometry  is  discussed  by  the  author. 

BuRNSiDE  (W.) — On  the  Kinematics  of  Non-Euclidian  Space.  London  Math.  Soc. 
Proceedings,  xxvi.  33-56,  Nov.  1894. 

The  paper  consists  of  a  numl»er  of  applications  of  a  construction  for  the 
resultant  of  two  displacements  (or  motions),  the  construction  being  formally 
independent  of  the  nature  of  tlie  space,  Euclidian,  elliptic  or  hyperbolic,  in  which 
the  motions  are  regarded  as  taking  place. 

§  II.  of  the  paper  gives  the  application  to  elliptic  space.  The  main  point 
in  this  case  is  to  deduce  synthetically,  fi*om  the  construction,  the  existence  of  finite 
motions  which  correspond  to  the  velocity-systems  that  (JliJibi*d  has  called  right- 
and  left- vectors  (the  same  words  are  here  applied  to  the  Unite  displacements 
themselves).  This  deduction  is  materially  aided  by  considering  the  system  of 
equidistant  surfaces  of  a  given  pair  of  conjugate  lines,  the  two  sets  of  generators 
on  which  constitute  respectively  the  right-paralleiH  and  the  left-parallels  of  the 


534  THE   THEORY   OF   SCREWS. 

^vcn  pjiir.  In  this  way  i\\v  vxlnivncv  <»f  two  hcIh  of  finite*  uiotkm^  r>mt'h 
individual  motion  of  wliifli  IrAvw  unchangtMl  eat'li  of  a  dt>uhly-infinit4*  nomU^r  c4 
Htmiglit  lines  is  drnionstratcHl  (the  right-  and  left-vect4>r»).  It  i*  abio  nhtywii  x\imu 
whtMi  a  right-  (left)  vi»ctor  is  n»pres<jnt<Kl  lus  the  rt^MuItAnt  of  two  rr>tjilt«iti« 
thnmgh  two  right  angles,  the  axes  of  the  two  nitations  are  left-  (right  )  pamllrl^v 
Hence  fnini  th(»  original  construction  the  resultant  of  two  right-  (left-)  vecu»r*  i* 
again  a  right-  (left-)  vector. 

Ijastly  it  is  shown,  still   syntlietically,  that  every  right-vector  in  pemiutAi»U 
with  every  left  vectiir,  thus  proving  in  a  different  way  wliat  in  given  in  .^  427  \d 
this  volume.     See  also  p.  526.     It  is  also  shown  tiiat  the  laws  according  to  ^hnh 
right-  (left-)  vectors  conihine  tog«»ther  are  the  same  as  tho^ie  by  which  finite  r\>tAti««ci4 
round  a  fixed  point  combine. 

The  remainder  of  §  II.  is  c<mcerned  with  the  detemunation  of  all  ciiMinct 
types  of  "continuous  groujw"  of  motions  in  elliptic  space. 

g  III.  gives  the  application  of  the  construction  to  hy])erbi»lic  space.  Hrrv 
attention  is  first  directed  to  a  tyjK*  of  displacement  which  leaven  no  finite  point  or 
line  undisplaced.  It  is  also  shown  that  no  displacement  in  hyperbolic  hfmot 
can  leave  more  than  one  real  line  unchanged.  This  fact,  combined  with  ihe 
properties  of  the  previously  mentioned  special  type  of  displacements,  is  then  uited  tu 
determine  all  the  distinct  types  of  continuous  groups  of  motion  in  hyperbolic  spacr 

JoLY  (C.  J.) — The  Theory  of  Linear  Vector  Functions.  Transactions  of  the  Rttyal 
Irish  Academy,  Vol.  xxx.,  pp.  597-647  (1894). 

In  this  memoir  the  close  connexion  between  the  quaternion  theory  of  linear 
vector  functions  and  the  Theory  of  Screws  is  develojied.  "Tlie  axes  of  the  screi«» 
of  the  resultants  of  any  wrenches  acting  on  throe  given  screws  belong  therefore  u* 
one  of  the  congruencies  of  lines  treated  of  in  the  present  paper,  and  evpri 
geometrical  relation  described  in  it  may  be  applied  to  problems  in  Hatioiul 
Mechanics.*'  A  remarkable  quintic  surface  is  discovered  which  uuder  i-ertain 
conditions  degrades  into  the  cylindroid.  At  the  close  of  the  memoir  tin*  Mtw^r 
vtH'tor  functions  expressing  screw-systems  of  the  third,  fourth  and  tiftli  i»rtlrr» 
are  discusstHl. 

Hall  (K.  S.) — l^he  Theory  of  Pitch  Invariantjf  ami  thf  Th^'ury  uj  Cai«i*/i<' 
IIonioQrapht/.  Tenth  Memoir.  Transiu-tions  of  the  Hoyal  Irish  Acaii«*m\. 
Vol.  XXX.,  pp.  559-586  (1894). 

It  is  shown  that  if  Q)  ...  a«  Ix*  the  six  i*o onlinat^^s  of  a  scn*w  a,  while  A,,  A, 
an*  tin*  angles  which  u  makes  with  the  six  co-reciprocal  si-rews  of  n^fervniv,  tUn 
exprt*sbi«»ns  of  the  fonii 

a^  cos  hi  -^  ...  -r  a^  c«i«  /#, 

are  invariants  in  the  sense  that  they  are  unalti^nni  for  every  sc*n*w  4>n  thr  iaiu*' 
ray  as  a. 

If  A'l,  ...  k\  l>e  the  similar  angles  for  any  other  screw,  then 

COS  /i|  cos  A|      cxM  A,  cos  A,  coh  A,  co«  k^ 

Pi  P:i  P% 

nhere  ;*,  .  .  />«  an*  the  pitch(*8  of  the  scn»ws  of  reference. 

If  twii  iiistantaneiius  M-n»ws  a  and  ft  and  the  corn»s|Mmdtug  inipuNix**  k.  !>-•* 
t;  mid  i  livt'  so  n'InliMl   that   a  is   hh  ipnHul   to  f.  tht»n  /i  mu'»t   U*  n-^ipnuMl  to  n 
Thi.s  rlfarlx    implied   that    there    must    in  all  cu.S4»s  U»  honif  n*lation   ln't^tHMi  ihr 
viilual  iMH'tlit  i«'iit>  I,,  an«i  x^,.      Tiir  n-lati<»ii  is  Iirn*  sht»wii  to  Ix* 
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In  this  paper  also  the  notion  of  chiastic  homography  is  intnxluced.  Tlie 
characteristic  feature  of  chiastic  homography  is,  that  every  three  pairs  of  corre- 
spondents Oj  rj;  P,  i;  y,  f,  fulfil  the  relation 

The  homography  of  impulsive  and  instantaneous  systems  is  chiastic,  and  the 
relation  has  other  physical  applications.  The  substance  of  this  paper  has  been 
reproduced  in  Chaps,  xx.  and  xxi.  of  the  present  volume. 

Appell  (B.) — Sur  le  Cylindrouie,  Revue  de  math^matiques  sp^iales,  5th  year, 
1895,  pp.  129,  130. 

It  had  been  shown  in  the  Theory  of  Scretvs,  187(»,  that  the  projections  of  any 
point  on  the  generators  of  a  cylindroid  foi-m  an  ellipse.  Api)ell  has  here  shown 
conversely  that  if  the  projections  of  a  point  on  the  generators  of  a  coiioidaJ.  surface 
lie  on  a  plane  curve,  then  the  conoid  can  be  no  other  than  a  cylindroid.  Roubadi 
(C),  pp.  181—183  of  the  same  volume,  gives  some  further  geometrical  investigations 
about  the  cylindroid. 

We  may  now  enunciate  a  theorem  still  more  general,  that  if  the  projections  of 
every  point  on  the  generators  of  a  ruJIred  surface  other  than  a  cylinder  are  to  form 
a  plane  curve  then  that  curve  must  be  an  ellipse  and  the  ruled  surface  must  be 
the  cylindroid  (see  p.  20). 

Ball  (R.  S.) — Further  Develop^nenl  of  the  ReUuioiis  hetioeen  Impulsive  Screws 
mid  Iiistantaiieou^  Screws.  Eleventh  Memoir.  Transactions  of  the  Royal 
Irish  Academy,  Vol.  xxxi.,  pp.  99-144  (1896). 

It  is  shown  that  when  17  is  the  impulsive  screw  and  a  the  instantaneous  screw, 
the  kinetic  energy  of  the  mass  M  twisting  alK)ut  a  with  a  twist  velocity  a  is 

Ma — .Wa,. 

cos  (aq)       ^ 

The  twist  velocity  acquired  by  a  given  impulse  is  proportional  to 

cos  (arj) 
Pa      ' 

There  is  a  second  general  relation,  l>esides  that  proved  in  the  last  Memoir, 
between  two  pairs  of  impulsive  screws  »;,  f,  and  their  corresponding  instantaneous 
screws  o,  fi  for  a  free  rigid  body. 

This  relation  is  as  follows 

Pfi 


cos  {firj)  +  — ^-Tbt<  ^*  (^)  ~  2ot^. 


cos  (arj)         ^^         COS  {pi) 

The  following  theorem  is  also  proved. 

If  two  cylindroids  be  given  there  is,  in  general,  one,  and  only  one,  possible 
correlation  of  the  screws  on  the  two  surfaces,  such  that  a  rigid  body  could  be 
constructed  for  which  the  screws  on  one  cylindroid  would  be  the  impulsive  screws, 
and  their  correspondents  on  the  other  cylindroid  the  instantaneous  screws. 

KoTELNiKOF  (A.  P.) — Screws  and  Complex  Numbers.  Address  delivered  5th  May, 
1896.  Printed  (in  Russian)  by  order  of  the  Physical  Mathematical  Society 
in  the  University  of  Kazan. 

After   an   introduction   relating   to  the   place  of  the   Theory  of  Screws   in 
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Dynamics  the  author  introduces  the  complex  numbers  called    Biquatermooi  hj 
Clifford.     Again,  Mr  Chawner  translates : 

"  The  more  I  studied  these  uumlwrs  the  more  clearly  I  grasped  two  prnfurtia 
in  them  to  which  I  assign  very  great  im|>ortance.  First  I  found  tliat  I  had  c«h 
to  have  recourse  to  a  little  artifice  to  make  the  Theory  of  Hiquatemions  perfectly 
analogous,  nay,  perfectly  identical,  with  the  Theory  of  Quateniiotui.  I  fottnd  UmU 
I  IumI  only  to  introduce  the  idea  of  the  functions  of  complex  numbers  of  the  for* 
a-\-  iMib  where  (i>  is  a  syml)ol  with  the  property  u>^  -  0  and  at  once  all  formubr  in  thf 
TluHjry  of  Quaternions  could  be  regarded  as  forniuhe  in  the  Tlieory  of  Biquat«mi>iiML 
Second,  I  found  that  to  the  various  operations  in  biquateniions  there  coirwfood 
various,  mon^  or  less  valuable,  constructions  of  the  Theory  of  Screws,  and  convmrlj 
that  to  the  constructions  of  the  Tht»ory  of  Screws,  which  are  so  important  to  wk 
there  corres|)ond  various  operations  with  bi()uatemions.  To  these  reHultii  I  atucb 
great  import^mce.  Thanks  to  biquateniions  I  can  produce  perfect  parmhrlMi 
betwt»en  the  constructions  and  theorems  of  the  Tlu*ory  of  Vtvtors  and  tlimit*  i4  \hr 
Theory  of  Screws.  This  1  call  the  Theory  of  Transference  and  devote  a  gfwU 
part  of  my  book  to  it."     (Theory  of  Vectors  Kasan,  1899.) 

lie  also  mentiims  the  Scn*w  Inti'grals  of  certain  differential  iH|uutioti>  ajid  lavi, 
"  If  from  two  screw  integrals  corresponding  to  two  given  screws  (we  will  call  ibe* 
a  and  fi)  we  construct  a  thinl  with  the  aid  of  Poissou*s  brackets^  then  the  i^rvm  vi 
the  latt<»r  will  Im;  the  vector  product  of  the  screws  a  and  /3  of  the  given  int«*«:nd\ 
This  circumstance  allows  us  to  use  biquateniions  in  order  to  inve»tigatr  ihr 
properties  of  screw  integrals  and  their  groups.'' 

Ball  (U.  S.) — The  Twtlfth  mul  concluding/  Memoir  on  the  Theory  oj  Srr^w*^  mik 
ti  Summan/  of  the  Ttvelve  Memoirs.  Twelfth  Memoir.  Transactions  of  ibe 
Royal  Irish  Academy,  Vol.  xxxi.,  pp.  145-196(1897). 

At  last  I  succeeded  in  accomplishing  what  I  ha^l  attempted  fnmi  the  tir^t 
1  could  n«»t  develop  the  coniplet4*  theory  until  I  hiwl  obtainiHl  a  geometrical  iiirthi«l 
for  finding  the  instantane<ms  screw  from  the  impulsi\e  screw.  Thi!>  hit**  Ut-n  wtt 
forth  ill  this  Memoir,  and  in  Chap.  xxii.  of  this  volume. 

Kknk  DK  SaTSSURI-L-  I*nnriplf'f<  af  n  luir  l,in»-  frfoni'trt/.  (*Hth<»li«  l'ni>»rMty 
r>ull<>tin,  Jan.  1S97,  Vol.  iii.  No.  I.      Wjuihington,  1).C. 

Tilt*  (listanct*  ami  the  angle  lK*tW(H*ii  two  niys  an*  lirn*  n'pn*?»«*iit«tl  a«»  .%  Mn^zU* 
t«»mplex  (juantity  known  as  the  I)itttaiufl*\  I*^(^/,  when'  /  is  a  i^iiiiiM^trii  al  uiiii 

HvinUil  like  v  1.  The  (|uantity  (P  -h  Q/)  -  J  will  U*  n^ganhnl  ii.^  thf  an;:ii'*r 
nu'asure  of  the  siime  interval  and  will  Ih»  known  .-is  the  ctxlihtangle  fonn«^i  by  lh>e 
two  lim»H.  A  Ct>*lif*tanyh;  is  a  comph'te  repn'sent^ition  of  u  wriMich,  ami  the  U»* 
of  the  conqsjisition  of  wrenches  are  obt^iined. 

M'At'L-VV  (Alex.)  (Houiona^  a  iUi^htpment  of  t'/ijfifnf^i  /ii-^U4Ufrttiofs,  Sni., 
pp.  1-253.     Cambridge  (I S'JS). 

•*  All  <H  toiiiiui  i*»  H  «{U.'uitity  wlii<  h  nM|iiirf»»  for  it.s  »»|H«iitioatioii  and  i'*  »«»inpl»-t»-!% 
•»|Mi  iti«M|  l»y  a  iit«itor  and  two  M-alars  of  \vhi«ii  our  is  ralltNl  its  unliiiarv  s4m1  ir  %ty*\ 
lli«*  ntlitT  its  »M»n\«Tt.  Tli«-  axis  nf  tJH'  iimt<»r  is  ralN^l  thf  axis  of  thf  •■!  t«>ii^>ti 
III  Ciiap  v  a  laiijf  iiuiiiUt  of  cxaiitple.s  an*  ^iM'ii  of  tlir  a|»)»liiM(i<»iis  «.f  <Ki..ia«ii* 
I.,  tin-  TIn-oi  \  of  Sii«\\^.  Many  "f  tin*  \w||  know  n  tlii*i»r*-Mis  m  tiit  su^i*h  t  ^r** 
|.M-fnt«"«l  III  an  int«i»st  in^  inaiiiM  r  .\  «iisriisNion  «•!  Poiiisot  s  i)i»«i|\  %%t  i  •».% 
tion  »s  also  i;i\«-n  l»v  tli«'  o«  ton  ion  iih-iImmU  <  hi  i-  -"»"  Mi  M  .\ula\  ha^  kmdi% 
|ioint«'<l  out  that  the  "  M'<liirti|  v%n-nrii     is  a  (-oiu-«-plion  >*liicli  rniiiiot    ha\«*  i»L-*«.f  in 
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the  special  case  when  two  reciprocal  screw-systems  have  a  screw  in  conunon.  I  had 
overlooked  this  exception  (§  96).  The  existence  of  n  real  principal  screws  of 
inertia  of  a  rigid  body  with  n  degrees  of  freedom  is  proved  also  by  Octonions, 
p.  248,  and  also  the  n  harmonic  screws,  p.  248. 


JoLY  (C.  J.) — The  Associative  Algebra  applicable  to  Hyperspace,     Proceedings  of 
the  Royal  Irish  Academy,  3rd  Ser.,  Vol.  v.,  No.  1,  pp.  73-123  (1898). 

The  algebra  considered  in  the  present  paper  is  that  where  units  ij,  h...t,» 
satisfy  equations  of  the  type  i^-—\  and  i^i^  +  t^i,  =  0.  In  this  profound  memoir 
there  is  a  discussion  of  the  Theory  of  Screws  in  a  space  of  m  dimensions.  We 
learn  that  "when  a  system  compounded  from  m  screws  is  defined  by  a  linear 
function  {f)y  the  reciprocal  system  is  defined  by  the  negative  of  the  conjugate 
of  that  function  {-/')"  The  canonical  representation  of  a  screw  in  Hyperspace 
is  given  and  the  vector  equation  to  the  locus  which  is  the  analogue  of  the  cylindroid. 
The  following  result,  p.  106,  is  of  much  interest.  "  Thus  in  spaces  of  even  order,  the 
general  displacement  of  a  body  may  be  effected  by  rotations  of  definite  amounts  in 
a  number  of  definite  hyper-perpendicular  planes,  one  determinate  point  being  held 
fixed ;  in  spaces  of  odd  order,  a  translational  displacement  must  be  added  to  the 
generalized  rotation ;  but  by  proper  choice  of  base-point  this  displacement  may  be 
made  perpendicular  to  all  the  planes  of  rotation."  This  remark  is  illustrated  by 
the  well-known  laws  of  the  displacement  of  a  body  in  two  or  three  dimensions 
respectively. 

JoLY  (C.  J.) — Bishop  Law's  Mathematical  Prize  Examination  in  the  University 
of  Dublin,  Michaelmas,  1898. 

Many  of  Sir  William  Hamilton's  discoveries  in  quaternions  wero  first 
announced  in  questions  which  he  proposed  from  time  to  time  at  the  Law  Prixo 
examination.  This  is,  so  far  as  I  know,  the  only  examination  in  which  quat4'rnii»u 
problems  are  still  habitually  proposed.  Professor  C.  J.  Joly  in  the  1-aw  Pritt^ 
paper  for  1898  has  given  the  following  questions  containing  applications  of  Quater- 
nions to  the  Theory  of  Screws. 

(a)  The  origin  being  taken  as  biise-point,  let  /x  and  X  denoto  tho  iH>uplo  and 
the  force  of  any  wrench,  then  the  transformation 

AAA 

contains  Poinsot's  theorem  of  the  Central  Moment. 

is  the  vector  equation  of  a  ruled  surface  (the  cylindn»id)  fornuHl  by  tho  tvntnil 
axes  of  wrenches  coinpoundtMl  fn)m  two  given  wn»nohes  {f^^,  X,)  and  ^/i,.  X...). 

(c)  The  form  <>f  this  e<}uation  .shows  that  the  hnnis  of  the  ftvt  of  }H»r- 
pendiculars  dropped  from  an  arbitrary  |K>int  on  the  gtMierators  of  a  cylindn>id  is  a 
conic  section. 

(d)  If  (/A,  X)  is  any  wrench  compounded  from  thnn?  given  wrenches  (^,,  X,), 

(thy  ^h  *"**^  ^/^;»'  '^'^'  ^^*^'  ^***"l^^*'  *'^  ^^^^^  wivnch  is  a  df*trrniina(c  lini'ar  vector 
function  of  the  f<ircc,  or  fi  <^X,  and  the  function  tf>  mlct|uatvly  dclin<'.s  thi«  *  thi\H»- 
system'  of  wrenches. 
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• 

(e)  Examine  the  scalar  and  vector  parts  of  the  quaternion  ^ .  X  *.  SlufV 
that  the  pitch  of  any  wrencli  of  the  syKtem  is  inversely  proportional  to  the  <m|ujir 
of  that  radius  of  a  certain  (|uadric  which  is  parallel  to  its  axis ;  also  that  tlie  lucts 
of  feet  of  perpendiculars  drawn  from  the  origin  to  the  central  axes  of  the  i^rsteo 
is  a  surface  (Steiner's  Quartio)  containing  three  double  lines  intersecting  in  thr 
origin. 

(/)  The  screws  (/x,  X)  and  {fi\  X')  lieing  nH;ipn>cal  if  Sfik'  ■*-  •SXfi  0.  %hom 
that  the  screws  reciprocal  to  the  system  /i=^^  lielong  to  the  syst^nn  ft  ^A. 
or  that  a  linear  vcH;tor  function  and  the  negative  of  its  conjugate  (lett*riiitfir. 
re8p«*ctively,  a  •three-system*  of  scn»ws  and  its  reciprocal  ' three- syst«»ni.* 

Two  other  theorems  communicated  to  me  by  Professor  Joly  may  aIm)  find  s 
place  here. 

If  a  body  receive  twists  about  four  screws  of  a  three-system  an<l  if  the  aiii|4i 
tude  of  each  twist  be  proportional  to  the  sine  of  the  tkflid  ungU  dett*rmined  hv  tl^ 
directions  of  the  axes  of  the  thre<!  non-corrt^sptinding  screws,  then  tlie  lioiiy  aftrr 
the  last  twist  will  liave  n'gaine<l  its  original  [Kisition. 

If  four  wrenches  equilibrate  and  if  their  axes  are  generators  of  the  saim*  sy^t^ni 
of  a  hyperboloid,  their  pitches  must  be  equal. 


Whitehead  (A.  N.) — Universal  Algebra^  Vol.  i.,  Cambridge  (1^9^),  pp.  i   ix^i, 
1-586. 

It  would  be  impossible  here  to  descrilje  the  scope  of  this  important  wt>rk.  the 
following  parts  of  which  may  hi*  specially  mentione<l  in  amnection  with  <»ur  pn-^-nt 
subject. 

Book  V.  Chap.  i.  treats;  of  systems  of  forces,  in  which  the  innrr  multipli«at>«>fi 
and  other  methods  of  (trassmann  are  employed.  Hen*  as  in  many  <»th»*r  wntin;:* 
we  find  the  expre.s8ion  Null  lines,  and  it  may  be  remarke«i  that  in  the  languai^  M 
the  Theory  of  Screws  a  null  line  is  a  screw  of  zero  pitch. 

Chap.  11.  of  the  same  l>ook  contains  a  valuable  discussion  on  tfruu(r«  of 
Systems  of  Forces.  Here  we  tind  the  great  signiticancc  of  anharmonic  ratio  in 
the  higher  branches  of  Dynamics  well  illustratecL 

Chap.  111.  on  Invariants  of  Groups  continues  the  same  theories  and  is  of  much 
interest  in  connection  with  the  Theory  of  Screws. 

Chap.  IV.  discusses  among  other  things  the  transformation  of  a  qua4lric  irttn 
itself,  and  is  thus  in  chwe  connection  with  Chap  xxvi.  of  the  pn*sent  volunitv 

Whiteheatl's  XnooV  should  lx»  spei'ially  consulted  in  the  ThtH»ry  of  M«'»n»*. 
Book  VI.  The  Theory  of  Forces  in  Elliptic  Sjmce  is  given  in  B<«»k  \i  Ch  ."5,  m 
Hyperlx>lic  Space  in  ]^>ok  vi.  Chap.  5,  and  the  Kinematics  of  NoiiHuclidian  S|ia«v 
of  all  three  kinds  in  Book  vi.  Chap.  6.  There  art*  alHO  some  passages  of  im^mrtaiu^ 
in  Statics  in  Book  vii.  Chaps.  1  and  2,  lkx>k  viii.  Chap.  4,  and  on  Kinenmtio  in 
Book  VII.  Chap.  2  and  Book  viii.  Chap.  4.  Tlie  met h« ids  of  Whitehead  «*nabl'' 
spact*  of  any  numljer  of  dimensions  to  l>e  dc*alt  with  almost  as  easily  an  tliat  k4 
3  dimensions. 


Study  (K.)  -Eine  nfu*"  DarHtfUntnj  ihr  Kni/tf  d*^r  Mfchanik  tlur^'h  tj^tntk^tryp-K^ 
Figureu.  Ik»riolite  ul)t»r  die  V««rlmndlungen  der  kMniulirh  s^rh^js.  h^-n 
(5<'M»lls<-hrtft  der  WiKM-nscluifton  zu  I^-ip/.i;*.  MatlinnattM  h  ph\>>w  ht 
ClavMs  Vol.  li.,  I'art  II.,  pp.  20    67  (IMKI). 

This  jMipT  is  to  d«'Vflop  II  n«)\el   ^roiuctrical   in<>tli<Hl  «»f  studvin;;  thr  i.ri»t»!»r.- 
r»»fern*<l  to. 


BIBLIOGRAPHICAL   NOTES.  539 

Cardinaal  (J.) — The  representation  of  the  screws  of  Bail  passi^ig  through  a  point  or 
lying  in  a  plane  according  to  the  method  of  Caporali,  Koninklijke  Akademie 
van  Wetenscbappen  te  Amsterdam,  23rd  Feb.  1899. 

This  is  a  development  of  a  lecture  before  the  Gesellschaft  deutscher  Natur- 
forscher  und  Aerzte,  Dlisseldorf  (Sept.  1898).  The  object  of  this  memoir  is  to 
obtain  from  the  principles  of  the  Theory  of  Screws  a  representation  of  the  rays  of 
a  certain  quadratic  complex  treated  of  by  R.  Sturm  and  Caporali.  See  Sturm's 
lAniengeometriej  iii.  pages  438-444.  See  also  a  paper  by  Cardinaal,  '*  Uber  die 
Anwendung  der  Caporali'schen  Abbildung  des  Strahlencomplexes  zweiten  Grades 
anf  die  Bewegung  eines  starren  Korpers  mit  Freiheit  vierten  Grades,"  Jahresbericht 
der  Deutschen  Mathematiker-Vereinigung,  vii.  1.  This  is  the  lecture  above  referred 
to,  and  it  should  be  studied  in  connection  with  the  geometrical  theory  of  screw- 
systems  of  the  fourth  order. 

Jolt  (C.  J.) — Asiatics  and  qnaternion  functions.     Proceedings  of  the  Royal  Irish 
Academy,  3rd  Series,  Vol.  v.  No.  3  (pp.  366-369),  1899. 

Study  (K) — Die  Geonietrie  der  Dynamen,  Deutsche  Mathematiker-Vereinigung 
VIII.  1,  1900. 
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Ellipsoid  of  Inertia  187 

Emanants  274,  275,  408,  469 
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Definition  10 
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